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Main topics of the week:

Equivalence of regular languages and regular expressons
Construction of NFA from aregular expression
Congruction of GNFA from DFA

Reduction of GNFA to aregular expression

Pumping lemma and examples

Example of constructing an NFA from aregular expression:
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Ripping states out of a GNFA: The pictured technique shows how to rip out a state
from a GNFA without affecting the language recognized by the GNFA (at the cost of
more complicated RE |abels on the remaining state trangtions). If we can rip out Sates
one at atime until we are down to just the start and accept state, we will reduce to avery
ample GNFA that has one arrow labeled with aregular expresson. The following
diagram shows this reduction.
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The diagram only shows what happens to the trangtion from g to . What we are doing
is enhancing the regular expression that goes between the remaining states with the things
we lose when we rip out agtate. Thisincludes what gets us into the ripped out Sete,
looping in the ripped out state, and out of the ripped out state. Essentialy, we look at
what the ripped out state contributes as a possible path between the remaining states, and
union it with the origind direct path between those two states. Of course, we' re showing
thisin isolation, with only one direction. In ared setting there would be both directions
aswell asdl the other states the ripped out Sate is connected to. But in terms of re-
labeling arrows, what we show is exactly what happens for dl the affected arrows.

One specid case is worth consdering: when ¢ and ¢; are the same state. In the
following diagram, we show what thislooks like. Here, the Ry labdl from ¢ to g; isjust
the loop on g;, and that is the arrow affected by removing Gip.

before after removing dip
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Effect on aloop of removing a state
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Example of reduction for DFA with two states. We first convert the DFA to a
GNFA (four gates), then reduce the states to three and then to two to end up with the RE
equivaent to the DFA. Thefirst converson to a GNFA is by adding start and accept
states and e trangtionsin and out of them to/from the origind start/accept states. We dso
combine arrows with union and add arrows with A. Here we won't bother with the /£
arrows, but just remember that amissing arrow is labeled A Also we don't have any
multiple arrows to combine with union. In our four state GNFA, we go about iminating
dates. First we diminate state 2, and since we could get from 1 to accept via 2, we use
our rule to compose the regular expression of the arrows from 1 to 2 to 2 to accept,
getting bb*e. We suppress the e as we have seen earlier isan identity. Likewise, we are
redly taking the union of thiswith the arrow directly from 1 to accept (which islabded
/E) and again by our identity, we can suppress this part. When we diminate 2, we are dso
collgpsing a path from 1 back to itsdlf, so we use the rule in the degenerate case of gi=q
to adjust the loop on 1 to be aE bb*a Now we go about diminating 1 in the same way
and add e(a E bb*a)* to our composition, with thisfinaly resulting in (aE bb* a)* bb*.
Of course, we can aso look at this DFA and seethat it just describes al strings ending
with b, so also would be determined by the regular expression (aE b)*b.

convert to GNFA

e
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(aE bb*a)*bb*

eliminate 1
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Example of reduction starting with three state DFA. We go through the reductions
and end up with the regular expression ((a(ba)* (bbE a))E b)(aE b)* which can be
smplified to (a(ba)* bbE a(ba)* akE b)(aE b)*. If you think about this, you see that it
describes the language where if the string begins with a, then the amust be followed by
two b’ s or another a, with zero or more pairs of bain between, i.e., the string begins with
a(ba)*a or a(ba)* bb, or €sethe string beginswith b.

Convert DFA to RE

(a(ba)* (bbEa))E b

¥OLO
((a(ba)* (bbEa))Eb)(aEb
Smplified:
—> (a(ba)*bbE a(ba)*ak b)(akE b)*




Regular Expressions Week 4 Selected Lecture Notes

Pumping Lemma Examples

Consider the language B ={0"1" |[n 3 0} that we intuitively fed is not regular.
Suppose that B is regular. Then by the pumping lemma, there is a pumping length p.
Consider the string O°1P, and let X, y, and z be the substrings guaranteed by the pumping
lemma. It is certainly truethat y must consst of just zeroes, or just ones, or both. If y
conggts of just zeroes, then the tring xyyz will have have more zeroes than ones since
the y adds only more zeroes, and x and z are fixed. Likewisg, if y congsts of just ones,
then the same reasoning shows that xyyz has more ones than zeroes. So we know that y
cannot be dl zeroes or dl ones. Soy must have some of each. However, if we again look
at the string xyyz, we would see that the zeroes of the second y occurrence would occur
after the onesin the first y occurrence, again acontradiction. Since dl of the possbilities
for y lead to a contradiction, we conclude that there can be no pumping length, hence B is
not aregular language.

This proof can be smplified by using condition 3 from the pumping lemma: that
[xy| £ p. Using this, we can assert that y must consst entirdy of zeroes and thus not have
to argue al the separate cases.

The art of using the pumping lemmais being clever aout the choice of the string
that produces a contradiction. Above it was pretty easy since any string of length p would
have worked, but that is not always the case.

For another example, let P be the language of dl pdindromes, i.e, dringsthat are
the same when reed in the reverse direction. If Pis regular, then we have a pumping
length p. Consider the string &baP. Certainly thisis a paindrome. In our decomposition
Xyz, we are guaranteed that the length of xy does not exceed p. Thus, xy must consst just
of asand in particular thiswill betrue of y, say y=d‘, where k 3 1. But then xz would
have the form & *baP, and thisis obviously not a palindrome, so Piis not regular.

Here' s another example that uses alittle more reasoning aboout lengths. Let T =
{O* |k =2"forsomen3 O}. Thatis, T isthe sat of al strings of zeroes whose lengthisa
power of 2. If it isregular, then the pumping lemma gpplies. Let sbe adtring of length
m3 p, and s=xyz. We know that y = 0" for some n and m = 2% for somek 3 0. Note that
xz will have length 2 — n, which must also be a power of 2, say 2 —n = 2 for somei < k.
Similarly, if we look a xyyz, we seethat 2¢ + n = 2 for somej > i. Adding these together
gives 2 = 2' +2 = 2' (1 + 2I'). Dividing out the 2 leaves us with the left hand side a
power of two, hence even, and the right hand side as 1 plus a power of two (power at
least one), whichisodd. Thus T is not regular.
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