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Abstract

We present new algorithms for comnputation in per-
mutation groups. These enable an order-of-magnitude
improvement in the worst-case analysis of the basic
permutation-group problems, cluding membership-
testing and computing the order of the group. For
deeper questions about the group, including finding
composition factors, we realize an improvement of up
to four orders of magnitude. These and other essential
investigations are all accomplished in O(n* log® ) time.

The new machinery is distinguished by its recognition
and use of the intrinsic structure of the group at hand.
Notably, this comes into play precisely when the routine
divide-and-conquer of the set (i.e., orbits, imprimitivity
blocks) bottoms out (at primitive groups). The strue-
ture of large primitive groups allows an augmentation
of the underlying set that readmits naive decomposition
of the problem. As a result, the new base cases are
restricted to “small” groups or full alternating groups
Another advance is our handling of the latter where.
in addition to speeding up known methods by an order
of magnitude, we eliminate vet an additional n? in a
superfast Las Vegas algorithm for this frequent subcase.

Our timing analyses depend, in several ways and
probably unavoidably, on consequences of the Classi-
fication of Finite Simple Groups.

1. Introduction

Since the size ol a permutation group G on n elements
can be exponential in n, it is customary, and usually
necessary, Lo specify G by a smali set S of generating
permutations. The issue then arises as 1o whetlier the
succinctness ol such representation admits computation-
ally eflicient solutions to basic queries about G. The
very fundamental question of deciding “Is ¢ € G was
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not observed to be in P until [FHL). Indeed, even NI’
may not seem obvious, since the minimal word in S that
represents o could have exponential length. Addition-
ally dissuasive was the fact that Kozen [Ko) had shown

tuembership in transformation semigroups is complete
for PSPACE.

As It turned out, an efficient solution to permutation-
group membership was already implemented in the
computational-group-theory library in elegant routines
devised by Sims [Si70). In effect, Furst, Hopcroft, and
Luks [FIIL) demonstrated that a variant of Sims’ algo-
rithm runs in polynomial-time. The basic tool isa strong
generating sct (SGS). An SGS is comprised of coset rep-
resentatives for each group modulo its successor in the
subgroup tower

G=Ge2G12-2GCGu1=1

where G; denotes the subgroup of G that fixes the first i
points in a specified ordering of the set. (This is not pre-
cisely Sims’ usage, see section 3.4), With respect to an
SGS, representations of group elements are guaranteed
to be short and, in fact, easily computable by sifting
through successive coset tables. Thus, given an SGS,
membership-testing can be accomplished in O(n?) time
per test. The main result in [FHL] is an O(n®)-time
construction of an §GS.

Subsequently, Knuth [Kn] described a faster SGS
construction, which, employing an elementary number-
theoretic estimate on the length of subgroup chains
in permutation groups, he analyzed to run in time
O(n*loglogn). A new estimate by Babai [Ba83) (cf.
[Ba86a]) of the length of such chains established that
Knuth’s algorithm actually runs in time O(n%). In the
meanwhile, another variant, devised by Jerrum [JeB2],
was shown to run in O(n®). Jerrum also introduced a
trick for reducing the space requirement from O(n®) to
O(n*). (Our faster procedures can also be implemented
within this space bound). Since Knuth’s 1981 note and
Jerrum’s 1982 paper, the O(n®) bound has remained in-
tact and has achieved some notoriety. It seems the limit
for the established approach.



The methods in this paper introduce a number of en-
tirely new principles.

One key departure from tradition is cur construction
and use of another sort of subgroup tower, one which
is not easily observable solely in terms of the action
on the set, Iis very specification subsumes knowledge
of the group structure. Nevertheless, for efficient com-
putation (and ease in implementation), we are able to
describe an elementary augmentation of the sct, so that
the tower can be reinterpreted as a sequence of point-
stabilizers. The “new” points are nodes in a structure
graph (SG) This is a derivative of the familiar struc-
ture forests of [BL], [Re], [GHLSW] which display the
orbit/imprimitivity-block breakdown of the underlying
set (but, mere use of those forerunners does not lead
to any speed-up). In particular, the SG draws out es-
sential, but previously obscure, normal su bgroups; these
now emerge within the new point-stablizer chain as sub-
groups that fix the points through SG “levels”.

