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1 OVERVIEW

This document is a large collection of figures about the Verse language, covering various aspects
including:

∙ Its syntax
∙ Rewrite semantics
∙ Verification semantics
∙ Denotational semantics

There is no accompanying text! Rather, these figures are reference materal for Simon’s OPLSS
talks. All this material is work in progress. It is not yet “settled”, and there may well be errors or
omissions. Please help us make them better.

2 SYNTAX

2.1 Source Verse

The syntax of Source Verse is given in Figure 1 and Figure 2.

2.2 Desugaring Source Verse into Essential Verse

Source Verse is desugared into Essential Verse using rewrite rules given in Figure 3 and Figure 4.

2.3 Essential Verse

The syntax of Essential Verse is in Figure 5.
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Terms t ::= x Variable
| Wildcard
| k Constant
| t1; t2 Sequencing
| t1[t2 ] Function application
| t1(t2) Non-failing function application
| ∃x . t Existential
| t1 t2 Choice
| t1 = t2 Unification
| if (t1) then t2 else t3 Conditional expression
| for (t1) do t2 Finite loop
| check⟨𝜔⟩{t} Effects check
| array{t1; ···; tn} Array, 𝑛 ⩾ 0
| t1, ···, tn Array, 𝑛 ⩾ 2
| () Empty array
| t1 => t2 Lambda expression
| p := t General definition
| p : t Type ascription
| opb t Prefix operator
| t opa Postfix operator
| t1 opi t2 Infix operator
| :t Range
| t1 where t2 Reverse sequencing
| fun(t)⟨q⟩⟨𝜔⟩{t} Function
| if (t) then t Conditional expression
| if (t) else t Conditional expression
| if {t } Conditional expression
| for {t } Finite loop
| let (t) in t Local binding
| block{t} Scope delimiter
| case (t) of {t1; ··· tn } Case expression
| case {t1; ··· tn } Case expression
| type{t } Type definition
| option{ } Create an option
| option{t } Create an option
| truth{t} Singleton map
| map{t1; ···; tn} Map, 𝑛 ⩾ 0

Operators opb ::= ! | − | + | ˆ | ? | [] | .. Prefix
opa ::= ? | ˆ Postfix
opi ::= + | − | * | / | and | or | : | .. Infix

| < | <= | > | >= | <> | −>

Fig. 1. Source Verse expressions, part 1

, Vol. 1, No. 1, Article . Publication date: June 2026.



107

108

109

110

111

112

113

114

115

116

117

118

119

120

121

122

123

124

125

126

127

128

129

130

131

132

133

134

135

136

137

138

139

140

141

142

143

144

145

146

147

148

149

150

151

152

153

154

155

156

157

158

159

The Verse Language: its type system and semantics 3

Patterns* p ::= Wildcard
| 𝑥𝑠 Variable
| p1 �p2 Squiggle pattern
| p(t) ⟨𝜔⟩ Function with effects
| p(t) Short for p(t) ⟨succeeds⟩
| p : t ⟨𝜔⟩ Type ascription
| p : t Short for p : t ⟨decides⟩*
| :t Short for ( : t)
| p1, ···, pn Tuple
| . . p Array splice

𝑥𝑠 ::= 𝑥 | 𝑥𝑠&x

Effects 𝜔 ::= 𝜖 | 𝜔1, 𝜔2

| fails | succeeds | decides
| . . .

𝜔1 ∩ 𝜔2 = Effect intersection; e.g succeeds ∩ decides = succeeds

Fig. 2. Source Verse expressions, part 2
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Abbreviations for p := e *
dscol1 p : t = e → p : t := e
dscol2 :t = e → :t := e
dscol3 p : t → p := :t

Rewriting p := t
dswild1 := t → t
dswild2 :t1 := t2 → ( : t1) := t2
dspfun1 p(t1) ⟨oc, 𝜔⟩ := t2 → p := fun(t1)⟨oc⟩⟨𝜔⟩{t2}
dspfun2 p(t1) := t2 → p := fun(t1)⟨open⟩⟨succeeds⟩{t2}
dsty1 p : t1 ⟨𝜔⟩ := t2 → p := t2 ▷⟨𝜔⟩ t1
dsty2* p : t1 := t2 → p : t1 ⟨decides⟩ := t2
dssquig (p1 �p2) := t → p1 := x ; p2 := (x :� t) x fresh
dsparr ar{p1; ···; pn} := t → p1 := x1; ···; pn := xn

ar{x1 : any; ···; xn : any}= t ;
none of pi is . . p

dspamp1 𝑥𝑠&x := t → ar{𝑥𝑠&x := t} outside an array
dspamp2 ar{···; 𝑥𝑠&x := t ; ···} → ar{···; 𝑥𝑠 := t ; x := t ; ···} inside an array

Application and unification
dsapp t1(t2) → f := t1; a := t2; check⟨succeeds⟩{f [a ]}

Array splice
dssplice ar{t1; ···; 𝑡𝑘−1; . . tk ; 𝑡𝑘+1; ···; tn}

→ append [ar{t1; ···; 𝑡𝑘−1},append[tk ,ar{𝑡𝑘+1; ···; tn} ] ]
where append is a reversible function appending two arrays

Array notation
dsunit () → ar{}
dstuple t1, ···, tn → ar{t1; ···; tn}

Map notation
dsmap map{t1, ···, tn} → mkMap(for (f : ar{t1; ···; tn}; i �a : f ) {(i , a)})

fresh f ,i ,a
Function notation
dstype type{t } → fun(x := t)⟨closed⟩⟨succeeds⟩{x} fresh x
dsfarrow t1 => t2 → fun(t1)⟨closed⟩⟨succeeds⟩{t2}
dsfun1 fun(a1 a2 ··· an)⟨oc⟩{t} → fun(a1)⟨oc⟩{fun(a2 ··· an)⟨oc⟩{t}}
dsfun2a fun(a⟨𝜔⟩)⟨oc⟩{b} → fun(a)⟨oc⟩⟨𝜔⟩{b}
dsfun2b fun(a)⟨oc⟩{b} → fun(a)⟨oc⟩⟨succeeds⟩{b}

Conditional and for-loop notation
dsif1 if {e } → if (e) else false
dsif2 if (e1) then e2 → if (e1) then e2 else false
dsif3 if (e1) else e2 → if (x := e1) then x else e2 x fresh
dsfor for {e } → for (x := e) {x } x fresh

Fig. 3. Source Verse to Essential Verse rewriting (1)
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The Verse Language: its type system and semantics 5

Operators
dspreq ?e → type {false let (x : e) {truth{x}}} x fresh
dspostq e? → e[ ]
dsop1 opb e → prefix′op′

b [e ] if opb can fail
dsop2 opb e → prefix′op′

b (e)
dsop3 e opa → postfix′op′

a [e ] if opa can fail
dsop4 e opa → postfix′op′

a (e)
dsop5 e1 opi e2 → operator′op′

i [e1, e2 ] if opi can fail
dsop6 e1 opi e2 → operator′op′

i (e1, e2)
dsand e1 and e2 → e1; e2
dsor e1 or e2 → if (e1) else if (e2) else : false
dsbang !e → if e then : false else false

Let, block, case
dslet let (e) in b → e; b see note
dsblock block{b} → b see note
dscase1 case {e1; ··· en } → (x : any)⇒ case (x ) {e1; ··· en } x fresh
dscase2 case (e) {e1; ··· en } → x := e; e1[x ] or ··· or en [x ] x fresh
[LA: This desugaring does not work for multivalued ei .]

Misc
dsopt1 option{ } → false
dsopt2 option{e } → if (x := e) then truth{x} else false x fresh

Note: The desugaring assumes a scope correct Verse program. This means that there can be no
variable name clashes in let and block{·}. A more robust desugaring could α-convert such clashes.

