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Recap of Lecture Il

» Valitity games

» Provability games
» Modal games




In this lecture: substructural games!

» Playing with linear logic
» How to stay within your budget
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Linear logic LL [Girard]

duality LL calculability
LK 5 ? > LJ
modality
» ... emphasizes the role of formulas as resources, while classical logic:

emphasizes truth and intuitionistic logic: emphasizes proof.

» ... has a way of representing both the needs of intuitionism and the
elegance of classical logic: negation is involutive, sequents are symmetric,
connectives are inter-definable, models are simple.

» ... is resource conscious: specification of states.

» ... captures several notions of dualities.
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» Differences:
» & is invertible, ®p is not;
» sharing versus splitting resources.
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Classical and intuitionistic logics

» In linear logic:

r-AA I'}—A,B& MmEALA ToEAB
FFAAZB R M LFALM,ARB —F
» Eliminating non-constructive proofs without destroying the of

the sequent calculus, as is done in intuitionistic logic = eliminate the
contraction and weakening rules.

» Other rules/connectives:

FAA o TFAB M- AA B
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SR

» Much clearer understanding of the conflict between classical and
intuitionistic logic — two readings of the excluded middle:
> additive (A @ —A) and multiplicative (A®—A);
> additive = not provable, corresponds to the intuitionistic reading of
disjunction;
» multiplicative = trivially provable and simply corresponds to the tautology
(A = A) that is perfectly acceptable in intuitionistic logic too.
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Linear logic

» Once contraction and weakening are eliminated, formulas no longer
behave as immutable truth values.

» Composing a proof of A —o B and a proof of A: consume them to get a
proof of B.

» LL formulas behave like that can only be used once.

coin ® (coin —o coffee) - coffee

What is wrong with this picture?
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Jean-Yves Girard on Modal Logic — Thank you Finnton Wentworth!!

“By the way, nothing is more arbitrary than a modal logic: ‘| am done with this
logic, may | have another one?’ seems to be the motto of modal logicians.”

Jean-Yves Girard, 2011. “The Blind Spot: Lectures on Logic".
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Jean-Yves Girard on Modal Logic — Thank you Finnton Wentworth!!

“By the way, nothing is more arbitrary than a modal logic: ‘| am done with this
logic, may | have another one?’ seems to be the motto of modal logicians.”

Jean-Yves Girard, 2011. “The Blind Spot: Lectures on Logic".

“If we take the best — or rather less bad — modal logic S4, one is stricken by
the fact that the additional operations such as the necessity OA bring nothing
new: typically, the erasure of all symbols 00, & preserves proofs. The situation
can be summarised by the question :

What is the necessity of necessity?
The current answer is - to write useless papers.”
“Linear logic yielded another answer, through the exponentials ! A, ?A which
are in charge of perenniality ; those are indeed modalities, even if the symbols

0, & have been relinquished to avoid the infamous company of S5 and its
likes.”

Jean-Yves Girard, 2007. “Truth, modality and intersubjectivity,” available at
https://girard.perso.math.cnrs.fr/truth.pdf.


https://girard.perso.math.cnrs.fr/truth.pdf

Exponentials

» To recover the full expressive power of intuitionistic and classical logic:
add to two dual modalities that allow to arbitrarily duplicate or discard
resources !, ?



Exponentials

» To recover the full expressive power of intuitionistic and classical logic:

add to two dual modalities that allow to arbitrarily duplicate or discard
resources !, ?

» For the formulas ! B and ?B, and only for these, we are allowed to use
contraction and weakening.

FIATAEA r-A rLA-a
TIAFA Y TOAFA 'Y ToAFA %t




Exponentials

» To recover the full expressive power of intuitionistic and classical logic:

add to two dual modalities that allow to arbitrarily duplicate or discard
resources !, ?

» For the formulas ! B and ?B, and only for these, we are allowed to use
contraction and weakening.

FIATAEA r-A rLA-a
TIAFA Y TOAFA 'Y ToAFA %t

M- A ?A, A reA -
FFAA R TFAA "R Tra72a %R




Exponentials

» To recover the full expressive power of intuitionistic and classical logic:

add to two dual modalities that allow to arbitrarily duplicate or discard
resources !, ?

» For the formulas ! B and ?B, and only for these, we are allowed to use
contraction and weakening.

FIATAEA r-A rLA-a
TIAFA Y TOAFA 'Y ToAFA %t

M- A ?A, A reA -
FFAA R TFAA "R Tra72a %R

ITE?AA  IT,AR?A
ITF?ATA R ar2a-74 °F




Exponentials

» To recover the full expressive power of intuitionistic and classical logic:

add to two dual modalities that allow to arbitrarily duplicate or discard
resources !, ?

» For the formulas ! B and ?B, and only for these, we are allowed to use
contraction and weakening.