The computation of the necessary point-stabilizing
subgroups involves a second critical departure from con-
ventional methods. The gencration of each successive
group via elements “sifted” from its predecessor, as in
the previous SGS methods (see [FIIL]), would still re-
quire O(n*) sifts each costing O(n?). Instead, we break
the tower into stages, delimited by the aforementioned
normal subgroups. We speed up the completion of the
groups in a single stage via our introduction of a pro-
cess that we call normal sifting; in this, a relatively small
number of elements need to be sifted through an SGS
for G/N to produce normal generators of N (i.e., gen-
erators of a subgroup whose normal closure is ). This
is, more precisely, a class of procedures, for the choice
of sifts can be linked to the nature of the group G/N.
Basically, we are at liberty to sift the relations in any
concise group presentation. (To exploit this, we reveal
a fast construction of short preseniations).

A third, quite radical, divergence from carlier meth-
ods occurs in our handling of full symmetric or alternat-
ing groups. Note, as we indicate in section 6.1, we need
a constructive approach to membership (as opposed to
“yes/no”). Even for these groups, the problem previ-
ously required O(n®) time. A techuique for reducing
that bound is inspired by methods of [BS].

We should also emphasize a fourth ingredient that
is introduced in the new methods. Earlier procedures
for the basic problems rely on naive group theory. For
their development and understanding it suffices Lo cite
Lagrange’s Theorem (that the order of a subgroup di-
vides the order of the group). On the other hand, to
Justify our new approach, we appeal to consequences
of the classification of finite simple groups (CFSG).
(However, no specific knowledge of this work is required

of the reader; the required consequences have elemen-
tary formulations). Note that, for the basic problem of
membership-testing, CFSG is essential only to justify
the timing, not the correctness; in particular, overstep-
piig would provide a constructive counterexample to a
consequence of CFS5G.

This study serves as a companion to [BLS] in which
a sinilar foundation is established for paraliel (NC)
management of permutation groups. In fact, for con-
cise presentation herein, we sometimes direct the reader
to [BLS} for details of an analogue. We warn, how-
ever, that the earlier paper should not be viewed as a
source of efficient sequential algorithms. To be sure,
a knowledgeable sequential implementation of the rel-
evant portions of [BLS] results only in an O(n®) pro-
cedure for membership-testing, not even matching the
previous record. Rather, the contribution of [BLS], in
cotjugation with the present paper, is a framework for
dealing with permutation groups, one that has admitted
many new Lechniques, both sequential and parallel.

We enumerate the new results in section 2. Section
3 gives definitions, some basic structures, and a briel
exposition of Knuth’s organization of Sims’ algorithm.
The major steps in the main algorithm are indicated
in section 4. A divide-and-conquer procedure in sec-
tion § obviates consideration of any “large” permutation
groups except the alternating group. The key ingredi-
ent for treating alternating groups is given in section 6.
Section 7 describes normal sifting, which is employed in
passing down the levels of the SG. The treatment of
a given level is indicated in section 8, which separates
the “small” group case from the alternating group case.
A hint at our improvement of the composition factors
algorithm is in section 9. Finally, in section 10, we re-
view the obstructions to achieving an additional order
of magnitude improvement; there are essentially three,
two if one secks only Las Vegas solutions, and only one
in a Monte-Carlo procedure.

2. Main results

We survey the major new results. Throughout, n de-
notes the size of the permutation domain.

An SGS can be viewed as a data structure that sup-
ports membership testing in O(n?) time per test. We
insist on the same for the generalized SGS that we con-
struct in this paper. Letting s denote the size of a
given list S of generators, the Knuth and Jerrum pro-
cedures for producing such a data structure run in time
O(n® + sn*). Our central result is

Theorem 2.1. Given a permutation group G by a hst
S of generators, |S| = s, one can find a set of strong
generators (SGS) of G m O(n"log® n + sn?) time.



In order to avoid the long expressions as in Theorem
2.1, we introduce a “soft version” of the big-O notation:
for two functions f(n), g(n), we write f(n) = O~ (g(n))
if f(n) < Cg(n)log®n (¢, C constants). Thus the time
bound in Theorem 2.1 is O~(n* + sn?). To appreciate
this and later time-bounds, note that s is typically no
worse than O(n?).

It is immediate that

Corollary 2.2. Given G as above, one can Jind the
order, |G|, of G or test membership in G of any per-
mulalion in time O™~ (n* +sn*). Additional membership
tests cost only O(n?) each.

