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Modal Logic: Proof Theory, Semantics and Applications

Elaine Pimentel

Lecture 3 - June 25, 2026

1 Hintikka’s Semantic Game

Hintikka’s semantic games are a framework in philosophical logic that defines the truth value (or
satisfiability) of a logical formula F' in a model F through a game.

There are two players, the proponent (P), who tries to prove the formula true, and the opponent
(O), who tries to prove the formula false, with the following rules:
Nt at Fy V Fy, P chooses between F and Fy (since for a disjunction to be true, only one of the

statements must be true);

X" at By A Fy, O chooses between Fy and Fy (since for a conjunction to be false, only one of
the statements must be false);

<" at a™ (respectively, a”) ,

" P wins if F = aT (respectively, F |= a~) , that is, if a is true (respectively, false) in
the model F;

% O wins if F £ at (respectively, F = a™) , that is, if a is false, (respectively, true) in
the model F.

The formula is satisfiable F' in the model F, F |= F, if and only if P has at least one winning

strategy.

Example 1.1. Consider the formula F = [a~ V (b" A c¢7)] V [aT A b7] within the model F =
{at,b=,c”}. We want to show that F = F.

The game proceeds in the following way:
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X" Take F = [a™ V (b+ Ac—)| V [a® Ab~]. The main connective is a disjunction, so P chooses
between I and Fs, and tries to prove it true.

XY Fy=a" VvV (bt Ac™). The main connective is a disjunction, so P chooses between Fi;
and Fio, and tries to prove it true.
= I =a. Since F £~ a™, O wins.

X" Fio =b" Ac™. The main connective is a conjunction, so O chooses between Fia;
and Fiso, and tries to prove it false.

W Fiop =b". Since F = bt, O wins.

o Fioo =c . Since F =™, P wins.

Nt Fy =at Ab~. The main connective is a conjunction, so O chooses between Fy and
Foo, and tries to prove it false.

Py =at. Since F |=at, P wins.

W Foo =0b. Since F =b", P wins.

P has a winning strategy F — Fy — Fo1 & Foo — . so we conclude that F = F.

= )

2 The Provability Game

To show that a formula F' is valid, that is, satisfiable in every model F, = F , we extend the game
from section (1} by adding two additional rules:
St at Fyl .|| Fill - || F, P can create backup copies and continue with Fy || ... || F; || Fi || ... || Fr;
X" P is the scheduler, so P is the one who chooses which formula will be played.

Example 2.1. Consider the formula F = [a= V (b" Ac™)] V[a™ A (b~ V)], We want to show
that = F'.

The game proceeds in the following way:

P Take F=[a= Vv (b AcT)] Vet A (b~ V). P creates a backup copy of F.

e vt Ac)] Vet ABT VeD)] | [am V(bT AcT)] Vet A (b V)], There are two formulas,
so P decides to focus on the first formula.

e vt ae)] Vit A BT ve)|| [am Vv (bT AcT)] Vet A(bT VeT)]. The main connective
of the first formula is a disjunction, so P chooses between a~ V (b* Ac™) and a™ A (b~ V'),
and tries to prove it true. We present only the first case for simplicity.
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Cam VOO Ac) | [am V(T Ac)] Vet A (b V). P decides to focus on the second
formula.

Cam vt Ae) [ [am v (bt AeT)] Vet A (b Vet)]. The main connective of the second
formula is a disjunction, so P chooses between a~ V (bt Ac™) and a™ A (b~ VeT), and
tries to prove it true. We present only the second case for simplicity.

A

U am Vvt Ac)||lat AT Vet). The main connective of the second formula is a
conjunction, so O chooses between a* and b=V c¢t, and tries to prove it false.
NP am V(T AcT)||at. P decides to focus on the first formula.

NP am V(b AceT)|lat. The main connective of the first formula is a disjunction,
so P chooses between a~ and b™ Ac™, and tries to prove it true. We present
only the first for simplicity.

" a”||at. Since for every model F, we have either F = a~ or F = a’, P

wins.

NP am V(T AC) |- Vet P decides to focus on the first formula.