Fig. 4. Source Verse to Source Verse rewriting (2)

, Vol. 1, No. 1, Article . Publication date: June 2026.
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Variables x , y , f
Literals ki ::= Integer literals

kc ::= Character literals
op ::= Primitive operations
k ::= op | ki | kc | ···

Terms t ::= x Variable
| Underscore
| k Constant
| t1[t2 ] Function application
| t1; t2 Sequencing
| t1 where t2 Reverse sequencing
| t1 = t2 Unification
| x := t Definition; binds x
| x :� t Capture input; binds x
| block{t} Block; limits scope
| t1 t2 Choice
| if (t1) then t2 else t3 Conditional expression
| for(t1)do{t2} Finite loop
| array{t1, ···, tn} Array, 𝑛 ⩾ 0
| truth{t} Truth value
| fun(t1)⟨q⟩⟨𝜔⟩{t2} Function
| :t Range
| t1 ▷⟨𝜔⟩ t2 Opacity
| check⟨𝜔⟩{t} Effects check

Primops 𝑜 ::= gt | add | int
Aperture q ::= open | closed Open vs closed functions

Variables can be alphanumeric, but also prefix′op′, postfix′op′, and operator′op′.

Fig. 5. Essential Verse

, Vol. 1, No. 1, Article . Publication date: June 2026.
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The Verse Language: its type system and semantics 7

Variables 𝑥, 𝑦, 𝑧, 𝑓, 𝑔
Literals ki ::= Integer literals

kc ::= Character literals
op ::= Primitive operations
k ::= op | ki | kc | ···

Prim operators op ::= add | sub | gt | isInt | ···
Values 𝑣 ::= x | ℎ𝑛𝑓
Head values hnf ::= k | r | ⟨v1, ···, vn⟩ | 𝜆x . b | delay{e}
Expressions e ::= v | e1[e2]

| e1; e2 | e1= e2 | b1 b2 | fail
| iter(ic){b}{e}
| x ⇝𝑤 t | block{b}
| verify(𝑅; 𝐴){b}
| e1 ▷⟨𝜔⟩ e2

Blocks 𝑏 ::= ∃𝑋{hp}. e
Variable sets 𝑋 ::= {x1, ···, xn } (𝑛 ⩾ 0)
Heaps ℎ𝑝 ::= x1 �v1 . . . , xn �vn (𝑛 ⩾ 0)

𝑤 ::= (bb, dr , vx )
bb ::= ∘ | ∙
dr ::= 𝐷 | 𝑅⟨𝜔⟩
vx ::= v | x

Iter combinators 𝑖𝑐 ::= all | if | for
Effects 𝜔 ::= succeeds | decides | fails

Skolems 𝑟, 𝑠, 𝑡
Skolem sets 𝑅 ::= {r1, ···, rn } (𝑛 ⩾ 0)
Ground values gv ::= k | r | ⟨gv1, ···, gvn⟩
Assumptions a ::= r = gv | r ̸= gv | r = op[gv ] | ¬op[gv ]

𝐴 ::= {a1, ···, an } (𝑛 ⩾ 0)

Evaluation contexts C ::= □ | e=C | C =e | e; C | C ; e | e[C ] | C [e]
Substitution contexts S ::= V | e=S | S =e | e; S | S ; e | e[S ] | S [e]

| B [S ] b | b B [S ]
| iter(ic){B [S ]}{e} | iter(ic){b}{S}

Value contexts V ::= □ | ⟨v1, ···,V , ··· vn⟩ | 𝜆x .B [S ]
Block contexts B ::= ∃𝑋{hp}.□

Fig. 6. Core Verse Syntax

3 REWRITING

This section gives the operational semantics of Essential Verse using rewrite rules.
We rewrite terms written in the expression syntax of Figure 6, which includes terms of Essential

Verse.
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3.1 Auxiliary functions

tbs(t) Variables bound by Essential Verse term t
e[v/x ] Capture-avoiding substitution of v for x in e
fvs(e) Free variables of expression e
bvs(S) Bound variables of a context 𝑆
fvsol(e) Free variables outside lambdas in value v

leftChoiceFree(C ) :: Bool
leftChoiceFree(□) = True

leftChoiceFree(C = e) = leftChoiceFree(C )
leftChoiceFree(C ; e) = leftChoiceFree(C )
leftChoiceFree(e=C ) = choiceFree(e) ∧ leftChoiceFree(C )
leftChoiceFree(e; C ) = choiceFree(e) ∧ leftChoiceFree(C )
leftChoiceFree(e[C ]) = False

choiceFree(e) :: Bool
choiceFree(v) = True

choiceFree(e1; e2) = choiceFree(e1) ∧ choiceFree(e2)
choiceFree(e1=e2) = choiceFree(e1) ∧ choiceFree(e2)
choiceFree(e1[e2]) = choiceFree(e1) ∧ choiceFree(e2)
choiceFree(fail) = True

choiceFree(b1 b2) = False
choiceFree(block{∃𝑋{hp}. e}) = choiceFree(e)

choiceFree(iter(all){b}{e}) = True
choiceFree(iter(if){b}{e}) = False

choiceFree(iter(for){b}{e}) = choiceFree(e)

Fig. 7. Auxiliary functions

4 REWRITE RULES

This section give the rewrite rules. Some general observations.

∙ Many rules have a side condition like 𝑥 ̸∈ fvs(𝑒). The idea is that we silently use the
alpha-renaming rules (Figure 8) to make these side conditions hold.

∙ All rules are careful to keep non-value sub-expressions in the same order. This only matters
in the future when effects (including I/O) play a bigger role. Example: the normalisation
rules in Figure 8.

4.1 Substitution and promotion

subst ∃𝑋{hp, x �v}.S [x ] −→ ∃𝑋{hp, x �v}.S [v ] if 𝑥 ̸∈ bvs(𝑆)

gc ∃𝑋,Y {hp}. e −→ ∃𝑋{hp
Y }. e if 𝑌 # fvs(rng(hp
Y ), 𝑒), 𝑌 ̸= {}
promote-l ∃𝑋, x{hp}.C [x = v ] −→ ∃𝑋, x{hp[v/x ], x �v}.C [v ]

if 𝑥 ̸∈ dom(ℎ𝑝), fvsol(𝑣) # dom(ℎ𝑝) ∪ {𝑥}
promote-r ∃𝑋, x{hp}.C [v =x ] −→ ...just like promotel

Fig. 8. Structural and normalisation rules

∙ Given a heap binding x �v , rule subst substitutes v for a single occurrence of x . The context
S (see Figure 6) allows us to look deep in the term, including under choices and lambdas.
∙ The gc rule allows us to garbage-collect a strongly-connected component of possibly-recursive

bindings in the heap.

, Vol. 1, No. 1, Article . Publication date: June 2026.
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The Verse Language: its type system and semantics 9

∙ You might wonder if we could eliminate promote-r in favour of a swap rule that swaps
x = hnf to hnf = x . But we must also deal with x = y where y is bound locally and x
is bound further out. We could have a swap rule that swaps v = x but that could loop
infinitely on x = y which seems unpleasant.

4.2 Unification

eqk1 k =k −→ k

eqk2 k1=k2 −→ fail if 𝑘1 ̸= 𝑘2
eqtup1 ⟨v1, ···, vn⟩= ⟨w1, ···,wn⟩ −→ v1=w1; ··· vn =wn ; ⟨v1, ···, vn⟩
eqtup2 ⟨v1, ···, vn⟩= ⟨w1, ···,wm⟩ −→ fail if 𝑛 ̸= 𝑚

eqfail hnf1=hnf2 −→ fail if hnf1 and hnf2 have different root shapes

Fig. 9. Unification rules

∙ There is no rule for (𝜆x . e1)=(𝜆y . e2) because the runtime can’t test for equality of functions.
∙ Instead that equality is stuck. A stuck expression is our version of “goes wrong at runtime”.

It should never happen; the verifier should reject such a program before we run it.
∙ So (slightly surprisingly) there no rule for x = x either, in case x is bound to a lambda. That

equality is stuck until x gets a value.

4.3 Primitive operations

We just give a small representative selection here.

add add[ki1, ki2] −→ ki1 + ki2
gt1 gt[ki1, ki2] −→ ki1 if 𝑘𝑖1 > 𝑘𝑖2
gt2 gt[ki1, ki2] −→ fail if 𝑘𝑖1 ⩽ 𝑘𝑖2
isInt1 isInt[ki ] −→ ki (ki is an integer)

isInt2 isInt[v ] −→ fail if v is not an integer

cons cons[v0, ⟨v1, ···, vn⟩] −→ ⟨v0, v1, ···, vn⟩
dotdot dotdot[ki1, ki2] −→ ki1 (ki1 + 1) ··· ki2

Fig. 10. Primitive operation rules

∙ An ill-typed application, such as add[3, 𝜆x . x ] where the argument(s) are not integers, is
just stuck. Similarly for other primitive operators.

