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2 Propositional Adjoint Logic

2.1 Syntax

Intuitionistic Types X ::= 1 | X× Y | X→ Y | GA
Linear Types A ::= I | A⊗ B | A( B | FX

Intuitionistic Contexts Γ ::= · | Γ , x : X
Linear Contexts ∆ ::= · | ∆,a : A

Intuitionistic Terms e ::= () | (e, e ′) | fst e | snd e | λx. e | e e ′ | G(t) | x
Linear Terms t ::= () | let () = t in t ′ | (t, t ′) | let (x,y) = t in t ′

| λa. t | t t ′ | F(e) | let F(x) = t in t ′ | run(e) | a
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2.2 Rules

Γ ` e : X

Γ ` () : 1
1I

(no 1E)

Γ ` e : X Γ ` e ′ : Y
Γ ` (e, e ′) : X× Y

×I
Γ ` e : X× Y
Γ ` fst(e) : X

×E1

Γ ` e : X× Y
Γ ` snd(e) : X

×E2

Γ , x : X ` e : Y
Γ ` λx. e : X→ Y

→I
Γ ` e : X→ Y Γ ` e ′ : X

Γ ` e e ′ : Y
→E

Γ ; · ` t : A
Γ ` G(t) : G(A)

GI
x : X ∈ Γ
Γ ` x : X

VARI

Γ ;∆ ` t : A

Γ ; · ` () : I
II

Γ ;∆ ` t : I Γ ;∆ ′ ` t ′ : C
Γ ;∆,∆ ′ ` let () = t in t ′ : C

IE

Γ ;∆ ` t : A Γ ;∆ ′ ` t ′ : B
Γ ;∆,∆ ′ ` (t, t ′) : A⊗ B

⊗I
Γ ;∆ ` t : A⊗ B Γ ;∆ ′,a : A,b : B ` t ′ : C

Γ ;∆,∆ ′ ` let (a,b) = t in t ′ : C
⊗E

Γ ;∆,a : A ` t : B
Γ ;∆ ` λa. t : A( B

(I
Γ ;∆ ` t : A( B Γ ;∆ ′ ` t ′ : A

Γ ;∆,∆ ′ ` t t ′ : B
(E

Γ ` e : X
Γ ; · ` F(e) : F(X)

FI
Γ ;∆ ` t : F(X) Γ , x : X;∆ ′ ` t ′ : C

Γ ;∆,∆ ′ ` let F(x) = t in t ′ : C
FE

Γ ` e : G(A)
Γ ; · ` run(e) : A

GE
Γ ;a : A ` a : A

VARL

2.3 Substitution Properties

Lemma 1. (Weakening) We have that:

• If Γ ` e : Y then Γ , x : X ` e : Y.

• If Γ ;∆ ` t : A then Γ , x : X;∆ ` t : A.

Theorem 1. (Substitution) We have that:

• If Γ ` e : X and Γ , x : X ` e ′ : Y then Γ ` [e/x]e ′ : Y.

• If Γ ` e : X and Γ , x : X;∆ ` t : A then Γ ;∆ ` [e/x]t : A.

• If Γ ;∆ ` t : A and Γ ;∆ ′,a : A ` t ′ : B then Γ ` [t/a]t ′ : B.
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3 State
Intuitionistic Types X ::= . . . | Ptr(x) | ∀x.X | ∃x.X
Linear Types A ::= . . . | Cap(x,X) | T(A) | ∀x.A | ∃x.X

Intuitionistic Contexts Γ ::= · | Γ , x : X
Linear Contexts ∆ ::= · | ∆,a : A
Location Contexts Σ ::= · | Σ, i

Intuitionistic Terms e ::= . . . | l
Linear Terms t ::= . . . | ∗ | val(t) | let val(x) = t in t ′

| let (i, x, c) = new in t | free(e, t); t ′

| let (x, c) = read(e, t) in t ′ | e :=t e
′; t ′

Stores σ ::= · | σ, l : v

3.1 Operational Semantics

e 7→ e ′ t 7→ t ′

(λx. e) v 7→ [v/x]e

fst (v, v ′) 7→ v

snd (v, v ′) 7→ v ′

e 7→ e ′

I[e] 7→ I[e ′]

(λa. t) u 7→ [u/a]t

let () = () in t 7→ t

let (a,b) = (u,u ′) in t 7→ [u/a,u ′/b]t

run(G(t)) 7→ t

let F(x) = F(v) in t 7→ [v/x]t

t 7→ t ′

Lt[e] 7→ Lt[e
′]

e 7→ e ′

Le[e] 7→ Lt[e
′]
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〈σ; t〉 7→ 〈σ ′; t ′〉

〈σ; let val(a) = val(u) in t〉 7→ 〈σ; [u/a]t〉

〈σ; let (i, x, c) = new in t〉 7→ 〈[σ | l : ()]; [l/i, l/x, ∗/c]t〉 with l 6∈ dom(σ)