FIATAEA r-A rLA-a
TIAFA Y TOAFA 'Y ToAFA %t

M- A ?A, A reA -
FFAA R TFAA "R Tra72a %R

ITE?AA  IT,AR?A
ITF?ATA R ar2a-74 °F




Exponentials

» To recover the full expressive power of intuitionistic and classical logic:

add to two dual modalities that allow to arbitrarily duplicate or discard
resources !, ?

» For the formulas ! B and ?B, and only for these, we are allowed to use
contraction and weakening.

coin ® !(coin —o coffee) I coffee
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One sided!
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Structural and “modal” modalities
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Structural and “modal” modalities

4: TA—ollA T:1A—o0A
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Hands on!

Click ® ¢c®LLecL

Interactive linear logic prover

Syntax
- Sequent syntax + Linear logic formulas
A,B,..,Z formulas A dual eg. A%)
, toseparate formulas * or @ tensor (multiplicative conjunction)
(and )  around a sub-formula | or ® par (multiplicative disjunction)
|- or - thesis sign & with (additive conjunction)

+ore plus (additive disjunction)
Example: A0,A1,A2,B |- A',A'' e —— - -

Click & c®LLlecl


https://click-and-collect.linear-logic.org/
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Game semantics & LL

\{ » Resource consciousness:
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motivation usually remains

. NTPéE metaphorical.

. . - » Gentzen's sequent calculus is a
Q;'(HE LOFV?\"\IE o HMO” ot (the?) natural starting point for

connecting inference and resource

PLA > consciousness.

PoT-Au-FEy ov FILE] O GWA\IT » To breathe life into the resource
et . metaphor, we need dynamics
DESSERT

=—> game semantics for

TRVIT SefoN SAiToN] & substructural sequent calculi.
BANANE o RAISIN ou ORAN6ES o ANANA|  » Our view of game semantics: a

o playground for illuminating specific
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Affine intuitionistic multiplicative additive LL (C)

Sequent System for C
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The game for C [Fermiiller,Lang'17]

» Formulas: resources that can be build from atomic propositions, units 0,1
and the constructors ®, &, ®, —o

» States: multisets of sequents of the form ' - F

» Two players: P and O. Player P starts the game and selects a sequent S
from the current state.

» The game proceeds in rounds with two possible succ. states:

(1) GU{S} ~ GU{S'}
2) Gu{s} ~ GU{Si}uU{S:}

» P chooses a sequent S among the current game state, a principal formula
in S and a matching rule instance r.

» P acts as the scheduler of the game.
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Multiplicative vs Additive

Both are (right) branching rules:

[FA TEB MEA LEB
r-A&B °F MoFrA®B F

However, the intended meaning is different:

> A& B: P must be prepared to play either A or B (O choice) but only one
game is actually played.

» A® B: both subgames, A and B must be played and P must win both.
Branching structure:

Both definitions (a single or a parallel game) are equivalent: the existence of
winning strategies for P remains the same.

However, semantically, they provide different viewpoints of the connectives.
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The game for C
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Lafont's menu revisited

1{:\] U (4 35is)
ENTREE
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Subexponentials [Danos,Joinet,Schellinx'93]

Sub-exponentials in ILL:

LAEC |, LA .. 1AL E A
MIPAEC b 1AL 17A, - PA

I°r, provided a < a;

Then:

1PA £ 1°A for any a # b.



Assumptions plus cost — system C(R™)

Augment assumptions with costs, where assumptions are formulas occurring
negatively on sequents.

MIPA AR C

FPALC 1%, acRT



The game G¢(R™) [Lang,Olarte,Pimentel,Fermiiller'19]

> States: tuples (H, b), where H is a finite multiset of R*-valued sequents
and b € R is a budget.
» Rounds: the successor state is determined according to rules that fit one

of the two following schemes:
(1) (Gu{stb) ~  (GU{S'}LP)
(2) (GU{Shb) ~ (GU{S'TU{S*}b)



The game G¢(R™) [Lang,Olarte,Pimentel,Fermiiller'19]

> States: tuples (H, b), where H is a finite multiset of R*-valued sequents
and b € R is a budget.
» Rounds: the successor state is determined according to rules that fit one
of the two following schemes:
(1) (Gu{stb) ~  (GU{S'}LP)
(2) (GU{Shb) ~ (GU{S'TU{S*}b)
» Depending on the r, the round proceeds as follows:
1. If the rule r is not !, then the game proceeds as before, with budget b.

2. Budget decrease: !; with premise S’ and principal formula !?A, then the
game proceeds in the game state (G U {S'}, b — a).