4.4 Beta reduction

beta-l (𝜆x . b)[e] −→ block{∃x{}. x =e; block{b}} if 𝑥 ̸∈ fvs(𝑒)

beta-t ⟨v0, ···, vn⟩[e] −→ block{∃x{}. x =e; ((∃{}. x =0; v0) ··· (∃{}. x =n; vn))}

Fig. 11. Primitive operation rules

∙ Note that beta-t does narrowing.
∙ In beta-t the binding x =e is there to avoid duplicating e.
∙ The base case of beta-t for the empty tuple simply yields failure.
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4.5 Structural and normalisation rules

hp-alpha ∃𝑋, x{hp}. e ↔ ∃𝑋, y{hp[y/x ]}. e[y/x ] if y ̸∈ fvs(hp, e)

lam-alpha 𝜆x . e ↔ 𝜆y . e[x/y ] if y ̸∈ fvs(e)

seq v ; e −→ e

norm1 v =(e1; e2) −→ e1; v =e2
norm2 v =(e1= e2) −→ v =e1; v =e2
norm3 (e1; e2)=e3 −→ e1; e2=e3
norm4 (v = e1)=e2 −→ v =e1; v =e2
norm5 (e1; e2); e3 −→ e1; (e2; e3)

float ∃𝑋{hx}.C [block{∃Y {hy}. e} ] −→ ∃𝑋,Y {hx , hy}.C [e ]

if 𝑋 # 𝑌 , 𝑌 ̸∈ fvs(𝐶), fvsol(rng(ℎ𝑦)) # 𝑋

Fig. 12. Structural and normalisation rules

∙ norm4 is necessary to make progress with (x =p + 1)=5. We want to unify x with 5 which
might in turn unlock unification for p.

∙ norm5 is not strictly necessary, but it helps to de-clutter; e.g. (e1; 5); e2 rewrites to e1; e2.

4.6 Iteration and choice

fail iter(ic){B [C [fail ] ]}{e} −→ e

choice iter(ic){B [C [b1 b2 ] ]}{e} −→ iter (ic){B [C [block{b1} ] ]}
{iter(ic){B [C [block{b2} ] ]}{e3}}

if leftChoiceFree(C )

if iter(if){B [delay{e1} ]}{e2} −→ block{B [e1 ]}
all iter(all){B [v ]}{e} −→ cons[B [v ], e]

for iter(for){B [v ]}{e} −→ block{∃x{}. cons2 [⟨x ,B [v ]⟩, e]}

Fig. 13. Iteration and choice
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4.7 Matching

mwild u ⇝w −→ u

mlit u ⇝w k −→ u= k

mvar u ⇝w y −→ u=y

mdef u ⇝w x := t −→ x = (u ⇝w t)

minp u ⇝w x :� t −→ x = u; u ⇝w t

mblock u ⇝w block{t} −→ block{∃tbs(t){}. u ⇝w t}
mapp u ⇝w t1[t2] −→ u = 𝒟w Jt1K[𝒟w Jt2K]
munif u ⇝w t1 = t2 −→ (u ⇝w t1)=(u ⇝w t2)

mchoice u ⇝w t1 t2 −→ (u ⇝w block{t1}) (u ⇝w block{t2})
mfail u ⇝w fail −→ fail

msemi u ⇝w t1; t2 −→ 𝒟w Jt1K; u ⇝w t2
mwhere u ⇝w t1 where t2 −→ ∃y{}. y=(u ⇝w t1); 𝒟w Jt2K; y
mtup u ⇝w array{t1, ···, tn} −→ block{∃ u1 ··· un , y1 ··· yn{}. u= ⟨u1, ···, un⟩;

y1 = (u1 ⇝w t1); ···; yn = (un ⇝w tn);

⟨y1, ···, yn⟩}
mcolon1 x ⇝w :t −→ 𝒟w JtK[x ]
mif u ⇝w if(t0){t1}else{t2} −→ iter (if){∃tbs(t0){}.𝒟w Jt0K; delay{u ⇝w block{t1}}}

{u ⇝w block{t2}}
mall u ⇝w for{t} −→ u = iter(all){∃tbs(t){}.𝒟w JtK}{⟨⟩}
mfor u ⇝w for(t0)do{t1} −→ block{∃𝑦{}.

⟨u, y⟩= iter (for){∃tbs(t0){}.𝒟w Jt0K; 𝜆u ′. u ′ ⇝w block{t1}}
{⟨⟨⟩, ⟨⟩⟩};

y}

where 𝒟( , ,v)JtK = ∃u{}. u ⇝(∘,𝐷,v) t

Fig. 14. Matching: most cases

∙ In mwhere we are careful to keep t1 and t2 in the same order, in case they have effects.

4.8 Matching functions

mfun h ⇝w fun(at){bt} −→ 𝜆𝑢. ∃𝑝, 𝑞, tbs(at){}. p=(u ⇝w at);

𝒲bbJq=h[p]K;
q ⇝w block{bt}

where

(𝑏𝑏, 𝑑𝑟, 𝑣𝑥) = 𝑤

𝒲∘JeK = ⟨⟩
𝒲∙JeK = e

Fig. 15. Matching functions
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4.9 Verification rules

mfun h ⇝w fun(at)⟨𝜔⟩{bt} −→ verify(𝑢; ){∃p, q , tbs(at){}. p=(u ⇝w1 at);

𝒲bbJq=h[p]K;
check⟨𝜔⟩{q ⇝w2 block{bt}}}

𝜆𝑢. ∃𝑝, 𝑞, tbs(at){}. p=(u ⇝w3 at);

𝒲bbJq=h[p]K;
q ⇝w4 block{bt}

where

(bb, , vx ) = 𝑤

𝑤1 = (∘, 𝐷,v)

𝑤2 = (bb, 𝑅⟨𝜔⟩,v)
𝑤3 = (∙, 𝐷, vx )

𝑤4 = (∙, 𝑅⟨𝜔⟩,x)
𝒲∘JeK = ⟨⟩
𝒲∙JeK = e

moftype u ⇝w t1 ▷ t2 −→ u=𝒟w Jt1K[𝒟w Jt2K] if w = (b,x, 𝐷)

−→ (u ⇝w t1) ▷⟨𝜔⟩𝒟w Jt2K if w = (b,x, 𝑅⟨𝜔⟩)
−→ block{∃𝑦, 𝑡{}. y=𝒟w Jt1K; t=𝒟w Jt2K;

check⟨succeeds⟩{t [y ]};
y ▷ t }

if w = (b,v, 𝐷)

−→ block{∃𝑦, 𝑡{}. y=𝒟w Jt1K; t=𝒟w Jt2K;
check⟨succeeds⟩{t [y ]}
t [y ] }

if w = (b,v, 𝑅⟨ ⟩)

oftype e1 ▷⟨𝜔⟩ e2 −→ e2[e1] Outside verify

Fig. 16. Matching functions with verification
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Proof contexts 𝑃 ::= ∃𝑋{hp}.Q
Q ::= □ | e=Q | Q=e | e; Q | Q ; e | e[Q ] | Q [e] | iter(ic){Q}{e}

solver verify(𝑅; 𝐴){b} −→ ⟨⟩ if 𝑅; 𝐴 ⊨ inconsistent

v-val verify(𝑅; 𝐴){B [v ]} −→ ⟨⟩
v-choice verify(𝑅; 𝐴){P [e1 e2 ]} −→ verify(𝑅; 𝐴){P [e1 ]}; verify(𝑅; 𝐴){P [e2 ]}
v-fail verify(𝑅; 𝐴){P [fail]} −→ ⟨⟩
split-val verify(𝑅; 𝐴){P [r =gv ; e ]} −→ verify(𝑅; 𝐴, r = gv){P [e ]};

verify(𝑅; 𝐴, r ̸= gv){P [fail ]}
split-op verify(𝑅; 𝐴){P [op[gv ] ]} −→ verify(𝑅, r ; 𝐴, r = op[gv ]){P [r ]};