It is sometimes the case, for example in the compu-
tation of group characters, that one can make use of a
generator-relator presentation of G. It is well known
that Sims’ SGS representation of permutation groups
expedites a generator-relator presentation (see, for ex-
ample, [Le]), and it is easy Lo see the translation can
be implemented in polynomial-time. 1t is a corollary
to (and a necessary ingredient in) our procedures that
we sharpen this observation. We extract the following,
which seems of independent interest.

Corollary 2.3. Given G as above, one can construct
in time O~(n* 4 sn?) a generalor-relator presentation
(X|R) of G in which [X]|= 0~(n) and [R| = O~(n?),

This result is near optimal, for there exist permuta-
tion groups G that demand |X'| = Q(n) and |R| = Q(n®)
in any presentation G = (X'|R).

As we indicated, the Sims-type SGS employs the sub-
groups that fix, pointwise, initial segments in any or-
dering of the underlying set. In applications there are
reasons, independent of membership-testing, for want-
ing such subgroups. For example, some graph 1somor-
phism applications require pointwise set-stabilizers (see,
e.g., [LM], {Ba86b}, [Lu86]). Although our SGS is in-
terpretable in terms of a poiniwise stabilizer sequence,
some of the points are “new” and, for efficiency, we allow
the group structure and action to influence the chojce
of a sequence. So it is worth mentioning that we do not
have to forfeit arbitrary pointwise-set-stabilizers. An
obvious (Lo us) approach is to “sequentialize” the par-
allel pointwise-set-stabilizer of [BLS]. As it turns out,
there is a more direct approach. Brown, F inkelstein, and
Purdom [BFP] have described a O(n?) “base-change”
algorithm that gives a direct conversion between SGSs.
Thus

Corollary 2.4. Given G as above and any ordering
of the permutation domain, one can consiruct i fime
O~(n* + sn?) a Sims-type SGS Jfor G with respect to
this ordering. In particular, given any subsel B of the
permutation demain, one can compule generators for

the subgroup that fizes the pomts of B in time O~ (n* 4
sn?),

While an SGS typically occupies Q(n®) space, Jer-
rum introduced a trick to compress the data-structure
to O(n?) space without loss of eficiency to membership
tests fJe]. It 1s not difficult to impose Jerrum’s repre-
sentation on our procedures so that

Theorem 2.5. Without loss of time one can require
our algorithms to oulpul a Jerrum style compressed
{O(n?) length) description of the SGS consiructed. The
compressed description supports membership testing n
O(n?) time per test. Furthermore, the workspace re-
quired for the construction can be compressed lo O~ (n”).

The extent to which substantially more involved al-
gorithms can be improved using the new methods is
illustrated by the following result.

Theorem 2.6. Given a permutation group G by a list
of s generalors, one can find a composition series of G
along with permutation represenlaiions of the compos:-
tion factors tn O~(n 4 sn?) time.

Here, this is very notable improvement of a previous
bound. The problem was shown to be in P in [Lu87]
but an implementation of that algorithm could require
up to O(n®) steps.

We discuss the prospects for breaking the O(n*) bar-
rier on some of these problems. Our procedures reveal
some partial information about G in less time. For ex-
ample,

Theorem 2.7. Given a permutetion group G by a hist
of s generalors, one can list all the primes in |G| i time
O~(sn?).

Essentially, the above follows because we can do
the computation for primitive groups within that time
bound.

Randomization is used to break two of three princi-
ple bottlenecks in the central problem. The case that
seemed to be the main obstacle has been the symmetric
group. For this we have

Theorem 2.8. From a gwen list of generators of the
symmelric or allernating group, one can construcl an
SGS (in Sims’ and Jerrum’s sense) in O~ (n? +sn) Las
Vegas time. (The term “construct” refers o the opera-
trons of taking products and powers of permutaiions.)

The remaining single n* bottleneck is related to the
presence of cyclic composition factors. In particular, we
derjve

Theorem 2.9. Suppose G has no cyclic composition
faclors. Then one can find an SGS as well as a com-
position series of G in O~(min{s,n}n®) Monte Carlo
lime.



This illustrates a Monte Carlo vs. Las Vegas bottle-
neck.

