
Homework 4: Second Identity Crisis
15-819 Homotopy Type Theory
TA: Favonia (favonia@cmu.edu)

Out: 2/Nov/13
Due: 16/Nov/13

1 Application

Task 1. Assume Γ ` f : A → B and Γ ` g : B → C. Help Favonia to fill in
these blanks.

Γ ` :
∏
m:A

apf (reflA(m)) = reflB(f m)

Γ ` :
∏
m,n:A

∏
p:m=n

apf (p
−1) = apf (p)

−1

Γ ` :
∏

l,m,n:A

∏
p:l=m

∏
q:m=n

apf (p
� q) = apf (p)

� apf (q)

Γ ` :
∏
m,n:A

∏
p:m=n

apidA(p) = p

Γ ` :
∏
m,n:A

∏
p:m=n

apg◦f (p) = apg(apf (p))

Solution:

λm.reflf(m)=f(m)(reflB(f(m)))

λmnp.J[m.n.p.apf (p
−1) = apf (p)

−1](p, x.reflf m=f m(reflB(f(m))))

λlmnpq.J[l.m.p.
∏

q apf (p
� q) = apf (p) � apf (q)](p,m.λq.reflf(m)=f(n)(apf (q)))(q)

λmnp.J[m.n.p.apidA(p) = p](p,m.reflm=m(reflA(m)))

λmnp.J[m.n.p.apg◦f (p) = apg(apf (p))](p,m.reflg(f(m))=g(f(m))(reflC(g(f(m))))
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2 Over the Paths

Define paths over paths by using J.

Solution:

PathOverx.B(m,n, p, a, b) :≡ J [ . . .U ](p,m.Id[m/x]B(a, b))

3 Application Binary Interface

Solution:
ap2f (p, q) = apf(l)(q) � apλm.f(m)(o)(p)

ap′2f (p, q) = apλl.f(l)(n)(p) � apf(m)(q)

q � p = apid(q) � ap– � refl(m)(p)

= aprefl(m) � –(q) � ap– � refl(m)(p)

= ap2– � –(p, q)

= ap′2– � –(p, q)

= ap– � refl(m)(p) � aprefl(m) � –(q)

= ap– � refl(m)(p) � apid(q)

= p � q

Task 2. Equivalence: (f, g, α, h, β). Quasi-inverse: (f, g, α, β).

Solution: • Reflexivity.

f = idA

g = idA

α = λa.reflA(a)

h = idA

β = λa.reflA(a)
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• Symmetry.

f = g

g = f

α = λb.(apf◦g(β(b)−1) � apf (α(h(b)))) � β(b)

h = f

β = α

f = h

g = f

α = β

h = f

β = λa.(apf◦h(α(a)−1) � apf (β(h(a)))) � α(a)

f = g

g = f

α = β

h = f

β = α

• Transitivity

f = f2 ◦ f1
g = g1 ◦ g2
α = λb.apf2(α1(g2(b))) � α2(b)

h = h1 ◦ h2
β = λa.aph1(β2(f1(a))) � β1(a)

4 Paths in Types ∏
x,y

Id>(x, y) ' >
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Solution: • f : λ .〈〉

• g: λ .refl>(〈〉)

• α: λ .refl(〈〉)

• h: λ .refl>(〈〉)

• β: λ .refl(refl(〈〉))

∏
x,y

Id⊥(x, y) ' ⊥

∏
x,y

IdA+B(x, y) ' F (x, y)
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