verify(𝑅; 𝐴,¬op[gv ]){P [fail]}
if 𝑟 ̸∈ 𝑅

split-tup verify(𝑅; 𝐴){P [r = ⟨v1, ···, vn⟩; e ]} −→ verify(𝑅, r1 ··· rn ; 𝐴, r = ⟨r1, ···, rn⟩)
{P [r1=v1; ···; rn =vn ; e ]};

verify(𝑅; 𝐴, r ̸= ⟨ , ···, ⟩){P [fail]}
split-app verify(𝑅; 𝐴){P [f [gv ] ]} −→ verify(𝑅, r ; 𝐴, r = AP [f , gv ]){P [r ]};

if 𝑓 ∈ 𝑅, 𝑟 ̸∈ 𝑅

split-appf verify(𝑅; 𝐴){P [f [𝜆x . e] ]} −→ verify(𝑅, r ; 𝐴){P [r ]};
if 𝑓 ∈ 𝑅, 𝑟 ̸∈ 𝑅

v-some verify(𝑅; 𝐴){P [e1 ▷⟨𝜔⟩ e2 ]} −→ verify(𝑅, r ; 𝐴){∃x . x = e2[r ]; P [x ]}; if 𝜔 can succeed

verify(𝑅; 𝐴){∃x . x = e2[r ]; P [fail]}; if 𝜔 can fail

if r /∈ 𝑅 and fvs(v)# bvs(P)

Fig. 17. Verfication rules

u-olam olam(z1, v1)=olam(z2, v2); e −→ ∃z3. z1=olam(z3, v2); z2=olam(z3, v1); e

app-olam (olam(z , v1))[v2] −→ ∃x . x = z [v2]; x =v1[v2]; x

exi-app ∃z . e −→ e[(𝜆x . ∃y . y)/z ] if z occurs in e only as z [v ]

Fig. 18. Open lambdas (incomplete)

5 FOUNDATIONAL CALCULI

5.1 Untyped lambda calculus

e ::= 𝑘 | 𝑜𝑝 | 𝑥 | 𝑒1 𝑒2 | 𝜆x . e

V = Z+ (V → V )

ℰJeK :: Env → V

ℰJkK 𝜌 = 𝑘

ℰJxK 𝜌 = 𝜌(x )

ℰJe1 e2K 𝜌 = (ℰJe1K 𝜌) (ℰJe2K 𝜌)
ℰJ𝜆x . eK 𝜌 = 𝜆v . ℰJeK 𝜌[x := v ]

Problem: what is V ? Standard answer: domain theory.
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5.2 Simply typed lambda calculus in Martin-Löf Type Theory

t ::= Int | t1 → t2
e ::= 𝑘 | 𝑜𝑝 | 𝑥 | 𝑒1 𝑒2 | 𝜆(x : t). e

Γ ::= 𝜖 | Γ, 𝑥 : 𝑡

𝒯 JtK :: 𝑇𝑦𝑝𝑒

𝒯 JIntK 𝜌 = Z
𝒯 Jt1 → t2K 𝜌 = Π(𝑥 : 𝒯 Jt1K).𝒯 Jt2K

𝒢JΓK :: dom (Γ)→ 𝑇𝑦𝑝𝑒

𝒢J𝜖K = ∅
𝒢JΓK, x : t = 𝒢JΓK, 𝑥 :: 𝒯 JtK

ℰJΓ ⊢ e : tK :: 𝒢JΓK→ 𝒯 JtK
ℰJΓ ⊢ k : IntK 𝜌 = 𝑘

ℰJΓ ⊢ x : tK 𝜌 = 𝜌(x )

ℰJΓ ⊢ (e1 e2) : tK 𝜌 = (ℰJΓ ⊢ e1 : t1 → tK 𝜌)(ℰJΓ ⊢ e2 : t1K 𝜌)
where Γ ⊢ e1 : t1 → t and Γ ⊢ e2 : t1

ℰJΓ ⊢ (𝜆(x : t1) . e) : t1 → t2K 𝜌 = 𝜆𝜆(𝑎 ∈ 𝒯 Jt1K). ℰJΓ, x : t1 ⊢ e : t2K 𝜌[x := a ]

Notes:

∙ This interpretation is only defined for well-typed terms.
∙ More standard to use nat instead of Int .
∙ Π𝑥 : 𝐴.𝐵 is MLTT dependent function type.
∙ 𝑥 ∈ 𝐴 ↦→ 𝑎 is a MLTT function.
∙ The interpretation of a context Γ is type. This operation computes the type of 𝜌, a finite

map from the variables in the domain of the context to values in 𝒯 JΓ xK. In the abstraction
case, we extend this finite map with a new binding for the variable 𝑥. In the variable case,
we retrieve value of 𝑥 from the map—this must be total because we know that 𝑥 ∈ dom Γ.

5.3 Simply typed lambda calculus

t ::= Int | t1 → t2
e ::= 𝑘 | 𝑜𝑝 | 𝑥 | 𝑒1 𝑒2 | 𝜆(x : t). e

𝑃𝐼 :: 𝑆𝑒𝑡(𝐴)→ 𝑆𝑒𝑡(𝐴×𝐵)→ 𝑆𝑒𝑡(𝐴→ 𝐵)

𝑃𝐼(𝐴,𝑅) = {𝑓 | 𝑓 ⊆ 𝑅, 𝑖𝑠𝐹𝑢𝑛𝑐𝑡𝑖𝑜𝑛(𝑓), 𝑑𝑜𝑚(𝑓) = 𝐴}

𝒯 JtK :: Set

𝒯 JIntK 𝜌 = Z
𝒯 Jt1 → t2K 𝜌 = 𝑃𝐼(𝒯 Jt1K, 𝒯 Jt1K× 𝒯 Jt2K)

ℰJeK :: Env → Set

ℰJkK 𝜌 = {𝑘}
ℰJxK 𝜌 = {𝜌(x )}

ℰJe1 e2K 𝜌 = {𝑏 | 𝑓 ∈ ℰJe1K 𝜌, 𝑎 ∈ ℰJe2K 𝜌, (𝑎, 𝑏) ∈ 𝑓}
ℰJ𝜆(x : t). eK 𝜌 = 𝑃𝐼(𝐴, {(𝑎, 𝑏) | 𝑎 ∈ 𝐴, 𝑏 ∈ ℰJeK (𝜌[x := a ])})

where 𝐴 = 𝒯 JtK

ℰJfix eK 𝜌 = {𝑎 | 𝑓 ∈ ℰJeK 𝜌, (𝑎, 𝑎) ∈ 𝑓}

NOTES:
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∙ 𝒯 Jt1K× 𝒯 Jt2K is a set-theoretic product of two sets.
∙ 𝑖𝑠𝐹𝑢𝑛𝑐𝑡𝑖𝑜𝑛(𝑓) holds when 𝑓 is a set of tuples, and for every (𝑥, 𝑦1) ∈ 𝑓 and (𝑥, 𝑦2) ∈ 𝑓 , we

have 𝑦1 = 𝑦2.

5.4 Timbda-0

A tiny calculus that captures some of the essence of Verse; especially, terms and types are the same
thing.

e ::= 𝑘 | int | 𝑥 | 𝑒1 𝑒2
| 𝜆(x := e1). e2
| :e

| fail | e1 e2

ℰJeK :: Env → Set

ℰJkK 𝜌 = {𝑘}
ℰJxK 𝜌 = {𝜌(x )}
ℰJintK 𝜌 = {{(𝑎, 𝑎) | 𝑎 ∈ Z}}
ℰJ:eK 𝜌 = {𝑏 | 𝑓 ∈ ℰJeK 𝜌, (𝑎, 𝑏) ∈ 𝑓}

ℰJe1 e2K 𝜌 = {𝑏 | 𝑓 ∈ ℰJe1K 𝜌, 𝑎 ∈ ℰJe2K 𝜌, (𝑎, 𝑏) ∈ 𝑓}
ℰJ𝜆(x := e1). e2K 𝜌 = 𝑃𝐼(𝐴, {(𝑎, 𝑏) | 𝑎 ∈ 𝐴, 𝑏 ∈ ℰJe2K (𝜌[x := a ])})

where 𝐴 = ℰJe1K 𝜌
ℰJfailK 𝜌 = {}

ℰJe1 e2K 𝜌 = ℰJe1K 𝜌 ∪ ℰJe2K 𝜌

Fig. 19. The Timbda-0 calculus

We can translate STLC into Timbda 0.

