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Ahstract

The rarer deals with a8 subpfamilw of  those wlamnar  dgrarhs
which have outerslanar intersection of their Maclasne cuwcle
basis. These dgrarhs have beern known as Halin dgrarhs,. Their
connectivily srorertiesy slhructlure of cwelesy arnd feasible
embxeddings in the sleane are discussed here, This rarer aslso
rresents some indtial investidgations of NPF-comerlete problems
restricted Lo the Temily of Halin grarhs.
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1. Iplroduction

In view of the asrrarent intractebility of the NP-comrlete reroblems
L33y & roralar arerroach to such eroblems is Lo restrict their domain.
BHeveral aldorithmic rroblems on ¢grarhs remain  NF-gcomrlele evern  wher
restricted to wlansr drarhs,. OQur research has been motivated in rart

i the existence of such sroblems.

Almost all sroblems which are hard evernr for rslanar  drarhs become
eesw when their domain is further resbricted Lo acwelic grarhs! trees
and Torests., This dis in rarl cdue to the fact Lhaet many hard eroblems
Tor arbitrary dreserhs desl with owcles. Alsor several rarameters
associated with drarhs can be easily calowlated in the absence of
cucles. Notasble excertions from this rale arey NF-comelelte even for

trevsy Lhe subdrarh isomorsbism sroblem and the bandwidth rroblem.

Restricting Lhe domzin of NF-comerlete srrobilems on #lanar grarhs Lo
outerrlansr drarhs often wields aldoritbhmically tractable rroblems.,
It has been SNOWN that all stancdard auestions such 8e
characterizstiony codindy disomorshism  tesbtingy and counlting have
simele answers Tor outerslanar grarhs,  Also the two Tollowing harc
sroblems  have stroidghtforward solutions 40 that case. (1) The
Hamiltonian cwele? outerrlanar drarns are at most 2-~cornectedy anc
gvery 2-connected owterrlanagr grasrh has exacltly orme Hamiltonian cucle.
(ii) The chromatic rumbert: if an outerrlanar drarh has at least one

g and ds nolt  birarltitey  Lhen ils chromatic pumber is 3. Roth
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rroblems have limear time soloution aldorithms.

Fecentlyy we were able to construct an efficient slgorithm  solving
the mimdimoum dominating cwele sroblem for outerslsrar drarhs L71, We
also classified the subdrarh disomorrhism  rroblem  for these dgrarhs
L1101, The (induced) subdgrarh isomorehism erroblem is to Tind whelther 3
grarh 6 is an (induced) substrach of another grash M. When 6 is &
forest amd H dis 8 treer this sroblem is NF-comrlete £31. We have
rroved bthat it remasins NF-comsleies even with connectiviﬁs constraints
imrosed  om holh  dgrarbsy when thew are outerrlanar. The same resualt
nolds for the induced subdgrarh eroblem for outerrlarnar drarhsy  excert
whern both  drarhs are 2-connected. In +that cases there eqists 3
rOlwnomial time aldgorithm which wverifies the disomorshism condition
1071,

n

The decreased difTicully of deneral reroblems when restricted to
puterrlanar dHrarhs gseems to be brought about bwe bthe close relation of
such drarns Lo acwelic gravha, We deTine bthe followind two waus af
assidgning a2 tree Lo ann outerrlanar dgrarh, Let 6 be a8 2-~connected
outerrlanar grarh embedded in the slaner with 211 vertices bhelonging
to the exterior fsce. We call such an embhedding of (G arn outerelaoe
draeti, IT G is the deomelric dual of Gr and v denotes the vertex of
G¥X corresronding Lo bthe exterior face of Gr then Gw = GX N\ v has no
cucles, Grarh Gw is called 8 weak duasl of G [L21. Inderendentlyy
grarh  Gw  has been introduced in [21 ag the intersection grarh of the
interior faces of 6 over the set of its eddes, If 6 is a8 2-connected

rlane  drarhy then Lhe selt Cr of the interior faces of 6 forms 8 cwele
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baesic of G. It has been called the slanpe cueles hasisey or Maclaoe
bhasis of G Gw is called i £91 the cuecle draph of G with reszect to

