Modelling and reasoning about
references



A language with dynamic allocation

7 u=unit |int |oref |7 x7 | 7+7 |7 —=Tr
o = 1nt | o ret
vu=71|Tr

Vieo=uwlnll]| ()] (V, V) mTI\le f( )T—U

M=V V'|letx<=M in M’ oV et V IV |V .=V
| case V of injx = M ; insx = ﬂ["
V=V"V+V'iszeroV

Store types A map locations ¢ € L to storable types o



Al e:r, f:7— T ) M:T(r) (:0c A

(rec) (loc)

| AT+ (vec f(xz:7):7' = M) : 7 — T(7) TAT {: o ref
ATHFVI 7 —=T7 A T+Va:T
(app) f
A=V Ve Tr
A =My 2 T(m) Al x:1 = My: T(m) A:lEV T
(let) (val)
A:I'=let x<=Myin Ms : 'T(72) A;l'=val Vo T(7)
A:I'EViioret A ' Vo:oref A T'EV s oref
(Eq) ((-JE’-TEf)
A; "=V = Vo o T(unit 4+ unit) A:T'HVW o To
ATV o A:T'E VY oref AT Voo
(alloc) (assign)

A;I'=ref Vi T(o ref) A;I'=Vqi= Va : T(unit)



Continuation-based termination
relation
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How to model such a language?

Nondeterminism and invariance
Encapsulation

Functor categories

FM cpos



Semantics of types

[unit] = |71 X 2] =[]
[int] = |71 + 72] =[]
[[crref: = L [TlﬁTTQ- — T1

TD = (S= D= Q) — (S = 0)
S=L=(Z+L)
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[A;I'=lete<=Myin My : T pk S =
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1 otherwise

[A; "=V i To]| pk S :{

[A; 'V = Vo Tunit] pk S =
ES[([A; T Vi soref] p) — inge([A; "= Vo a] p)] =

[A: ' Eref Vi Toref] pk S = kSl — inpoq([A: 'V :o]p)| L
for some/any ¢ & supp(\M' .k S[l" — in, ([A; T =V :a]p)| ).
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Soundness and adequacy

FAFM:Tr, A;sFK:(z:7)7, X : Aand S € [X] then
S letz=MinK | = [AFM:Tr]{}MAFK: (z:7)']fS=T.
as a corollary

[A; T Gy :y] =[A;T F G -] implies A; T Gy =cix Go 1



(in)equivalences

AT'=Vyiop Al'EVoiog Aillx:opref,y:ooreft= N :Tr1

let ¥ <=ref V) in (let y <=ref V5 in N)

Al =ctx let y<=ref Vo in (let z<=ref Vi in N) : T ‘

AT'EVie A:T'EN:TT
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r & fuN
> 4



A Parametric Logical Relation

Partially ordered set of parameters p
Parameter-indexed relations

Vp. Rs(p) €S xS

Vp. Vv. R~(p) C [v] x [

Show denotation of each term related to itself

Corollary: terms with related denotations are
contextually equivalent



Accessibility maps

e Support turns out not to help in defining “the part of
the store about which a relation depends”:

{(51,52) | 3¢, 514 = 0 = Sy}
An accessibility map A is a function from S to
finite subsets of L, such that:

VS, S' €S, (Ve AS, St = S8'0) = A(S) = A(S)
The subtyping ordering <: is defined as:
A< Al = VS, A(S) D A(S)



Accessibility maps from state types

If A is a state type, then Accp : S — Ime(IL,)
is defined by ACCA(S) = Ue:o)en Acc(4,0,S)
where Acc(/,int S) {E} and

Acc({,0,S) if SL=ing ¥

def
Acc(¥,oref, S) {£3u { otherwise

If Ais an accessibility map, we define S ~ S’ : A
to mean V¢ € A(S), St = S'%.