NP am VOt AC)||b Vet The main connective of the first formula is a dis-
junction, so P chooses between a~ and b™ A ¢, and tries to prove it true.

We present only the second case for simplicity.

Y bEACT||bT Vet The main connective of the first formula is a conjunction,
so O chooses between b and c¢~, and tries to prove it false.
bt |bT Vet P odecides to focus on the second formula.

b ||b” Vet The main connective of the second formula is a disjunction,
so P chooses between b~ and c*, and tries to prove it true. We present
only the first for simplicity.

bt ||bm. Since for every model F, we have either F = bT or F = b,
P wins.
P e ||bm Vet P decides to focus on the second formula.

N e |[b” Vet The main connective of the second formula is a disjunction,
so P chooses between b~ and c¢*, and tries to prove it true. We present
only the second for simplicity.

¢ ||t Since for every model F, we have either F = c¢™ or F | ¢t
P wins.

P has a winning strategy, regardless of the model. So, we conclude that = F'.
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3 Games with Modalities[2]

3.1 Adding Modalities

We can also extend the game from Section by tweaking the winning rules and adding two
additional rules for modalities. The game is now played at a world w of the model F, with the
propositional rules played within the current world:

N* at F1 V Fy, P chooses between Fy and Fj (since for a disjunction to be true, only one of the
statements must be true);

Nt at Fi A Fy, O chooses between F and Fy (since for a conjunction to be false, only one of
the statements must be false);

" at OF, P chooses a successor v of the current world w (wRv), and the game continues with
F at v (if w has no successor, O wins, since the diamond cannot be satisfied);

" at OF, O chooses a successor v of the current world w (wRv), and the game continues with
F at v (if w has no successor, P wins, since the box holds vacuously);

7 P wins if F,w |= a¥, that is, if a® holds at the current world w;

% O wins if F,w [~ a*.

Example 3.1. Consider the formula F = {(a™ A b~) and the model F with worlds w, v, and
u, accessibility relation wRw, wRv, and vRu, and valuations w = {a™,b~}, v = {a™,b"} and
u = {a",b"}, as shown in Figure . We play the game at the world w and want to show that
F,wl=F.

w:OatAbY)

Figure 1: The game tree (left) and the world model (right)

The game proceeds in the following way:

OREGON
; . N\ Z< PROGRAMMING
Complled By. LANGUAGES
4

Chandradeep Dey, Stephanie Ma, Ana C. Sousa




Modal Logic: Proof Theory, Semantics and Applications Elaine Pimentel

" Take F = O(a™ Ab™) at w. The main connective is a diamond, so P chooses a successor of
w, either v or w itself, and tries to prove a™ Ab~ true.

A

Nt at AbT atv. The main connective is a conjunction, so O chooses between a™ and b~
and tries to prove it false.

Y at atwv. Since F,v = at, P wins.

= b atw. Since F,v b, O wins.

A

<t at AbT at w. The main connective is a conjunction, so O chooses between at and b~
and tries to prove it false.

a® at w. Since F,w = a", P wins.

2 b atw. Since F,w = b, P wins.

P has a winning strategy by staying at w, F — (a™ Ab™) = aT &b~ =", so we conclude that

F,wEF.

3.2 Positive-negative Logic (PNL)

“I am my own friend, I love myself.” — E. Pimentel

Let us now see some different modalities. Consider a social network with agents who are friends
or enemies based on whether they agree or disagree with each other. We will see how tools from
formal logic let us answer questions about the nature of such systems [IJ.

Consider the following syntax:
Fusp|-F|AAB|AVE|R (i) R (i,)) ¢ F|o F|[AF
The new bits deal with the relationships between the agents and their agreement/disagreement on
atomic propositions.
£y & F holds for agent a whenever F' holds for some a’s friend;

# < I holds for agent a whenever F holds for some a’s enemy;

& [A]F holds whenever F holds for all agents.

We will talk about R¥ (4, j) in the syntax later.

For our model, we will use M = (A,RT R™,V,g), where
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w A is a set (of agents);

w g: N — Ais the — gives names to agents;
w RT,RTCAXA;

« V:At = P(A).

