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BA with Types Time Stamp: 10:11, Friday 7" July, 2017

1 BA:Boolean Arithmetic Language

Program Static Syntax
te TERM, neN, beB, pePGM=TERM

t == true|false|iftthentelset
| n|succ(t) | pred(t) | zero?(t)
b == true|false

Program Runtime Syntax

E € ECTXT, v € VALUE, r € REDEXC PGM, f € FAULTY C PGM, err € ERROR, ¢ € CONFIG o€ OBS
v u= bln

E == 0O]|if Ethenpelsep|succ(E) | pred(E) | zero?(E)
r == Iifvthenpelsep|succ(v) | pred(v) | zero?(v)
f == ifnthenpelsep|succ(b) | pred(d) | zero?(b)
err == mismatch | underflow
c == plerr
o u= w|err
~» C REDEX x PGM) ‘ Notions of Reduction ‘ — C PGM x CONFIG ‘ Single-step Reduction
.|f true then p, else p3 ~ po r
if false then p, else ps ~ p3 ' E[r] — E[p]
pred(n) ~»n—1 1ifn>0
succ(n) ~»n+1 E[f] — mismatch
zero?(0) ~ true
zero?(n) ~ false  if n > 0 Elpred(0)] — underflow
—* C CONFIG x CONFIG ‘ Multi-step Reduction
(inc)—L— 2 (refl) —————— (trans)—L— 22—
c1 — C2 c—r C c1 — C3
evalgs : PGM — OBS
evalpa(p) =bif p —* b
evalpa(p) = nifp —*n
evalp4(p) = mismatch if p —* mismatch
evalpa(p) = underflow if p —* underflow

Safety (AKA Coherence AKA Definedness)

Conjecture 1 (Progress). For all p € PGM one of the following is true:
1. p € VALUE;
2. p— p' for some p' € PGM;
3. p — err for some err € ERROR.

Conjecture 2 (Preservation (Vacuous)). If pi — po then ps € PGM. (uhh...?!?)
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BA with Types Time Stamp: 10:11, Friday 7" July, 2017

TBA: Typed Boolean Arithmetic Language

Program Static Syntax

te TERM, neN, beB, SameasBA
TeTYPE, pePGM={tc€TERM |3IT € TYPE. -t :T}
T ::= Nat | Bool

Program Runtime Syntax

E € ECTXT, v € VALUE, r € REDEXC PGM, Same grammar as BA (over updated p)
err € ERROR, ¢ € CONFIG o € OBS

v u= bln

r == ifvthenpelsep|succ(v) |pred(v) | zero?(v)
err == underflow

¢ == plerr

o = wv|err

~» C REDEX x PGM ‘ Same formal schema as BA (over updated p)
— C PGM x CONFIG ‘ Single-step Reduction

TS D
E[r] — Elp| Elpred(0)] — underflow

= -:- C TERM x TYPE Semantic Typing (Q: Should ¢ be statically typed? Interesting implications!)

=t :Bool ifandonlyif t-—"bort—" underflow
=t:Nat ifand onlyif ¢ -—" nort—" underflow

F.:- C TERM x TYPE Syntactic Typing

Ft;:Bool Fity: T Fitg:T I ¢ - Nat
- true : Bool I false : Bool Fifty thenty else ts : T Fn : Nat F succ(t) : Nat
F ¢ : Nat - ¢: Nat
F pred(t) : Nat F zero?(t) : Bool

Evaluator |cvalrpa : PGM — OBS‘

evalrpa(p) =bif p —* b
evalrpa(p) =nifp —*n
evalrpa(p) = underflow if p —* underflow
Safety
Conjecture 3 (Progress). For all p € PGM one of the following is true:
1. p € VALUE;
2. p — p' for some p' € PGM;
3. p — underflow.
Conjecture 4 (Preservation). If - p; : T and p1 — po thentpy : T.
Conjecture 5 (Semantic Type Soundness). If - ¢ : T then =t : T.
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BA with Types Time Stamp: 10:11, Friday 7" July, 2017

2 MBA: Mixed Boolean and Arithmetic Language

Program Static Syntax

s € SBA, € DBA, n,ns,nd € N*, b,bs,bdeB*, *:Abitsloppy perhaps
pseSPGM—{seSBA\HTeTYPE Fs: T} eDPGM={deDBA|FdVv }, pePGM=ps

s u= true|false |ifsthenselses
| ns|succ(s) | pred(s) | zero?(s) | [d]
= \
| \ ()1 ()1 () 's
bs := true|false
= \
b == bs]