𝒯 𝒯 JIntK = :int

𝒯 𝒯 Jt1 → t2K = 𝜆(x := 𝒯 𝒯 Jt1K). 𝒯 𝒯 Jt2K

𝒯 ℰJkK = 𝑘

𝒯 ℰJxK = 𝑥

𝒯 ℰJe1 e2K = (𝒯 ℰJe1K)(𝒯 ℰJe2K 𝜌)
𝒯 ℰJ𝜆(x : t). eK = 𝜆(x := 𝒯 𝒯 JtK). 𝒯 ℰJeK

Fig. 20. Translating STLC to Timbda-0

6 SEMANTICS
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Domains

𝑣 ∈ Val = I(Z) + F(F) +R(R)
F = ℳ(Val ×Val) Invariants? e.g. disjoint domains

R = ℳ(Val ×Val) Relations

𝜌 ∈ Env = Iden → Val Total: gives a value to every identifier

∆ ∈ ENV = Set(Env)

{𝑥1 Z⇒𝑦1,..., 𝑥𝑛 Z⇒𝑦𝑛} ∈ Val ⇀ Val = Set(Val ×Val) Partial functions

The constraint language

Simple values 𝑎 ::= v | x | 𝑜𝑝[𝑎1,..., 𝑎𝑛] | ⟨a0, ···, an⟩
Constraints ∆ ::= {{ 𝑟𝑒𝑙𝑜𝑝[𝑎1,..., 𝑎𝑛] }}

| {{𝑥 Z⇒𝑦 ∈ ℎ }} | {{𝑥 ̸∈ dom(ℎ) }} where ℎ ∈ Val ⇀ Val

| empty | univ
| ∆1 ∪∆2 | ∆1 ∩∆2

| compl(∆) Complement

| ∆ ∖∖ 𝑥𝑠 Hiding

Relational ops 𝑟𝑒𝑙𝑜𝑝 ::= = | < | ⩽ | ⩾ | >
Value ops 𝑜𝑝 ::= + | − | * | /

| ⊕ | ⊞ Function and tuple concatenation resp.

| ⊎ Function/tuple union

Interpretation of simple values and constraints

J∆K : ENV

JemptyK = {}
JunivK = Env Set of all environments

Jcompl(∆)K = compl(J∆K)
J∆ ∖∖ 𝑥𝑠K = {𝜌 ∈ Env | ∃𝜌′ ∈ J∆K. ∀𝑥 ̸∈ 𝑥𝑠. 𝜌(𝑥) = 𝜌′(𝑥)}

J∆1 ∪∆2K = J∆1K ∪ J∆2K
J∆1 ∩∆2K = J∆1K ∩ J∆2K

J{{ 𝑎1 = 𝑎2 }}K = {𝜌 ∈ Env | 𝒜J𝑎1K𝜌 = 𝒜J𝑎2K𝜌}
J{{ 𝑎1 > 𝑎2 }}K = {𝜌 ∈ Env | 𝒜J𝑎1K𝜌 > 𝒜J𝑎2K𝜌} ...and similarly other 𝑟𝑒𝑙𝑜𝑝𝑠

J{{𝑥 Z⇒𝑦 ∈ ℎ }}K = {𝜌 ∈ Env | 𝜌(𝑥) Z⇒𝜌(𝑦) ∈ ℎ}
J{{𝑥 ̸∈ dom(ℎ) }}K = {𝜌 ∈ Env | 𝜌(𝑥) ̸∈ dom(ℎ)}

𝒜JaK : Env ⇀ Val

𝒜JxK𝜌 = 𝜌(𝑥)

𝒜JvK𝜌 = 𝑣

𝒜Ja1 + a2K𝜌 = I(𝑟1 + 𝑟2) if I(𝑟1) = 𝒜J𝑎1K𝜌 and I(𝑟2) = 𝒜J𝑎2K𝜌
𝒜Ja1 ⊎ a2K𝜌 = F(𝑟1 ·∪ 𝑟2) if F(𝑟1) = 𝒜J𝑎1K𝜌, F(𝑟2) = 𝒜J𝑎2K𝜌, dom(𝑟1) ∩ dom(𝑟2) = ∅
𝒜Ja1 ⊕ a2K𝜌 = F(𝑟1 ++++ 𝑟2) if F(𝑟1) = 𝒜J𝑎1K𝜌, F(𝑟2) = 𝒜J𝑎2K𝜌, dom(𝑟1) ∩ dom(𝑟2) = ∅
𝒜Ja1 ⊞ a2K𝜌 = F(tupcat(𝑟1, 𝑟2)) if F(𝑟1) = 𝒜J𝑎1K𝜌, F(𝑟2) = 𝒜J𝑎2K𝜌, dom(𝑟1) ∩ dom(𝑟2) = ∅

𝒜J⟨⟩K𝜌 = F([∅])
𝒜J⟨a0, ···, an⟩K𝜌 = F( [{0 Z⇒𝒜J𝑎0K𝜌}] ++++ . . . ++++ [{𝑛 Z⇒𝒜J𝑎𝑛K𝜌}] )

Semantic functions

Binders of block ℐJtK : Set(Iden)

ℐJtK = the outer ∃-bound variables in t

Fig. 21. Semantic domains and associated functions
, Vol. 1, No. 1, Article . Publication date: June 2026.
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The Verse Language: its type system and semantics 17

The Verse computation typeℳ(·) comes equipped with the following operations

empty𝑚 :: ℳ(𝑎)

inj :: Set(𝑎)→ℳ(𝑎)

++++𝑚 :: ℳ(𝑎)→ℳ(𝑎)→ℳ(𝑎) Ordered choice

∩⋆ :: ℳ(𝑎)→ℳ(𝑎)→ℳ(𝑎) Inner-set intersection

∪⋆ :: ℳ(𝑎)→ℳ(𝑎)→ℳ(𝑎) Inner-set union

∪· :: ℳ(𝑎)→ℳ(𝑎)→ℳ(𝑎) Unordered choice

unionS :: Set(ℳ(𝑎))→ℳ(𝑎) Infinite unordered choice

intersectS :: Set(ℳ(𝑎))→ℳ(𝑎) Infinite unordered intersection

map𝑚 :: (𝑎→ 𝑏)→ℳ(𝑎)→ℳ(𝑏)

map2𝑚 :: (𝑎→ 𝑏→ 𝑐)→ℳ(𝑎)→ℳ(𝑏)→ℳ(𝑐)

fold𝑚 :: (Set(𝑎)→ 𝑏→ 𝑏)→ 𝑏→ℳ(𝑎)→ 𝑏 Fold over choices

Π𝑚 : ℳ(𝑎)→ℳ(𝑎, 𝑏)→ℳ(ℳ(𝑎, 𝑏))

Desirable laws

inj({}) = empty𝑚

empty𝑚 ∩⋆ 𝑠 = empty𝑚 = 𝑠 ∩⋆ empty𝑚

empty𝑚 ++++𝑚 𝑠 = 𝑠 = 𝑠++++𝑚 empty𝑚

empty𝑚 ∪· 𝑠 = 𝑠 = 𝑠 ∪· empty𝑚

unionS({}) = empty𝑚

intersectS({}) = empty𝑚

fold𝑚(𝑘, 𝑧, empty𝑚) = 𝑧

fold𝑚(𝑘, 𝑧, 𝑠++++𝑚 𝑡) = fold𝑚(𝑘, fold𝑚(𝑘, 𝑧, 𝑡), 𝑠)

collapse(inj(𝑠)) = 𝑠

Derived functions

mapS :: (Set(𝑎)→ Set(𝑏))→ℳ(𝑎)→ℳ(𝑏)

mapS(𝑓, 𝑠) = fold𝑚( (𝜆𝑥 𝑡. inj(𝑓(𝑥)) ++++𝑚 𝑡), empty𝑚, 𝑠 )