e

There exists 8 1-1 corresrondence between the interion faces off 6
and  the vertices of Gw. Also interior eddes uf G are marred uninuely
onto the eddes of Gw. Howevers bthe exterior face snd exterior eaddes
aof 6 are not rerresented i Gw. Thew arrear i another tree
saesociated with an outerslane grarh G, Instead of removing v From GXs
tet wus  seplit this vertex into 3 number of coriesy one for each edde
incident with v i G¥%. We denole the resulting slarne Lree tw Gt and
call it the sssocisted Lree of G £73. The rlane btree associated with

arnr odterplaner drarh deltermines the dgrarb ur Lo Lthe isomorshism.

We refer the reader Lo the literature (for instances 71y C[B1y [21)
For detsiled descrirtion of relations between outerrlanar drarhs and
trees. The main goal of this rarer is to exrlore 3 class of drarhs
which are relaféd Lo outerrlarnar sgrarhs as owterslanar drarhs are
related Lo trees. In the next section we shall consider this class of
elanagr  drarhs with which we will wnicuelw associste outerrlanar
grarhs,. We hore that this relatiornshir between ocuterrlanar grarhs and

the rew wless of grarhs will  aid wus  in studueing  sroblems

gldorithmically hard for gerneral slanar dgrarhs.
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2a Halin drawshs

Let G be 2-cormected outerrlane drarh and let Gw  and Gt denote
its  weak dual and the associasted Lreer resrectivelwy., Since G is a3
simerle dgrarbey neither of the two derived drarhs contasins vertices aof
riedree 2. el OG5 denote the rlane dgrarh obtairned from Gt bw adding
edsges bhetween each sair of end-vertices (lesves) of Gt suech that their
pandant  eddes reeresenl  addacent eddes  of the exterior face of G,
This corrvesronds to consbructing a cwele bthrough a3ll bthe leaves of 6.
Grarh Gs has been called 3 skhirvbted Lree by Malleviteh [4]1 arnd 8 Halio
steaebh by Rondw £137, (Halirm L41 comsidered Lhese drarhs as minimslly

I-connected, )

Every slene btree withoult vertices of dedree 2 is  Lhe associsted
tree of some 2-conmeclted outerslane drarn. Thero. .
maw be definea dlternatively as drarhs  which can be obtsined from
rlame trees by  bthe skirting construction described asbove, We will
consider Halin drarhs as slaney l.eery  epbedded in the =lane. The
Malin grarh boilt on 8 tree T is somelimes dermoted b H(T)y and T is

walled its interior Lres.

Unlike the outerrlamnar grarhs which can be Z-connecteds shrictly
IL-comnmecteds or discornmecterds all Hilin dgrarhs s8re strictly

A-conneclted.
Frogpeiltian 2.1 Everw Halin srash is strictly 3-connected,

Fronf. Let H be a Halim draeh and T be ites imbterior tree. H ecan be
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at, most JI-comnmected since 1Lt contains vertices of dedree 3, We have
Lo show thet if a arnd v are two vertices off Hy Lhen there exist i H
three vertex-disdoint raths conmeclting o and v,

One of these ralths s the uniacue eath & conmecting o and v i T,
I both u and v belondg to the exterior cwele of H (i.e.» are leaves of
Ty thern thew ravtition the exterior cowcele dimto Ltwo rathsy  both
cligudoint  From = (Jbtrerwises lol s a2osumey wlog.y thalt u is aﬁ
interior vertex of T, It hes dedgree al least 3 and is the only common
plement of otherwise disJoint Lthree or more subbrees of T, Thuss
Lhere eqist two disdoicnl saths conmecting o with twe leaves of Ty  andg
sleo disdoint from =, Lel us call these leaves o’ ared u". Similarlus
it v 1s an interior vertex: of Ty there exist raths (vev’)  and (vyv")

"

cornecting it with  ltwo leaves ¢ and ", Becasuse of the seraration

srorertuyy v oand v o Llie outside 80 =ath (7 ryu")  along  Lhe avterior

Cueles let ws  assume  bthat  wmalhs  (u/eyv?)  ard (u'sv*) along the
exterior cucle of H are disJdorrnt. Then the  saths? oy (vt sy 9yw)y
anch (s yv®sv) are mutuaslly disdoint. .1

I G 1s a 2-connected ousterslane drarh and Gs  denotes the Halin

=~

grarh constructed Trom Gy then 0§ 1s the cyele dgrarh of Gs with resrect

Lo its Maclane cucle bhasis.