3. Definitions and preliminaries

We reler to any standard text, e.g. [Ha], for basic facts
about groups. For permutation group concepis we refer
to [Wi] and {Cam]. For information on the classifica-
tion of finite simple groups (CFSG), see (Go], although
no knowledge of this work is presumed; the cited conse-
quences have elementary formulations. Cameron [Cam)
gives a fine survey of all the consequences of CFSG that
are relevant to our work. (We highly recommend that
reference as essential source material for work on the
complexity of permutation-group computation).

3.1. Group theory

We write # < G il }/{ is a subgroup of G. For § C G,
denote by {S5) the smallest subgroup of G containing S
and by NClg(S5) the normal closure of S, that is, the
smallest normal subgroup of G containing S.

Let # < G = (5) and suppose R is a complete set of
right coset representatives of Gmod H. If f: G — R
is determined by f(v)y™! € H, the set

{f(po)po)™' : p€ R0 € S}

generates J/. These are called Schreier generators of If;
their number is |S{|G : H|.

3.2. Permutation groups

The group of all permutations of an m-element set A
is denoted Sym(A), or Sym(m) if the specific set is
inessential. Subgroups of Sym(m) are the permutation
groups of degree m. The cven permutations of A form
the alternating group Alt(A) (or Ali(m)). We shall refer
to Sym(A) and Alt(A) as the guanis. These two fami-
lies of groups require special treatment (see sections 6.1,
8.2).

We say that G acts on A if there is a homomorphism
G — Sym(A); such a homomorphism will be specified
by indicating the action on A by a set of generators of
G. Denote by G4 the image of G under this action; so
GA < Sym(A). The orbit of a € A under G is the set
of images {a7 : v € G}. One says G is transifive on A
il there is only one orbit, and then G is t-transtiive if
the action of G induced on the set of ordered (-tuples of
distinct elements of A is transitive (! < n). The giants
are (n — 2)-transitive.

Proposition 3.1. If G is 2-imansitive and |G| >
n*+1%8" then G 1s giant.

This is an immediate consequence of the classification
of doubly transitive groups, which is essentially due to
Curtis, Kantor, and Seitz {CKS]. Their work is based

on detailed knowledge of the CFSG. (For the hist of
doubly transitive groups, sce, e.g., [Cam)).

IT G acts on A, the orbits of the induced (componen-
twise) G-action on A x A are called orbitals [Si76). The
stabihzer of z € A is the subgroup G, = {yeG:z7 =
z}. I G is transitive, there is a bijection between the
orbitals of G and the orbits of G,. If G is transitive on
A and G, = 1 for some (any) z € A then G is called
regular. Il G is transitive and D C A, D is called a block
(for G)ifforall y € G either DY = Dor DD = 9,
and G is called primuive if no nontrivial blocks exist.
{Trivial blocks have 0, 1 or n elements.) If D is a block
then the set of images of D is called a block system and
an action of G is induced on the block system. The
block system is minimal, if that action is primitive,

3.3. Primitive groups of Cameron type

An important class of primitive groups is obtained as
foliows.

First we define a class of imprimitive groups. Let B
be a set of £ > 5 elements, 1 < 5 < kf2. Let C =
rf3 = ByU..UB, denote the disjoint union of r copies
of B. An s-transversal of C is a subset X C C such
that {X N B;|=sfori=1,..,r Let A denote the set of
s-transversals; and n = |A| = (¥)". The wreath product
W(B,r) = Sym(B) wr Sym(r) < Sym(C) consists of
all permutations of C thatl respect the partition {B:}.
Let now

W(B,r)> G > Alt(B,) x ... x Alt(B,)

and assuime G acts transitively on the set of blocks {B:}.
Under these conditions, the action of G on A4 is prim-
tive. As in {BLS]) we term these primitive groups of
Cameron lype.

Propoesition 3.2, [Cam] There ezists a constani ¢
such thal every primitive group of degree n and order
> ncl%8" 15 of Cameron type.

This, too, is known to be a consequence of the CFSG
(proved via a result of Kantor [Ka)). For large n, ¢
approaches 1.

3.4. Strong generators.

In algorithms, permutation groups will always be input
and output via a set of generators.