〈[σ | l : v]; free(l, ∗); t〉 7→ 〈σ; t〉

〈[σ | l : v]; let (x, c) = read(l, ∗) in t〉 7→ 〈[σ | l : v]; [v/x, ∗/c]t〉

〈[σ | l : −]; l :=∗ v; t〉 7→ 〈[σ | l : v]; t〉

〈σ; t〉 7→ 〈σ ′; t ′〉
〈σ;K[t]〉 7→ 〈σ ′;K[t ′]〉

3.2 Typing

Γ ;∆ `Σ t : A
Γ ;∆ `Σ val(t) : T(A)

Γ ;∆ `Σ t : T(A) Γ ;∆ ′,a : A `Σ ∆ ′ : t ′T(C)
Γ ;∆,∆ ′ `Σ let val(a) = t in t ′ : T(C)

Γ , x : Ptr(i);∆,a : Cap(x, 1) `Σ,i t : T(C)
Γ ;∆ `Σ let (i, x,a) = new in t : T(C)

Γ `Σ e : Ptr(i) Γ ;∆ `Σ t : Cap(i,X) Γ ;∆ ′ `Σ t ′ : T(C)
Γ ;∆,∆ ′ `Σ free(e, t); t ′ : T(C)

Γ `Σ e : Ptr(i) Γ ;∆ `Σ t : Cap(i,X) Γ , x : X;∆ ′,a : Cap(i,X) `Σ t ′ : T(C)
Γ ;∆,∆ ′ `Σ let (x,a) = read(e, t) in t ′ : T(C)

3.3 Logical Relation

We write σ#σ ′ to mean that the domains of σ and σ ′ are disjoint. We write σ ·σ ′ to mean the concatenation
of σ and σ ′. This is a partial operation defined only when their domains are disjoint. We write e 7→∗ e ′ to
mean the transitive closure of evaluation.
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[[1]] ρ = {(() , ())}
[[X× Y]] ρ = {(v, v ′) | (fst(v), fst(v ′)) ∈ E[[X]]ρ∧ (snd(v), snd(v ′)) ∈ E[[Y]]ρ}
[[X→ Y]] ρ = {(v, v ′) | ∀e. if (e, e ′) ∈ E[[X]]ρ then (v e, v ′ e ′) ∈ E[[Y]]ρ}
[[Ptr(x)]]ρ = {(ρ(x), ρ(x))}
[[G(A)]]ρ = {(G(t),G(t ′)) | (〈·; t〉 , 〈·; t ′〉) ∈ E[[A]]ρ}

E[[X]]ρ = {(e, e ′) | ∃v, v ′. e 7→∗ v∧ e ′ 7→∗ v ′ ∧ (v, v ′) ∈ [[X]]ρ}

[[I]] ρ = {(〈·; ()〉 , 〈·; ()〉)}

[[A⊗ B]] ρ =

{
(〈σA · σB; (uA,uB)〉 , 〈σ ′A · σ ′B; (u ′A,u ′B)〉)

∣∣∣∣ (〈σA;uA〉 , 〈σ ′A;u ′A〉) ∈ [[A]]ρ ∧

(〈σB;uB〉 , 〈σ ′B;u ′B〉) ∈ [[B]]ρ

}
[[A( B]] ρ =

(〈σ;u〉 , 〈σ ′;u ′〉)

∣∣∣∣∣∣
∀tA,σA, t ′A,σ ′A such that σ#σA and σ ′#σ ′A.
if (〈σA; tA〉 , 〈σ ′A; t ′A〉) ∈ L[[A]]
then (〈σ · σA;u tA〉 , 〈σ ′ · σ ′A;u ′ t ′A〉) ∈ L[[B]]


[[Cap(x,X)]]ρ = {(〈[l : v]; ∗〉 , 〈[; l〉 : v ′]∗) | l = ρ(x)∧ (v, v ′) ∈ [[X]]ρ}

[[F(X)]]ρ = {(〈·;F(v)〉 , 〈·;F(v ′)〉) | (v, v ′) ∈ [[X]]ρ}

[[T(A)]]ρ =

(〈σ1;u1〉 , 〈σ ′1;u ′1〉)

∣∣∣∣∣∣∣∣∣∣
∀φ,φ ′ such that φ#σ1 and φ ′#σ ′1.
∃σ2,u2,σ

′
2,u

′
2.

〈φ · σ1;u1〉 7→∗ 〈φ · σ2; val(u2)〉∧
〈φ ′ · σ ′1;u ′1〉 7→∗ 〈φ ′ · σ ′2; val(u ′2)〉∧
(〈σ2;u2〉 , 〈σ ′2;u ′2〉) ∈ [[A]]ρ


L[[A]]ρ =

(〈σ; t〉 , 〈σ ′; t ′〉)

∣∣∣∣∣∣
∃u,u ′.t 7→∗ u ∧

t 7→∗ u ∧

(〈σ; t〉 , 〈σ ′; t ′〉) ∈ [[A]]ρ
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