F.:-CSBA X TYPE| Syntactic Typing

F.v CDBA
Fs;:Bool Fso:T bFs3:T Fs: Nat
F true : Bool + false : Bool Fifs;thensqelsess: T F ns: Nat F succ(s) : Nat
F s: Nat Fs: Nat F Vv
F pred(s) : Nat F zero?(s) : Bool Eld]:T
Fdiv Fdav Fdzv Fdv Fdv
Ftrue v = v Fif dy 2 3V Fnd v = suce(d) v Fpred(d) v
Fdv Fs:T
F () v Fls| v
Program Runtime Syntax
Es € SECTXT, € DECTXT, vs € SVALUE, € DVALUE,
rs € SREDEX, € DREDEX, fs € SFAULTY, € DFAULTY, cs € SCONFIG, <s-<DCONHG,
v € VALUE, err € ERROR, o€ OBS
Es == 0| EsJif Othen ps else ps] | Es[succ(O) | Es[pred(0d)] | Es[zero?(O)] | EA[|O]]
n= Ed[if0 ps else ps] | Ed[succ(D) | Ed[pred(d)] | Ed[ (O)] | Es[[O]]
vs == bs|ns]|[bd] | [nd]
= |nd | |bs| | |ns
rs == ifvsthen ps else ps | succ(vs) | pred(vs) | zero?(vs)
= | (vd) | (vd) | (vd)
fs == if [nd] then ps else ps | succ([bd]) | pred([bd]) | zero?([bd])
= | succ(bd) | pred(bd) | (bd)
| ns | (bd) | (lbs]) | (1bs))
err = mismatch | underflow
v == bln
cs == ps]|err
o u= wv|err
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BA with Types Time Stamp: 10:11, Friday 7' July, 2017

~»s C SREDEX X SPGM) ‘ Static Notions Red. |~-; C DREDEX x DPGM) ‘ Dynamic Notions of Red.
if true then ps, else ps; ~»5 ps,

2 3 ~7s U2
if false then ps, else ps; ~»5 PS;3 2 g~ D05
pred(ns) ~»sn—1 ifn>0 (nd) ~sn—1 ifn>0
succ(ns) ~s n+1 (nd) ~sn+1
zero?(0) ~, true (0) ~g
zero?(ns) ~ false  ifn >0 (nd) ~yg ifn>0
if [true] then ps, else ps; ~»5 PS, [true] S, PS5 ~s PSy
if [ | then ps, else ps; ~~, ps, [false] pSs, PS5 ~s PSy
pred([nd]) ~»sn—1 ifn>0 (lns])~sn—1 ifn>0
succ([nd]) ~gn+1 ( ) ~sn+1
zero?([0]) ~ true (10)) ~s
zero?([ns]) ~s false ifn >0 (Ins]) ~=s ifn>0
[RG :?777] [RG :?7?7]
‘ — C PGM x CONFIG ‘ Single-step Reduction
IS ~» pPs ~
Es[rs] — Es[ps] [rd] — Ed[pd] Es[fs] — mismatch [[d] — mismatch
Es[pred(0)] — underflow Es[pred([0])] — underflow [ (0)] — underflow

[ (/0])] — underflow

= -:- C TERM x TYPE Semantic Typing [RG: Exercise! Here’s an old one:]

=t :Bool ifandonlyif ¢t-—"bort—" underflow
t:Nat ifandonlyif ¢ —"nort —" underflow

evalpyrpa : PGM — OBS‘

evalprpa(p) = bif p —* bs

evalprpa(p) = bif p —* [bd]

evalprpa(p) = nif p —* ns

evalprpa(p) = nif p —* [nd]

evalprpa(p) = mismatch if p —* mismatch
evalprpa(p) = underflow if p —* underflow

Safety

Conjecture 6 (Progress). For all ps € SPGM one of the following is true:
1. ps € SVALUE;
2. ps — ps' for some ps’ € SPGM;
3. ps — err for some err € ERROR.
Conjecture 7 (Preservation). If - p; : T and py — po thentpy : T.
Conjecture 8 (Semantic Type Soundness). If ¢ : T then |=t: T.
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BA with Types Time Stamp: 10:11, Friday 7" July, 2017