Strong generating sets are a key ingredient in
permutation-group computation. An SGS is tradition-
ally defined in terms of a point-stabilizer tower of sub-
groups (see section 1}). We pause to remark on some
differences in usage. In the parlance of Sims and others
(see, e.g., [Le]), an SGS is any subset of G that includes
generators of every G;. In complexity investigations, it



has been useful to demand that the SGS consist pre-
cisely of complete sets of coset representatives as we
indicated. (The essential point in any case is that a rep-
resentative of any coset by quickly constructible from
the generators). On the other hand, following [Ba79],
it has been customary to generalize in a diflerent direc-
tion. Specifically, an SGS is the union of (right) coset
representatives C; in any subgroup tower.

G=Gp>2G,>...2G, =1.

We always follow the latter point of view, though, ex-
cept in our second membership algorithm (hinted at
in section 10) the {G;} are interpretable as poiniwise-
stabilizers (albeit in an extended action).

Any o € G has a unique factorization a = p, - - - pap,
with p; € C; (and, in any usage, we expect that such
factorization is easy to compute, see [FHL]). It is useful
Lo observe that an SGS for a factor group G/N, lifted to
G, then appended to an SGS for N, gives an SGS for G.
With an abuse of language, we shall call a subset C C G
a set of (strong) generators of G/N if C is a lifting of
such a set. Il & € G is factored according to an SGS of
G/N, and @ = vp; - -~ pap, for some v € N then we call
v the siftee of a into N. If C C G is an SGS for G/N
and S5° C G is a set of generators for G/N such that
C C (§°) (i.e., this holds in G, not only in G/N) then
we say that S§* is compatible with C.

3.5. Sims’ algorithm

Our algorithms use an efficient version, described by
Knuth [Kn], of Sims’ algorithm for computing an SGS.
We recall this briefly, and in a convenient setting.

We consider the action of G = () < Sym(A) on the
sel C = {1,2,...,m]). Let G; be the pointwise stabilizer
of {1,2,...,i};

G:GQEGIZ...ZGm=N,

where N is the kernel of the G-action on C. Our ob-
Jective is to find an SGS of G/N and normal generators
for N aG.

During the procedure, we maintain lists T}, i
—=1,0,...,mand R;, i =0,1,...,m, where R, is a par-
tial list of right coset representatives of Gi-1 mod G;;
and Ty C G; such that (T3} 3 U5,y Ry. Set T = @
and Ko := {1}; these will not change during the pro-
cedure but other lists may be augmented time Lo time.
Also, we shall maintain the list ¥ of siftees (¥ C N).

A subroutine SIFT attempts to factor 7 € G (so
the sift starts at the list Ri,,) over the current partial
coset lists. If it succeeds, it puts the siftee (if not 1)
in W; otherwise it inserts a new coset representative in
R;, the point where a representative was not found and
adds 7 tothelists T;, k+1<i<j—1.

The man procedure PERMREP applies SIFT to the
elements p7 such that (p, Thin fp g Ti for some k. The
trick is always to give preference in exhausting the queue
of these {p, 7) to those corresponding to the minimal &.
As a consequence, we make the critical observation that,
cach time 7, is augmented, the group (7)€ increases.

It is not diflicult to verify

Proposition 3.3. When procedure PERMREP termi.
nales, the I wil be complete sels of coset representa-
fives, and (T;)€ = GE. Moreover, NClg(¥) = N. &

To describe the timing, we set n |A] and assume
n 2 m = [C|. Therefore, the cost of each group opera-
tion is O(n) and a sift costs O(nlog|GC[). Let t = the
size of the final table = 37 |GE., : GF).

=1
Propasition 3.4. (a) Let |®] = M. The running time
of PERMREP 15 O(nlog |GC|(M + tiog |GC|)); in par-
ticular, 1if |G€) < exp(log®n) = exp(O~(1)) then the
running fime 15 O~ (n{AM + m)).
(b) At any moment during the ezecution of the algo-
rithm, |Teoa] S 14+ 307, log |R;). &

As in [FIIL], a slight modification of PERMREP pro-
vides an algorithm NORMCL for computing NClg(®).
We again consider group actions and collect siftees.