( ∖∖∖ ) :: ℳ(Env)→ Set(Iden)→ℳ(Env) Binds less tightly than ∩⋆ , ∪· etc
𝑠 ∖∖∖ 𝑣𝑠 = mapS( (𝜆∆.∆ ∖∖ 𝑣𝑠), 𝑠 )

not :: ℳ(Env)→ℳ(Env)

not(𝑠) = inj(compl(collapse(𝑠)))

concat :: [ℳ(𝑎)]→ℳ(𝑎)

concat( [] ) = empty𝑚

concat( 𝑠 : 𝑠𝑠 ) = 𝑠++++𝑚 concat(𝑠𝑠)

collapse :: ℳ(𝑎)→ Set(𝑎)

collapse(𝑠) = fold𝑚(∪, {}, 𝑠)
flatten :: ℳ(Set(𝑏))→ℳ(𝑏)

flatten(𝑆) = mapS(
⋃︀
, 𝑆)

flatMap :: (𝑎→ Set(𝑏))→ℳ(𝑎)→ℳ(𝑏)

flatMap(𝑓, 𝑆) = flatten( map𝑚(𝑓, 𝑆) )

Fig. 22. The Verse computation type ℳ(·)
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prune :: ℳ(𝑎)→ℳ(𝑎)

prune(𝑠) = fold𝑚(𝑜𝑝, empty𝑚, 𝑠)

where

𝑜𝑝 :: Set(𝑎)→ℳ(𝑎)→ℳ(𝑎)

𝑜𝑝(∆, 𝑟𝑒𝑠𝑡) =

{︃
𝑟𝑒𝑠𝑡 if ∆ = {}
inj(∆) ++++𝑚 𝑟𝑒𝑠𝑡 otherwise

telescope :: Set(Iden)→ℳ(Env)→ℳ(Env)

telescope(𝑥𝑠, 𝑆) = unionS{ prune( inj({𝜌} ∖∖ 𝑥𝑠) ∩⋆ 𝑆 ) | 𝜌 ∈ Env}
telescope(𝑥𝑠, 𝑆) = Do we need a new operation onℳ(·), 𝑒.𝑔.caseM?

index :: Iden →ℳ(Env)→ℳ(Env) Number each choice with 𝑖 = 0, 𝑖 = 1 etc

index(𝑖, 𝑠) = fold𝑚(𝑜𝑝, empty𝑚, 𝑠)(0)

where

𝑜𝑝 :: Set(Env)→ℳ(Env)→ Z→ℳ(Env)

𝑜𝑝(∆, rest)(𝑘) = inj(∆ ∩ {{ 𝑖 = 𝑘 }}) ++++𝑚 rest(𝑘 + 1)

one :: Set(Iden)→ℳ(Env)→ Set(Env)

one(𝑣𝑠, 𝑆) = fold𝑚(𝜆∆ .∆, {}, telescope(𝑣𝑠, 𝑆))
or one(𝑣𝑠, 𝑆) = fold𝑚(𝑜𝑝, {}, 𝑆)

where

𝑜𝑝 :: Set(Env)→ Set(Env)→ Set(Env)

𝑜𝑝(∆, 𝑟𝑒𝑠𝑡) = ∆ ∪ ((compl(∆ ∖∖ 𝑣𝑠)) ∩ 𝑟𝑒𝑠𝑡)

Fig. 23. More derived functions for ℳ(·)
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The Verse Language: its type system and semantics 19

Set semantics – a language with no “choice” operator

typeℳ(𝑎) = Set(𝑎)

Operations on sets

∪ :: Set(𝑎)→ Set(𝑎)→ Set(𝑎) Union

∩ :: Set(𝑎)→ Set(𝑎)→ Set(𝑎) Intersection⋃︀
:: Set(Set(𝑎))→ Set(𝑎) Big-union⋂︀
:: Set(Set(𝑎))→ Set(𝑎) Big-intersection

Π :: Set(𝑎)→ (𝑎→ Set(𝑏))→ Set(𝑎 ⇀ 𝑏)

Π(𝑠, 𝐹 ) = {𝑔 ∈ 𝑎 ⇀ 𝑏 | dom(𝑔) = 𝑠,∀(𝑥 Z⇒𝑦) ∈ 𝑔. 𝑦 ∈ 𝐹 (𝑥)}

Implementation of ℳ(𝑎) = Set(𝑎)

empty𝑚 = {}
inj(∆) = ∆

𝑠++++𝑚 𝑡 = 𝑠 ∪ 𝑡

fold𝑚(𝑘, 𝑧, 𝑠) = 𝑘(𝑠, 𝑧)

∩⋆ (𝑠, 𝑡) = 𝑠 ∩ 𝑡

∪⋆ (𝑠, 𝑡) = 𝑠 ∪ 𝑡

∪· (𝑠, 𝑡) = 𝑠 ∪ 𝑡

unionS(𝑠𝑠) =
⋃︀

𝑠𝑠

intersectS(𝑠𝑠) =
⋂︀

𝑠𝑠

Π𝑚(𝑠, 𝐹 ) = Π(𝑠, 𝐹 )

Fig. 24. Set semantics, no choice
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Sequence-of-set semantics

typeℳ(𝑎) = 𝒮(Set(𝑎))

The Verse non-empty-sequence monad 𝒮(·) comes equipped with the following operations

(++++𝑠 ) :: 𝒮(𝑎)→ 𝒮(𝑎)→ 𝒮(𝑎)
unit𝑠 :: 𝑎→ 𝒮(𝑎)

(>>=𝑠 ) :: 𝒮(𝑎)→ (𝑎→ 𝒮(𝑏))→ 𝒮(𝑏)
fold𝑠 :: (𝑎→ 𝑏→ 𝑏)→ 𝑏→ 𝒮(𝑎)→ 𝑏

dzip𝑠 :: (Set(𝑎)→ 𝑎)→ Set(𝒮(𝑎))→ 𝒮(𝑎) Dodgy-zip of infinite set

Implementation of ℳ(𝑎) = 𝒮(Set(𝑎))
empty𝑚 = unit𝑠({})

inj(∆) = unit𝑠(∆)

𝑠++++𝑚 𝑡 = 𝑠++++𝑠 𝑡

∩⋆ (𝑠, 𝑡) = 𝑠>>=𝑠 𝜆∆1. 𝑡 >>=𝑠 𝜆∆2.unit𝑠(∆1 ∩∆2)

∪⋆ (𝑠, 𝑡) = 𝑠>>=𝑠 𝜆∆1. 𝑡 >>=𝑠 𝜆∆2.unit𝑠(∆1 ∪∆2)

∪· (𝑠, 𝑡) = unionS({𝑠, 𝑡})
unionS(𝑠𝑠) = dzip𝑠(

⋃︀
, 𝑠𝑠) where

⋃︀
:: Set(Set(𝑎))→ Set(𝑎)

intersectS(𝑠𝑠) = dzip𝑠(
⋂︀
, 𝑠𝑠) where

⋂︀
:: Set(Set(𝑎))→ Set(𝑎)

map𝑚(𝑓, 𝑠) = 𝑠>>=𝑠 𝜆∆.unit𝑠({𝑓(𝑥) | 𝑥 ∈ ∆})
map2𝑚(𝑓, 𝑠, 𝑡) = 𝑠>>=𝑠 𝜆∆𝑠. 𝑡 >>=𝑠 𝜆∆𝑡.unit𝑠({𝑓(𝑥, 𝑦) | 𝑥 ∈ ∆𝑠, 𝑦 ∈ ∆𝑡})
fold𝑚(𝑘, 𝑧, 𝑠) = fold𝑠(𝑘, 𝑧, 𝑠)

Π𝑚(unit𝑠({}), 𝑟) = unit𝑠({empty𝑚})
Π𝑚(unit𝑠(∆𝑑),unit𝑠(∆𝑟)) = ...𝑡𝑜𝑑𝑜...