3 mMBA: Minimal Mixed Boolean and Arithmetic Language
Program Static Syntax

s € SBA, € DBA, n,nseN*, bbseB*, *:Abitsloppy perhaps
ps € SPGM = {s € SBA | 3T € TYPE. -s: T}, eDPGM={deDBA|FdVv }, pePGM=ps

s u= true|false|ifsthenselses
| ns|succ(s) | pred(s) | zero?(s) | [d]
= s
bs := true|false
b == bs]

F-:-CSBA xTYPE| Syntactic Typing

F.v C DBA
Fsi:Bool Fsy:T Fs3:T F s : Nat
- true : Bool I false : Bool Fifs;thensyelsess: T F ns : Nat F succ(s) : Nat
F s : Nat F s : Nat F Vv
F pred(s) : Nat F zero?(s) : Bool E[d]:T
Fs:T
Fis Vv
Program Runtime Syntax
Es € SECTXT, € DECTXT, vs € SVALUE, € DVALUE,
rs € SREDEX, € DREDEX, fs € SFAULTY, € DFAULTY, cs € SCONFIG, +=s-<DCONFHG,
v € VALUE, err € ERROR, o€ OBS
Es == 0] Es|if dthen ps else ps] | Es[succ(Od) | Es[pred(d)] | Es[zero?(O)] | EA[| O]
== Es[[O]]
vs == bs]|ns
;= |bs|||ns
rs == ifvsthen ps else ps | succ(vs) | pred(vs) | zero?(vs)
n= | (vd) | (vd) | (vd)
fs == if [nd] then ps else ps | succ([bd]) | pred([bd]) | zero?([bd])
= | (bd) | (bd) | (bd)
| ns | (bd) | (lbs]) | (bs))
err = mismatch | underflow
v == bln
cs == ps]|err
o u= wv|err
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BA with Types Time Stamp: 10:11, Friday 7' July, 2017

~»s C SREDEX X SPGM) ‘ Static Notions Red. |~-; C DREDEX x DPGM) ‘ Dynamic Notions of Red.
if true then ps, else ps; ~»5 ps,

2 3 ~7s U2
if false then ps, else ps; ~»5 PS;3 2 g~ D05
pred(ns) ~»sn—1 ifn>0 (nd) ~sn—1 ifn>0
succ(ns) ~s n+1 (nd) ~sn+1
zero?(0) ~, true (0) ~g
zero?(ns) ~ false  ifn >0 (nd) ~yg ifn>0
if [true] then ps, else ps; ~»5 PS, [true] S, PS5 ~s PSy
if [ | then ps, else ps; ~~, ps, [false] pSs, PS5 ~s PSy
pred([nd]) ~»sn—1 ifn>0 (lns])~sn—1 ifn>0
succ([nd]) ~gn+1 ( ) ~sn+1
zero?([0]) ~ true (10)) ~s
zero?([ns]) ~s false ifn >0 (Ins]) ~=s ifn>0
[RG :?777] [RG :?7?7]
‘ — C PGM x CONFIG ‘ Single-step Reduction
IS ~» pPs ~
Es[rs] — Es[ps] [rd] — Ed[pd] Es[fs] — mismatch [[d] — mismatch
Es[pred(0)] — underflow Es[pred([0])] — underflow [ (0)] — underflow

[ (/0])] — underflow

= -:- C TERM x TYPE Semantic Typing [RG: Exercise! Here’s an old one:]

=t :Bool ifandonlyif ¢t-—"bort—" underflow
t:Nat ifandonlyif ¢ —"nort —" underflow

evalpyrpa : PGM — OBS‘

evalprpa(p) = bif p —* bs

evalprpa(p) = bif p —* [bd]

evalprpa(p) = nif p —* ns

evalprpa(p) = nif p —* [nd]

evalprpa(p) = mismatch if p —* mismatch
evalprpa(p) = underflow if p —* underflow

Safety

Conjecture 9 (Progress). For all ps € SPGM one of the following is true:
1. ps € SVALUE;
2. ps — ps' for some ps’ € SPGM;
3. ps — err for some err € ERROR.
Conjecture 10 (Preservation). If - p; : T and py — po thentpo : T.
Conjecture 11 (Semantic Type Soundness). If F¢: T then =1t :T.
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