Erogasition 242 A planar I-cormmected grarh is 8 Halin drash ifF and
arly 1T it hes 2 Meclasme cuele hasis O ir which everu cucle has an

exterior edse,

Fraofs. The necessity of this condition follows immedistelw from the

detinition, Ta werove ils sufficiencuyy let ws assume that H is a
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F-conmected rlane drarh with a2 Maclkene cucle basis Cr in which everw
oycle has an exterior edge. Since H is J-connectedy everd cucle in Cr
mas alt most ome exterior eddge. It also follows from the connectivitw
condition  that the removal of all exterior eddes (i.e.y eddes of the
erntire exterior face) does not disconnect Hy but breaks all its
cucles. Thereforer H without the exterior eddes - is 8 bree. DB
F-ponnectivity of Hs every mon-leal vertex of this tree has dedree

greater tham 2. r3

Cornllare 2.3 The intersection grarh of the Maclh.ane cucle hasis of 8

Malin drash over its set of eddes is & Queornected outerrlanar drarh,

a counterexamerle to the statement converse to that of Corollary 2.3
ie  diven by the draeh in Fidure L. It is & wlaney 3-connected drarhy
mot @ Halin dgrarhs and the intersection of its rlane cuele hasis is
outerslanar. Therefores the class of Halin drarhs is onle 3 subrfamily

of the family of all JF-connected rlane dgrarhs whose cuele drarhs are

Aaw:

puterslansr.

Fidgure 1 A grarh and its outerslanar weal dual,
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Ja Cupcles in Halio grsshs

The exterior face of & Halin dgrarh M has size “(H) = m - 1 4+ 1y
where m and n are the number of eddes and vertices of Hy resrectivelw.
Inoa 3—connected rlanar grarhy removal of 2ne face results in a3
connected grash, Alsoy in  such drashs  the faces of their rlane

embeddings are unioaue. Hernce the following charactervizastion of Halin

H#rarhsG,

Frogosition 3.1 A rlamar I-connected grarh H o is 3 Halin dgrarh it and

ol if one of its feoces is of size =(H).

Corpnllary 3.2 IF H is a8 Halin grarby then 2(H)  is  the size of its

largeast Tace.

Froof. IF H hae & fece of size kE=xd(k)y  Lhen removal of ite eddes

woule loave leoss than rn-1 edgesy tLhusle discornnecting Hy a
contradiction. £l

Bordy rroved (unrublishedy see [51) thaet 811 Halin drarhs are
I=Hawiltopiams 1.e.y both H and H\v have Hamiltonian cueclesy for anw
varter v o ooff H, Skowronske {(erivate communication) also  reroved
namiltonicity of H\v., Her eroof eurloits the following prorerties of

HMalin drarhs.

Erowositian 3.3 Everws edde of a3 Halin graeb #H belongs to 3 Hamiltoniarn

cuele of M.

Froposition 3.4 In a Halin drarh Hy every two sddacent eddess of which

2t least one is an exterior edues helondg to a Hamiltonian cwele of H.
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In the shove Frorosition 3.4y one of the eddes must be auterior.
For  instancer two srokes of a wheel (which is a Halin dgrarh) mayw not

belond to its Hemiltormianm cucle.