Π𝑚(𝑑1 ++++𝑠 𝑑2, 𝑟) = map2𝑚((++++𝑚 ), Π𝑚(𝑑1, 𝑟), Π𝑚(𝑑2, 𝑟))

Fig. 25. Sequence-of-set semantics
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ℰJtK𝑢𝑣 : ℳ(Env)

swild ℰJ K𝑢𝑣 = inj{{𝑢 = 𝑣 }}
svar ℰJxK𝑢𝑣 = inj{{𝑢 = 𝑣 = 𝑥 }}
sconst ℰJkK𝑢𝑣 = inj{{𝑢 = 𝑣 = 𝑘 }}
sprim ℰJoK𝑢𝑣 = inj{{𝑢 = 𝑣 = 𝑜 }}
sbind ℰJx := tK𝑢𝑣 = inj{{𝑥 = 𝑣 }} ∩⋆ ℰJ𝑡K𝑢𝑣
stup ℰJarray{t1, ···, tn}K𝑢𝑣 = (inj{{𝑢 = ⟨u1, ···, un⟩, 𝑣 = ⟨v1, ···, vn⟩ }}

∩⋆ ℰJ𝑡1K𝑢1𝑣1 ∩⋆ ...∩⋆ ℰJ𝑡𝑛K𝑢𝑛𝑣𝑛)

∖∖∖ {𝑢1,...𝑢𝑛, 𝑣1...𝑣𝑛} 𝑢𝑖, 𝑣𝑖 ̸∈ fvs(𝑡1...𝑡𝑛, 𝑢, 𝑣)

sfail ℰJfailK𝑢𝑣 = empty𝑚

schoice ℰJt1 t2K𝑢𝑣 = ℬJ𝑡1K𝑢𝑣 ++++𝑚 ℬJ𝑡2K𝑢𝑣
sunify ℰJt1= t2K𝑢𝑣 = ℰJ𝑡1K𝑢𝑣 ∩⋆ ℰJ𝑡2K𝑢𝑣
ssquig ℰJt1⇝ t2K𝑢𝑣 = (ℰJ𝑡1K𝑢𝑤 ∩⋆ ℰJ𝑡2K𝑤𝑣) ∖∖∖ {𝑤} 𝑤 ̸∈ fvs(𝑡1, 𝑡2, 𝑢, 𝑣)

sseq ℰJt1; t2K𝑢𝑣 = 𝒞J𝑡1K ∩⋆ ℰJ𝑡2K𝑢𝑣
swhere ℰJt1 where t2K𝑢𝑣 = ℰJ𝑡1K𝑢𝑣 ∩⋆ 𝒞J𝑡2K
sdotdot ℰJt1 . . t2K𝑢𝑣 = inj{{𝑢 = 𝑣 }} ∩⋆ ℰJ𝑡1K𝑝1𝑞1 ∩⋆ ℰJ𝑡2K𝑝2𝑞2 ∩⋆

unionS{ 𝑛 ∈ N ‖ concat[inj{{ 𝑣 = 𝑞1 + 𝑖, 𝑖 ⩽ 𝑞2 − 𝑞1 }} | 𝑖← [0..𝑛]] }
∖∖∖ {𝑝1, 𝑞1, 𝑝2, 𝑞2} 𝑝1, 𝑞1, 𝑝2, 𝑞2 ̸∈ fvs(𝑡1, 𝑡2, 𝑢, 𝑣)

sapp ℰJt1[t2]K𝑢𝑣 = inj{{𝑢 = 𝑣 }} ∩⋆ ℰJ𝑡1K𝑓𝑔 ∩⋆ ℰJ𝑡2K𝑝𝑞 ∩⋆ ℱJg [q ]K𝑣
∖∖∖ {𝑓, 𝑔, 𝑝, 𝑞} 𝑓, 𝑔, 𝑝, 𝑞 ̸∈ fvs(𝑡1, 𝑡2, 𝑢, 𝑣)

stype ℰJ:tK𝑢𝑣 = ℰJ𝑡K𝑝𝑞 ∩⋆ ℱJq [u]K𝑣 ∖∖∖ {𝑝, 𝑞} 𝑝, 𝑞 ̸∈ fvs(𝑡, 𝑢, 𝑣)

ℬJtK𝑢𝑣 : ℳ(Env)

ℬJtK𝑢𝑣 = ℰJ𝑡K𝑢𝑣 ∖∖∖ ℐJtK
𝒞JtK : ℳ(Env)

𝒞JtK = ℰJtK𝑝𝑞 ∖∖∖ {𝑝, 𝑞} 𝑝, 𝑞 ̸∈ fvs(𝑡)

ℱJf [x ]K𝑟 : ℳ(Env)

ℱJf [x ]K𝑟 = unionS{mapS( 𝜆𝑝𝑟𝑠.{{ 𝑓 = 𝑣, 𝑥 Z⇒𝑟 ∈ 𝑝𝑟𝑠 }},ff )

| 𝑣 ∈ Val , ff ∈ℳ(Val ,Val)

, 𝑣 = F(ff ) ∨ 𝑣 = R(ff ) }

Fig. 26. Denotational semantics of Essential Verse, Part 1
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sif ℰJif(t0){t1}else{t2}K𝑢𝑣 = (inj(∆) ∩⋆ ℬJ𝑡1K𝑢𝑣 ∖∖∖ 𝑥𝑠) ∪· (inj(compl(∆ ∖∖ 𝑥𝑠)) ∩⋆ ℬJ𝑡2K𝑢𝑣)
where xs = ℐJt0K, ∆ = one(𝑥𝑠, 𝒞Jt0K)

sindex ℰJchoiceIndex{𝑡}K𝑢𝑣
= index( 𝑢, telescope(ℐJ𝑡K, ℰJ𝑡K𝑗𝑣 ∖∖∖ {𝑗}) ) 𝑗 ̸∈ fvs(𝑡, 𝑢, 𝑣)

srel ℰJrel(at){bt}Kℎ𝑓
= inj{ 𝜌 ∈ Env {𝑢𝑎, 𝑣𝑎, 𝑢𝑏, 𝑣𝑏} ̸∈ fvs(𝑎𝑡, 𝑏𝑡, ℎ, 𝑓)

| let 𝑆 ::ℳ(Env) = (inj({𝜌}) ∖∖∖ {𝑢𝑎, 𝑣𝑎, ℐJ𝑎𝑡K}
∩⋆ ℰJatK𝑢𝑎𝑣𝑎) ∖∖∖ {𝑢𝑏, 𝑣𝑏, ℐJ𝑏𝑡K}
∩⋆ ℰJbtK𝑢𝑏𝑣𝑏)

, 𝜌(ℎ) = 𝜌(𝑓) = R(map𝑚( 𝜆𝜌.(𝜌(𝑢𝑎), 𝜌(𝑣𝑏)), prune(𝑆) )) }

sfun ℰJfun(at)⟨q⟩⟨𝜔⟩{bt}Kℎ𝑓
= unionS{ flatMap(keep(𝜌), funs(𝜌)) | 𝜌 ∈ Env }
where

𝑆𝑎 ::ℳ(Env) = ℰJatK𝑥𝑤
𝑆𝑏 ::ℳ(Env) = ℰJbtK𝑗𝑧
funs : Env →ℳ(ℳ(Val ,Env)) # (𝑥, (𝑤, 𝑗, 𝑧))

funs(𝜌)= Π𝑚( domvs, rngvs )

where

dom :ℳ(Env)

dom = (inj{𝜌} ∖∖∖ ℐJatK ∖∖∖ {𝑥,𝑤}) ∩⋆ 𝑆𝑎

domvs :ℳ(Val)

domvs = map𝑚(𝜆𝜌. 𝜌(𝑥), dom )

rngvs ::ℳ(Val ,Env)

rngvs = unionS{ intersectS{ (inj({𝜌}) ∖∖∖ ℐJbtK) ∩⋆ 𝑆𝑏

| 𝜌 ∈ collapse(dom), 𝜌(𝑥) = 𝑥𝑣 }
|𝑥𝑣 ∈ collapse(domvs) }

keep :: Env →ℳ(Val ,Env)→ Set(Env) # Singleton or empty

keep(𝜌)(fun) =

{︃
{𝜌} if pick(𝜌, fun)