Membership in RT and R~ is defined as follows:

% (a,b) € RT: agent a agrees with (is a friend of) agent b;

w (a,b) € R7: agent a disagrees with (is an enemy of) agent b.
These satisfy the following properties:

'Y gis (every agent has a name);
.0 RT is reflexive;
.2 RT and R™ are symmetric;

" these relations

We also have the optional axiom: collective connectedness, which is discussed later.
We can now formally define what it means for ¢ F', & F, and [A]F to hold. Let a = g(i),

M,alk& F  iff there is j € N such that M, g(j) IF R (i,5) and M, g(j) IF F
M,alF& F o iff there is j € N such that M, g(j) IF R~ (4,7) and M, g(j) IF F
M,al- [A]JF  iff M,g(j)IF F, for all j € N.

Some sentences that we can talk about in this system include:

% Mi: I have a friend who does not believe in p: My, I IF$ —p;
»" Ma: T have an enemy that does not believe in p: My, I IF& —p;
& Ms: I have an enemy: M3, I 1Fo T;
€y M,: Everybody has a friend where p: My, a IF [A] & p for any agent a.

Just like the other modal logics, we can extend this system with new inference rules/axioms. This
also has predictable effects on the nature of R*.
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M, M, M My

Figure 2: Example sentences in PNL

3.2.1 Balance

We have the rule 4B, also called strong balance. This enforces the ‘enemy of my enemy
is my friend’ structure in the models.

We have the rule 4W, also called weak balance. This relaxes strong balance by letting
three mutual enemies exist.

T é AN (60 pv OO p) 5O PN 4
(&% pV & p) = p)
T ¥
LA, _ _ (6 p) =4 p)A
A A (0pv o) wop (W)

3.2.2 Extending Hintikka games

To extend the games to this model, we need to track a couple of extra things, namely:

e current roles of the players;

e current formula F; and

e the current world w in the model.
This is fairly straightforward, but there are a couple of drawbacks compared to propositional
logic. The game tree becomes dependent on the relational structure of the model. This is unlike

propositional logic, where the truth information is only necessary at the end to determine whether
the statement is provable or not. This also means that the trees are not uniform across models.
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There are solutions, however, namely hybrid logics. We will internalize the nominals for the agents
in the syntax through the R* (i, j) constructs.

We play the game over a model. We have the two game states P,¢ : F' when I am the proponent
and 0,7 : F when I am the opponent. i is the nominal of the agent. The game goes as follows:
X" at Pyi: Fy A Fy, YOU choose between F; and Fj (since for a conjunction to be false, only

one of the statements must be false);

Nt at 0,4 F1 A Fy, I choose between F; and Fy (this time I want to prove the statement false,
while YOU want it to be true);

<" at P,i : O*F, I choose the potential friend/enemy with nominal j, and YOU choose
between P, : R*(i,j) and P, j : F (since either of these being false would make (T F false
at 7).

<" at 0,i: OTF, YOU choose the j, and I choose between O, : R*(i,5) and O, : F.

Example 3.2. See slides, page 30.

3.2.3 Winning strategy

Let g be the formula. A strategy for Me is a subtree o of the associated game tree Ga((g) such
that:

1. g €0,

2. if h € o is a node labelled Y, then all children of A are in o,

3. if h € o is a node labelled I, then exactly one child of A is in o.

where the node labels are based on who has the choice.

o is called a winning strategy if all leaves in the tree o are labelled I. In fact, I have a winning
strategy for Gapq(P,i @ F) iff M,a I F and have a winning strategy for Go(P,i : F) iff
M,a ¥ F.

3.2.4 Validity

We can once again duplicate the game state as necessary and reach the elementary states in each
game. Now we play the validity game DG(P,i : F) over all PNL-models. I win (and you lose) if
for every PNL-model there is an elementary game state where I win the semantics game.
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Once again, we have the adequacy result: I have a winning strategy in DG(D) iff for every PNL-
model M, there is some g € D such that I have a winning strategy in Gaq(g). As a corollary, we
have that F' is PNL-valid iff I have a winning strategy in DG(P,i : [A]F).

See the slides (page 35) for some of the related inference rules (including collective connectedness).
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