1t follows from the existence of Hamiltornian cuweles in Halin #grarhs
that every such drash has @ dominating cucle. The alaorithmic sroblem
of finding g minimum—length such cwele is still oren. The Hamiltonian
oucle sroblem remains NF-comslete even when restricted to 3-redulars
Z-comnected wmlamar grarhs L3, Howevery whien restricted to

F—cornnecterd Halin drarhse this sroblem is trivial,

Eigure 2 A Halim dresh with no cucle of lendth 4

Bonedy and Lovasz sroved (uneablishedy see L1 and [51)  that everw
Halin drarh with n vertices is a2lmost sapcwelicy l.eer it contains
cucles of all sizes between 3 and n edcerls rossiblyy one  even size.
This result is in 8 sense best rossibley as showed by the followindg

statenent due to Mallkoviteh L6131,

Eropositiom 3.5 (C83) IFf m is  anw even inteder {(m:x4)y tLthen there

ovists a JI-redgulsr Halin drarh which is almost rantucelic of order m
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4. Eeasiple emheddings of Halin s#rawhs

A embedding of 8 slansr  dgrarh is  called Hzfeasible §G9f the
resdlting slane grash i a Halim dgrash,  We show that only few dgrarhs
nave more tham twe H-feasible embeddindgsy and characteriz the class

of drarshs with exsctly two such embeddings.

Frogpsilkion 4.1 A #lanar dgrarh can have at most 4 different H-feasible

embheddings.,

Eronf. Let H be a8 slamar grarh which haes an H-Teasible embedding.
Since H is 3-connected: the set of feces of H is umiaue, If H has an
H-feasible embeddings it has a8 face of size (M), This ies Lthe number
of  interior Taces of Hr» which eauals nX-1l. where n¥ is the niumber of
vertices of HX» the dgeomelric dusal of My Thusy if H has k  H-Teasible

.

embeddindgsy thern H¥ bas bk vertices of dedree r¥-1y and it therefore

containsg Kbk as o subdrash, Since H¥ 19 rlanary Wwe have ko4, £

Cornllanuy 4.2 The only drarh which is 2 Halin grarh  in four of its

embedcdings is K4,

Frootf. If 6 is & Halinm grarh wilth 4 H-feassihle emheddindsy then GX
contains K4 a8s an induced suhgrarh,.  Since 6% is slanary Lhere is no
ather vertex asddscent to all vertices of Lhis K4y  armd  bhus  nik=4,

Hences GX is isomorshic Lo K4y and so is 6. L

Erogmosibtion 4.3 The only Halin grarh with exactly three H-feassible

gmbaeddinds is the deomebric dual of Ki\e (wWwhere e is an edde of K5).

Eraof. The dusl grarh 6% of @ drarh G with 3 H-Teasible embeddings
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as three vertices of dedree nX-1. Ay sueh dgrarh with rXsé waled
contsin K3»3 as asubdrarhy therefore nXiS., For nk=4 we have B=K4rs ared
for n¥=5 06k = K5 \N @, Grarh G for this case is shown inm Figoure

3 L

Eigure 3 The drarh with three H-feasible embeddings,

To iderntiTw dgrarhs with exsctly two H-fessible embeddings we rotice
that the seometric dual of such a dgrarb has two vertices adjascent to
all other vertices which must form 3 math. Let us call a grarh H with

such 3 dual 8 necklace, Figure 4 shows such a grarh end its dusl,

Eidure 4 A drarh with two H-Tessible embeddings snd its dual.

Erososition 4.4 The orly grarhs with exsctly two H-feasible embeddinds
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are necklaces.

ALl other Halin dgrarhs have exactly ore H-Teasible embedding. The
ecorrectivity  and the face structure of Halin drarhs makes it rossible
to test efficiently whether & Flornar grash is 3 Halin drarhy 8nd also

to test disomorshiasm of Halin graeshs.
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e Conclusions

Iri this rarer we have eresented some rrorerties of Halin dgrarhs,
These drarhs Torm 2 subfamily of dgrarhe with outerrlane intersection
uf Maclamne cucle beses. We anticirate Lhat further research will
addresc the following issues? (i) asymrtotic bhehavior of
algorithmically difricult rroblems whert thew are restriclted to Halin
drarhsry  and  (i1) deneralization of these results to all dgrarhs with

pmuterelanar intersection grarhs of Maclane cucle bases.
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