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2 Propositional Adjoint Logic

2.1 Syntax
Intuitionistic Types X == 1| XxY ]| X=Y]| GA
Linear Types A = |I|]A®B|A—B|FX
Intuitionistic Contexts I' == - | Ix: X
Linear Contexts A = -] Aa:A
Intuitionistic Terms e == ()| (e,e/) | fste | snde | Ax.e | ee’ | G(t) | x
Linear Terms t == () |lete(=tint’ | (t,t) | let (x,y)=tint’

| Aa.t | tt' | F(e) | letF(x)=tint’ | run(e) | a


http://homepages.inf.ed.ac.uk/wadler/papers/linearmonad/linearmonad.ps
http://www.ccs.neu.edu/home/amal/papers/linloc-fi07.pdf
http://www.cl.cam.ac.uk/~nk480/dlnl-paper.pdf

2.2 Rules

'e=(0:1

N'Fe:X ke :Y
N (e,e): XxY

x1

Nx:XkFe:Y

—I
'EAx.e: X—=Y

Mk t:A

FE G GA)

M=)

MmAFt:A MA"Ft':B
TAAF(t,t):ARB

®I

MA,a:AFt:B
NAFALt:A—oB

I

NFe:X

;- F(e) : F(X) il

M-e:G(A)

—  GE
I';- = run(e) : A

2.3 Substitution Properties
Lemma 1. (Weakening) We have that:

o IflTFe:YthenT,x: Xk e:Y.

o IfTAFt:AthenT,x : X;AFt: A,

Theorem 1. (Substitution) We have that:

11

(no 1E)
N'Fe:XxY l'Fe: XxY
- xE; -
I fst(e): X 't snd(e) : X
Nl-e:X—=Y e : X
7 —E
l'ee':Y
x:XeTl
— X VARI
Ne=x:X
MAEFt: A
MmAFt:] A Rt :C

MAA Flet()=tint’

|
:C

><E2

NMAFt:A®B  T;A,a:Ab:BFt:C

IA A F let (a,b) =tint : C

MAFt:A—oB T;A'Ft:A

AAFtt' B

—oE

MAFt:F(X) F,x:X;A’I—t':CFE

TAA Flet F(x) =tint : C

Na:AkFa:A

o [fTFe:XandT,x:XF e :YthenT - [e/x]e’ : Y.

o [fTFe: XandT,x: X;Ab t:AthenT; Al [e/x]t: A,

o IfTAFt:Aand ;A a: Akt :BthenT F [t/alt’: B.
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®E



3 State

3.1

Intuitionistic Types
Linear Types

Intuitionistic Contexts
Linear Contexts
Location Contexts

Intuitionistic Terms
Linear Terms

o PEr(x) | X | 3x X
] Cap(x,X) | T(A) | ¥x. A | Ix. X

] ox ] oval(t) | letval(x)=tint’
let (i,x,c) =newint | free(e,t);t’
let (x,c) =read(e,t)int’ | e:=y e’;t’

Stores o -l ol

Operational Semantics

(Ax.e) v [v/x]e
fst (v,v') = v
snd (v,v') = v/

e e
Ile] — 1[e’]

(Aa.t) u— [u/alt
let()=(int—t
let (a,b) = (w,u’) in t — [u/a,u’/blt
run(G(t)) — t
let F(x) = F(v) in t — [v/x]t

t—t/
Lile] — Lile']

e—e’
Lele] — Lile]



[(0:t) = (o'; )

(o3 let val(a) = val(u) in t) —~ (o3 [u/dlt)

(o3 let (i,x,¢) = new in t) > ([0 | L: ()]; [L/4, /x, +/clt) with 1 ¢ dom(o)
([o ] L:v];free(l, x); t) — (o; t)

([o] L:v];let (x,¢) = read(L, ) in t) = ([0 | L: v]; [v/x, #/c]t)

([o]1:=]; 1=, vit) = ([o| L:v];t)

(o;t) = (0';t')
(o; K[t]) — (o’ K[t'])

3.2 Typing

MAFst:A MAFst:T(A) T:A a:Abs A :t/T(C)
I AFs val(t) : T(A) A A Fs letval(a) =tint’: T(C)
Ix:Ptr(i);A,a: Cap(x,1) Fxi t: T(C) I'kFs e: Ptr(i) T AkFs t:Cap(i, X) MNA st/ T(C)
IAbs let (i,x,a) =newint: T(C) T A A s free(e, t);t’ : T(C)

ks e: Ptr(i) I AFs t:Cap(i, X) Tox:X; A a:Cap(i,X) Fs t': T(C)
A, A" s let (x,a) =read(e,t) int’: T(C)

3.3 Logical Relation

We write 0#0’ to mean that the domains of o and o’ are disjoint. We write 0 - ¢’ to mean the concatenation
of o and o’. This is a partial operation defined only when their domains are disjoint. We write e —* e’ to
mean the transitive closure of evaluation.



[Jp
[XxY]p
X—=Ylp
[Ptr(x)]p
IG(A)]p

EXIp

[l e
[A®Blp

[A —B] p

[Cap(x, X)]p

[F(X)Ip

[T(A)p

L[ATp

(fst(v), fst(v’)) € E[XIp A (snd(v),snd(v’)) € E[Y]p}
Ve. if (e, e’) € E[X]p then (v e,v’' e’) € E[Y]p}

|
|
p(x),p
G(t),G(t")) [ ((5t),(;t")) € E[Alp}

{(e,e) | Fv,v.e=*vAe =* Vv A ((v,v) e [X]p}

(G 0) GO

(o -0 (unsun) (04 - o (upouf ) | (o wn) (Ant] € L0 2

Vta, Oa,th, 0k such that o0 and o'#0),.
((o3w), (o su’)) | if ({oasta), (oasth)) € LIA]
then ((0-oa;uta), (0’ - oh;u’ th)) € L[B]
{(([L:vl ), (G v T L= p(x) A (v,v') € [X]p}

{((5FOV), RO v, v') € [XTp}

Vé, ¢’ such that d#0, and ¢'#0o7.
o3, ug, 04, uj.
l(<01;u1> s (o13uq)) (b -o1511) = <¢ 02; val(uz))/\
(@' op;u) =" (b - og; val(ug)A
(<0-2§u2> s <62au2>) € [Alp
Ju, W t=*uA
{((G t),{o’;t’)) t—=*uA }
((o3t),(0’;t")) € [Alp
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