The situation is the following: G = (5) < Sym(A)
and {P) < Sym(A) act on C. The output will be sets of
coset representatives { ;) and sets of generators of the
stabilizer chain over C for 4 := NClg(®). The set ¥ of
siftees collected will be a set of normal generators for the
kernel of the /-action on C. In addition to completing
the table as above for (®), one sifts the elements in T
Letting t = 372 IHE | : HE|

1=1
Proposition 3.5. Let M |®). The running
time of NORMCL s O(nlog |HE|(A + [S|log |HE| +
tlog |HE)); n particular, if |HE| < exp(log®n) =
exp(O~(1)) then the running time is O~ (n(M + |51+
m). & '

3.6. Structure graphs

A structure forest for a permutation group C is a forest
on which G acts as automorphisms, fixing the roots,
whose leaves constitute the given permutation domain,
and such that no non-trivial levels can be inserted that
are consistent with the G-action. The latter requirement
has the following interpretation: dencting by G, the
subgroups fixing node v and then by G(v) the induced
action of G, on the children of v, we require that G(v)
is primitive. Structure forests reflect the flow of control
in many divide-and-conquer algorithms for permutation
groups (treat each root, or orbit, in succession: at a root
pass - somehow - Lo the subgroup that fixes the children,
thus restoring intransitivity, etc.) As we indicated, we



need even finer divide-and-conquer. Tollowing [BLS]. we
describe an ezlended structure forcst (£SF) in which we
allow “small” trees 7(v) Lo be appended [rom nodes v
of the lorest, of course maintaining consistency with the
group action. These trees are “small” in that we imagine
them to be placed entirely between levels of the initial
forest, that 1s, we fix the nodes of these intermediate
levels before descending to the next initial level.

Our particular choice of T(v)’s is designed to bring
out the natural structure of G(v) when G(v) is a “large
group”, i.e., a group of Cameron iype with order >
cxp(log®n); for the present discussion we may take
¢ = 3). The insertion of these “small” trees allows us to
utilize the structure of G(v) through a different permu-
tation representation.

We use G1{w) to denote the (primitive) permutation
group induced by G\, on the set of immediaie children of
the node w of the extended structure forest. (Gl(v) =
G(v) if no T(v) has been appended at v.} We shall
obtain an £SF such that, at each node, G1{w) is either
a small group (i.e. of order < exp(log®n)) or a giant.
In each tree, the groups at a given level are isomorphic;
accordingly, we can talk about small group levels and
geant levels in the extended structure forest.

The main algorithm employs a further extension of
the £5F, the struclurc graph (8G). At each node w
of the £8F such that G1(w) is a symmetric group, we
insert a level containing two points between w and the
immediate children of w. let 7 € G1(w) switch these
two new points il and only if T is an odd permutation,
and the action of G is extended consistently. The chil-
dren of these new points are the immediate children of
w in the £ESF. For each node w in the SG, G2(w) de-
notes the permutation group induced by G on the set
of immediate children of w. (G2(w) = Gl(w).if Gl{w)
ts not a symmetric group; |G2(w)| = 2 i Gl{w) is a
symmettic group; G2(w) is an alternating group for the
new nodes.) Hence, the §G consists of small group levels
and alternating levels only.

4. Organization of the main algorithm
Let A = A4,UA5U...UA, be the partition of the permuta-
tion domain into orbits, and F = FiUFMU..UF, the ex-
tended structure graph where the graph F; corresponds
10 the orbit A;. Let £; be the ordered set of levels of F,
(starting from the root}), and let £ = {Lo, Ly,..., L;} be
the concatenation of these ordered sets. (We emphasize
again that all levels of each appended tree T(v) in the
extended structure forest are strictly between two con-
secutive levels of the corresponding original tree.) Let
G* be the pointwise stabilizer of Lo U Ly U ... U L;; so
G°>G'>..>G'=1and G' is normal in G.
Throughout the algorithm, we shall work with differ-
ent permutation representations each of degree O(n) of

certawn subgroups of G. Il a procedure performs group
operations, we may cither need the result in the current
representation only (local operation) or in the original
representation as well {globel operation). An operation
not explicitly labelled “local” will be understood global.
Since each permutation wilt be written in at most three
representations, the cost of elementary group operations
remains O(n}.

Main Procedure

INPUT: a set S of generators for G £ Sym(A), |S]| = s.
Step 1. Construct structure forest, and generators of
G, for a representative v of each G-orbit of the nodes.
Step 2. For these representatives, use NATU-
RAL-ACTION to decide whether G{v) is a “large
group” and, if so, construct new action and correspond-
ing structure tree T(v}.
Step 3. Append a copy of T(v) to all nodes in the orbit
v, thus obtaining an extended structure forest (E8F).
By inserting new levels after giant levels of the £SF,
obtain the structure graph (SG). Extend the G-action
to the G, henceforth, compute the effect of any global
operation on the entire SG. Compute ihe node stabi-
lizers G, as in Step 1 for representatives of G-orbits of
the SG.
Step 4. For each node v representing an alternating
level in the SG, construct an SGS for G2(v).
Step 5. For i := 1 to I do the following:

construct an SGS for G*~!/G?;

store a compatible generating set S$'~! of size
O~(|L;|) for G*~1/G¥;

construct ¢ C G* such that G' = NClig(®*)
end.