3. To win the game: non negative final budget.
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You have white and black socks in a drawer in a completely dark room.
How many socks do you have to take out blindly to be sure of having
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» Matching pair: (w @ w) & (b® b); @
> Act of drawing a random sock: !'(w @ b).
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3. {G,w,w@® b,wd btF F},0) (O chooses w)
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You have white and black socks in a drawer in a completely dark room.
How many socks do you have to take out blindly to be sure of having
a matching pair?

» Matching pair: (w @ w) & (b® b); @
> Act of drawing a random sock: !'(w @ b).
What is the smallest n s.t. n: "(w @ b) F (w® w) @ (b® b) is
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Example

You have white and black socks in a drawer in a completely dark room.
How many socks do you have to take out blindly to be sure of having
a matching pair?

» Matching pair: (w @ w) & (b® b); @
> Act of drawing a random sock: !*(w @ b).
What is the smallest n s.t. n: "(w @ b) F (w® w) @ (b® b) is
provable?

The answer, of course, is 3. Let F = (w @ w) @ (b® b) and G = Y(w & b):
1. ({GF F},3)

. ({G,w® b,w® bwd bk F},0) (P plays I'; 3x, budget decrease)

. {G,w,wae b,we bt F},0) (O chooses w)

. ({G,w,b,w® bF F},0) (O chooses b)

. ({G,w, b, bt F},0) (O chooses b)

. ({G,w,b,b+ b® b},0) (P plays ®r,)

. ({G,w,bF b} U{G,bF b},0) (P plays ®r, parallelism)

~N o o b~ W N



Labelled system C*(R")

» Weak adequacy: information about the budget b is lost in the proof
theoretic representation.

> In other words, the game Gc(R™) is more expressive than the calculus
C(R™).



Labelled system C*(R")

» Weak adequacy: information about the budget b is lost in the proof
theoretic representation.

> In other words, the game Gc(R™) is more expressive than the calculus
C(R™).

> To overcome this mismatch: a labelled extension of C(R™).

> A C/(RT)-proof is build from labelled sequents

b:THA

where ' Ais a C(R™) sequent and b € RT.



Sequent rules for C/(R*)

Labelled sequent system for C*(R™)

a:IT,ALFA b:IT,AF B 2:THFA b:THB
a+b:IT,ALAFARB  F max{a, b} :THA&B

&r
c:MPAAFC
atc:T,lPAFC

— | b>0 ——— >0 ——— >
b:r,pl—plb*O brr1 kb=0 b:I',OI—AOLb*O



Example

A printer costs $500 and produces copies for $0.1. | want to make 2 copies.
Which is the budget needed?
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Example

A printer costs $500 and produces copies for $0.1. | want to make 2 copies.
Which is the budget needed?

b: 13O - C® C

_ ini = R, Init
0.C.Crcmc &M 0. ccrcac ™
10-10 01, (0.1 =
0.1 : - |
0.20: 11CHCRC 4 020:"C 1M CHC®C 1500
500.20 : P11 CO)F C® C 1,000.20 : (11 O)F C® C
Reasonable strategy: Stupid strategy:
Buy one printer, Buy two printers,

make 2 copies out of it. make one copy in each.



Results

Theorem

Given a C(R")-proof = of a sequent S, there exists a smallest budget with
cost(Z) that suffices to win the game Gc(R1) on S when following the
strategy corresponding to =.

Spectrum

spec(S :) = {cost(=Z) | = is an C(R™)-proof of S}.

Theorem
If ey T A, then spec(l = A) has a least element. In other words, there is
a smallest b such that Feepy I Fp A.
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Time units

K:t - <Rzo7 Z]R‘go 5 +R7 0>
RZ, is the completion of R" with co.

>Rt elects the “fastest” path when there are different ways of going from s,
to s,.
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Generalizing_the notion of cost
Time units

K:t - <Rzo7 Z]R‘go 5 +R7 O>

Least amount of resources to execute a task
+
Kmax = <Roo, Z]R;’ max, 0>

Amount of computational resources (e.g., RAM) available to process a series of
tasks.

Idea: to know what is the least amount of resources b s.t. some jobs I can be
all of them executed, sequentially if needed.
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Generalizing_the notion of cost
Time units

K:t - <Rzo7 ZR‘&) 5 +R7 O>

Least amount of resources to execute a task

Kmax = (R;, >R+, Max, 0)

Protected resources

Ke/p = ({pub, conf}, pub < conf, min, conf)
I £ — public information.
1"t £ — secret information.

conf : [ IP™F I/ G since conf # pub.
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Generalizing_the notion of cost
Time units

i = (R;ro, ZR;1+R70>

Least amount of resources to execute a task

Kmax = (R, >g+_,max, 0)

Protected resources

Kc/» = ({pub, conf}, pub < conf, min, conf)
Probabilistic choice
K» =([0,1], <, x,1)

P+oQ=(1"P)& (" *Q).
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