{} otherwise

pick :: Env →ℳ(Val ,Env)→ 𝐵𝑜𝑜𝑙

pick(𝜌, fun) = case 𝑞 of

⟨closed⟩ → fr = fm ∧ hr = hm

⟨open⟩ → ∀𝑣 ∈ dom(fm). fm (v) = fr (v) ∧
∀𝑣 ∈ dom(hm). hm (v) = hr (v) ∧
∀𝑣 ̸∈ dom(fm). hr (v) = fr (v)

where

pf = prune(fun)

fm, hm :: Val

fm = F(map𝑚(𝜆(𝑥, 𝜌′). (𝑥, 𝜌′(𝑧)), pf ))

hm = F(map𝑚(𝜆( , 𝜌′). (𝜌′(𝑤), 𝜌′(𝑗)), pf ))

fr , hr :: Val

fr = 𝜌(𝑓)

hr = 𝜌(ℎ)

Fig. 27. Denotational semantics of Essential Verse, Part 2
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ℰJtK : ℳ(Env)

swild ℰJ K = inj{{u = v }}
svar ℰJxK = inj{{u = v = 𝑥 }}
sconst ℰJkK = inj{{u = v = 𝑘 }}
sprim ℰJoK = inj{{u = v = 𝑜 }}
sbind ℰJx := tK = inj{{𝑥 = u }} ∩⋆ ℰJ𝑡K
stup ℰJarray{t1, ···, tn}K = (inj{{𝑢 = ⟨u1, ···, un⟩, 𝑣 = ⟨v1, ···, vn⟩ }}

∩⋆ 𝒟J𝑡1K𝑢1𝑣1 ∩⋆ ...∩⋆ 𝒟J𝑡𝑛K𝑢𝑛𝑣𝑛)

∖∖∖ {𝑢1,...𝑢𝑛, 𝑣1...𝑣𝑛} 𝑢𝑖, 𝑣𝑖 ̸∈ fvs(𝑡1...𝑡𝑛)

sfail ℰJfailK = empty𝑚

schoice ℰJt1 t2K = ℬJ𝑡1K ++++𝑚 ℬJ𝑡2K
sunify ℰJt1= t2K = ℰJ𝑡1K ∩⋆ ℰJ𝑡2K
ssquig ℰJt1⇝ t2K = (𝒟J𝑡1Ku𝑤 ∩⋆ 𝒟J𝑡2K𝑤v) ∖∖∖ {𝑤} 𝑤 ̸∈ fvs(𝑡1, 𝑡2, 𝑢, 𝑣)

sseq ℰJt1; t2K = 𝒞J𝑡1K ∩⋆ ℰJ𝑡2K
swhere ℰJt1 where t2K = ℰJ𝑡1K ∩⋆ 𝒞J𝑡2K
sdotdot ℰJt1 . . t2K = inj{{u = v }} ∩⋆ 𝒟J𝑡1K𝑝1𝑞1 ∩⋆ 𝒟J𝑡2K𝑝2𝑞2 ∩⋆

unionS{ 𝑛 ∈ N ‖ concat[inj{{v = 𝑞1 + 𝑖, 𝑖 ⩽ 𝑞2 − 𝑞1 }} | 𝑖← [0..𝑛]] }
∖∖∖ {𝑝1, 𝑞1, 𝑝2, 𝑞2} 𝑝1, 𝑞1, 𝑝2, 𝑞2 ̸∈ fvs(𝑡1, 𝑡2)

sapp ℰJt1[t2]K = inj{{u = v }} ∩⋆ 𝒟J𝑡1K𝑓𝑔 ∩⋆ 𝒟J𝑡2K𝑝𝑞 ∩⋆ ℱJg [q ]Kv
∖∖∖ {𝑓, 𝑔, 𝑝, 𝑞} 𝑓, 𝑔, 𝑝, 𝑞 ̸∈ fvs(𝑡1, 𝑡2)

stype ℰJ:tK = (𝒟J𝑡K𝑝𝑞 ∩⋆ ℱJq [u]Kv) ∖∖∖ {𝑝, 𝑞} 𝑝, 𝑞 ̸∈ fvs(𝑡)

ℬJtK : ℳ(Env)

ℬJtK = ℰJ𝑡K ∖∖∖ ℐJtK
𝒞JtK : ℳ(Env)

𝒞JtK = ℰJtK ∖∖∖ {u,v}
𝒟JtK𝑝𝑞 : ℳ(Env)

𝒟JtK𝑝𝑞 = (ℰJtK ∩⋆ {{u = 𝑝,v = 𝑞 }}) ∖∖∖ {u,v}
ℱJf [x ]K𝑟 : ℳ(Env)

ℱJf [x ]K𝑟 = unionS{mapS( 𝜆𝑝𝑟𝑠.{{ 𝑓 = 𝑣, 𝑥 Z⇒𝑟 ∈ 𝑝𝑟𝑠 }},ff )

| 𝑣 ∈ Val , ff ∈ℳ(Val ,Val)

, 𝑣 = F(ff ) ∨ 𝑣 = R(ff ) }

Fig. 28. Semantics without explicit u,v
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sif ℰJif(t0){t1}else{t2}K𝑢𝑣 = (inj(∆) ∩⋆ ℬJ𝑡1K𝑢𝑣 ∖∖∖ 𝑥𝑠) ∪· (inj(compl(∆ ∖∖ 𝑥𝑠)) ∩⋆ ℬJ𝑡2K𝑢𝑣)
where xs = ℐJt0K, ∆ = one(𝑥𝑠, 𝒞Jt0K)

sindex ℰJchoiceIndex{𝑡}K𝑢𝑣
= index( 𝑢, telescope(ℐJ𝑡K, ℰJ𝑡K𝑗𝑣 ∖∖∖ {𝑗}) ) 𝑗 ̸∈ fvs(𝑡, 𝑢, 𝑣)

srel ℰJrel(at){bt}Kℎ𝑓
= inj{ 𝜌 ∈ Env {𝑢𝑎, 𝑣𝑎, 𝑢𝑏, 𝑣𝑏} ̸∈ fvs(𝑎𝑡, 𝑏𝑡, ℎ, 𝑓)

| let 𝑆 ::ℳ(Env) = (inj({𝜌}) ∖∖∖ {𝑢𝑎, 𝑣𝑎, ℐJ𝑎𝑡K}
∩⋆ ℰJatK𝑢𝑎𝑣𝑎) ∖∖∖ {𝑢𝑏, 𝑣𝑏, ℐJ𝑏𝑡K}
∩⋆ ℰJbtK𝑢𝑏𝑣𝑏)

, 𝜌(ℎ) = 𝜌(𝑓) = R(map𝑚( 𝜆𝜌.(𝜌(𝑢𝑎), 𝜌(𝑣𝑏)), prune(𝑆) )) }

sfun ℰJfun(at)⟨q⟩⟨𝜔⟩{bt}Kℎ𝑓
= unionS{ flatMap(keep(𝜌), funs(𝜌)) | 𝜌 ∈ Env }
where

𝑆𝑎 ::ℳ(Env) = ℰJatK𝑥𝑤
𝑆𝑏 ::ℳ(Env) = ℰJbtK𝑗𝑧
funs : Env →ℳ(ℳ(Val ,Env)) # (𝑥, (𝑤, 𝑗, 𝑧))

funs(𝜌)= Π𝑚( domvs, rngvs )

where

dom :ℳ(Env)

dom = (inj{𝜌} ∖∖∖ ℐJatK ∖∖∖ {𝑥,𝑤}) ∩⋆ 𝑆𝑎

domvs :ℳ(Val)

domvs = map𝑚(𝜆𝜌. 𝜌(𝑥), dom )

rngvs ::ℳ(Val ,Env)

rngvs = unionS{ intersectS{ (inj({𝜌}) ∖∖∖ ℐJbtK) ∩⋆ 𝑆𝑏

| 𝜌 ∈ collapse(dom), 𝜌(𝑥) = 𝑥𝑣 }
|𝑥𝑣 ∈ collapse(domvs) }

keep :: Env →ℳ(Val ,Env)→ Set(Env) # Singleton or empty

keep(𝜌)(fun) =

⎧⎪⎨⎪⎩
{𝜌} if 𝜌(𝑓) = F(map𝑚(𝜆(𝑥, 𝜌′). (𝑥, 𝜌′(𝑧)), prune(fun)))

𝜌(ℎ) = F(map𝑚(𝜆( , 𝜌′). (𝜌′(𝑤), 𝜌′(𝑗)), prune(fun)))

{} otherwise

Fig. 29. Denotational semantics of Essential Verse, Part 2
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