Using standard procedures for orbits, imprimitivity
blocks (e.g. [At]}, it is easy to see that Step 1 can be
carried out in O(sn?) time. Step 2 will be discussed in
section 3, and we shall conclude that section with the
cost of Step 3. We present a novel method for construct-
ing an SGS for the giants in section 6.1. Section 7 relates
group presentations to the construction of normal gen-
erators. By the results of section 3, the factor groups
G'=1/G* in Step 5 are either subgroups of products of
“small” groups, or subgroups of products of alternating
groups. We handle the first case in Section 8.1, utiliz-
tng NORMCL. For the second case, we use an efficient
unplementation of Luks’ “non-abelian linear algebra”
[Lu86] (see section 8.2).

5. Reducing large to giant

The purpose of this section is to organize primitive
groups as “large” and “small”. Large groups are of
Cameron type and we indicate how to recover their
“natural” imprimitive action. Thereby most algorith-



mic problems will be reduced to giants and to small
groups,

Our objective is achieved by the subroutine NATU.
RAL_ACTIOXN. This procedure is a slight refinement of
the one under the same name in [BLS]. The procedure
involves a global variable n, the degree of the permuta-
tion group which is the input of the full algorithm. We
shall always assume that n 1s sufficiently large.

First, we desceribe a simple procedure, TEST_GIANT,
to test whether or notl the (local) action of G on C is
a giant, the action already known to be 2-transitive.
TEST.GIANT begins to run PERMREP (locally) on
C but only while |{i : & # 1}| < 2logm + log® m.
If the latter bound is exceeded, it exits and outputs
“giant” (recall Proposition 3.1); if PERMREP com-
pletes normally, TEST-GIANT outputs “small group”.
By Proposition 3.4, TEST_.GIANT execcutes in Lime
O~(m* + Mwm), where |C| = m.

Procedure NATURAL.ACTION(d")

INPUT: a primitive group G < Sym(A}, where m :=
4| £ n.
All group operations executed in this procedure are lo-
cal.
Step 1. if m < 3log” n, then (output “small group”;
exit).
Step 2. if G is 2-transitive then (TEST_GIANT(G);
exit).
Step 3. Consider the orbitals (G-orbits on A x 4). Let
I’ be the second smallest and A Lhe largest orbital. Fix
r € A,

if II(z)| > 2\/mlog m then (output “small group”;
exit);

for each w € A construct a{w) € G with (¥} = y:

construct Schreier generators for G,

fix y € I'(z). For each ' € I'(z) compute some
B(y') € G; such that y80") = y:

compute the sets B(z,y) =
Clz,y)=A- U:EBiz.y}A(:);

let D(z) = {Cz,y)?¥) : ¢ € T(2));

if |D(z)] > logm then (output “small group™;
exit);

let D= {D(z)*™):we A);

if |D| > 2y/mlogm then (output “small group”;
exit).

A(y) — A(z) .and

Step 4. Consider G-action on D. (» This action exists
and 1t is transitive. * )

Select a system { B, ..., B, } of minimal (nonsingleton)
blocks of imprimitivity (= |J; B = D =);

if k:=|Bi| >4log n

and r <log nflog 5

and G(8,) :=the stabilizer of B restricted to B, is
2-transitive

and TEST.GIANT(G(B,)) returns message “giant”

then (output (“large group, faithfully acting on D",
the G-action on D, and a structure tree for the G-action
on D in which the nodes next to the leaves represent the
blocks B;); exit)

clse (output “small group™; exit).