Finitary state relations

A finitary state relation r is a pair {|r|, Ar) where
7] €S xS and A, is an accessibility map, sub-
ject to the following saturation condition: if
S1 ~ S} Ar and Sp ~ S5 0 A then (S1,52) €
r| <= (S],55) €|r].

Given two finitary state relations, r; = (|rl|, A1)
and ro = (|r2], A?), define

rteore = (|r1®fr2|,A1/\A2>
where

(S1,82) € |rt| n|r?

1 2
(81,52) € [ri@r| < {ViE{l,Q},Al(Si)ﬂAQ(Sz’) =



Parameters

A parameter is a pair (A,r), where A is 2
state type and r is a finitary relation; we will
abbreviate this to Ar. If Ar is a parame-

ter, we define the binary relation on states

d
Rg(Ar) </ lida ® r| and define the partial

order > on parameters by

Ar> A7 — (ADAYANG r=r" ")



Logical Relation

Runit(Ar) = {(*,%)}
Rint(Ar) = {(n,n)|ne N}
Ryref(Ar) = {(L,4) | (L:0) € A}
RT%TT’(AT) ==

{(f1, f2) | VA" > Ar, (v1,v2) € R (A, (fiv1, fo,v2) € R (A'T)}
For continuations, we define R_t(Ar) to be

{(k1,k2) | VAY > Ar, (v, v2) € R (A1), (S1,52) € Rg(Ar),
k1S1v1 = koSovon}

and for computations, Rp.(Ar) is defined as

{(fla f2) | VAIT, > AT? (kla k2) S RTT(AIT,)a (Sla 82) S RS(AIT,)a
f1k1S1 = f2k2S2}



Why?
e Fundamental Lemma:
If AT =G, then

vr.([A T G 9], [A T EG]) € R (Ar).
* Soundness of relational reasoning:
If A MG,y fore=1,2 and

([A;TFGLALIA; T EG:v]) € Rer(AT)
then A1 F G =t Go - 7.



Examples

* The garbage collection rule from earlier
* All the Meyer-Sieber examples, e.g

let x<=refQin
let almost_add?2 <= \z.if z = x
thenz =1
else lety<lzinlety’ <y 4+ 2inxz := 3'in
p(almost_add?);
let y <=1z in
if lz mod 2 = 0 then diverge it €lse val ()



Examples

* Pointers between hidden and visible parts:

let x<refOin

let y<refxin

p x,

let z <=1y in

if z = x then divergeynit €lse val ()

 Some very artificial encodings of crypto a la Sumii
and Pierce



Non-examples ®

M = letx<refOin
p(A_.xz:=1; 0);
let y<=lxin
if iszeroy then val () else diverge it

N = p (A\_.divergej,t)

snapback fkS = f * (A’ nkSn)S



Garbage Collection If x is not free in M, and A; "= M : T, then
I'Fletz<=refVinM =, M : Tt

We prove that [let z<ref Vin M] and [M] are related by Rper,(AT), and
we conclude using Theorem 17. Let A7 > AT be a parameter and (py,p2) €
Rr(A'r"). We need to prove that ([let x<ref Vin M|py, [M]p2) € Ry, (A"r").
Let A"r" > A", (k1. ko) € R, (A"r") and (51, 52) € Rs(A"r"). We have to
prove that

llet z<=ref Vin M| pi k1St = [M]p2akaSe
For ¢ & supp(A\'. k151" — [V]plt')
[let z<=ret V in M p1k1S1 = [M]p1k15S1[0 — [V]p1]

because x is not free in M. Since we can pick any such f, we actually choose one
also out of Accpr(S;) U A, (S;) for i = 1,2. By the fundamental lemma, [M]
is related to itself by Rprr,(AT), so if we prove that (Si[{ — [V]p1],S2) €
Rs(A"r") we are done.

First, since ¢ & Accar(S;), (S1[¢ — [V]p1],S2) € idar, and since ¢
A (S:), (S1[6 — [V]p1],S2) € r”. By definition of accessibility maps, Accar
and A, are unchanged, so they still do not overlap, which concludes the proof.