The justification of NATURAL_ACTION is very close
to that of the procedure with the same name in [BLS,
section 4]. The main difference stems from the more
complex formulation of the set D in Step 3. In [BLS]
it was appropriate to compute {C(z,¥) : (z,y) € I'}
in paraliel for all 2,y and take this to be D; time con-
straints prohibit that approach herein. As in [BLS], one
shows that if |G| exceeds exp(5log® n log log n) ([BLS]
unnecessarily shows “7” instead of “5”), then A can be
identified with the s-transversals of B,U...0B,, estab-
lishing the action as Cameron type. Further, Step 3 of
NATURAL_ACTION correctly recovers this structure.
(The proof of this part follows as in [BLS] if one adds
to Claims 1-5 therein the observation k < 2./m; which
holds since rs > 1 implies m > (£}). &

The timing of these local computations is not difficult.
One shows

Proposition 5.2. Suppose G = (®) acts on an m-set,
and |®| = M. Then NATURAL.ACTION(®) runs in
O~ (Mm?) time.

Corollary 5.3. Step 2 of the Main Procedure runs in
O~(sn®) time.

Proof. We apply NATURAL_ACTION to the stabi-
lizers of certain nodes of the structure forest. If [v%] = k
then mAM = O(ks), and, in each tree, we call NATU-
RAL.ACTION O~(1) times. &

We can also now dispose of Step 3 in the Main Pro-
cedure. Having computed the pointers identifving pairs
in the second smallest orbital with elements of D, the
action of any ¢ € G, on D, therefore on T'(v), can be
found in O~(\/m). It follows that an extension of ¢ to
the §G is obtained in O~(n?). Thus

Proposition 5.4. Siep 3 of the Main Procedure runs
i O~(sn?) time. &

6. Managing giants
6.1. Construction of a 3-cycle

Recall that the “giants” are the symmetric and alter-
nating groups in their natural action. We discuss a pro-
cedure for construcling strong generators of the giants
from a given set of generators. Henceforth, we use the
term “construction” to mean a sequence of the following
legal operations: multiplicairon, inversion, and taking
powers of permutations.



The reason for the constraint o the set of legal oper-
ations is that the procedure is apphed to the case when
G2(v), for some node v in the extended structure graph.
acls on a set I of blocks as an alternating group. In this
case, although we know a priort that some o € G2(v)
acts on 3 as, e.g.. a given J-cycle. no such permulation
will be guaranteed to belong to G unless it has been con-
structed, by way of legal operations, from the generators
of G2(v).

We refer to [BLS, section 3] for the idea. Based upon
the methods of {BS], our procedure, THREE-CYCLE
constructs a 3-cycle from the given generators. Once @
3-cycle is available, it is an easy maltler to construct an
SGS for a giant.

THREE.CYCLE constructs from an element 7 € G
with large support (= number of elements actually
moved by ) an element with half the support. There
are two main steps. the first involving a carefully cho-
sen commutator A = «~!r~Txr. A may have as much
as twice the support of T but il 1s constructed to have
many different primes in its order. The second step ex-
ploits this multiplicity of primes to construct a power of
A that cuts the support now by a factor of 4.

A critical ingredient in the above is the ability to
construct. = with a prescribed action on a sct of size
log® n. Dasically, this reduces to constructing com-
plete coset representatives for the first log” n steps in a
point-stabilizer tower. PERMREP would require time
Q(n%). Instead we work from the top down, construcling
Schreier generators for the successive groups Gy, Gz ...,
Recall, however, that the number of Schreier genera-
tors grows too fast. Thus, we exploit Proposition 3.1,
keeping only enough generators around to guarantee 2-
transitivity and order > n?*1°8" Tl latter condition is
easy Lo satisfy. For that PERMREP is juitially run only
until 2log n+2log” n coset. tables are nontrivial (Propo-
sition 3.4(b) controls the number of required sifis). For
all successive groups, we shall save the nontrivial entries
in the tables numbered above log® n. So, from now on.
it is only necessary to save enough Schreier generators
to guarantec 2-transitivity.

A critical subroutine, then, is PRUNE which cuts
down the generating sct in a 2-trausitive group to a col-
lection of size < 2n. The point 15 that n — 1 generators
will already guarantee transitivity. But then there are
at most n orbitals and so n — 1 additional generators
will tie these together.

The timing in THREE_CYCLE is dominated by the
calls to PRUNE. In tying the orbitals together, we may
have to look at the action of each of the O{n*) Schreier
generators on cach of the O(n*) pairs, This leads to
an O~ (n*+ sn?) construction of an SGS. (Note that we
typically let “local” consideration guide the construction

of a “local” SGS; at least two n's each term are then
replaceable by m's).

Remark. We require the computation ol ord{A), the
order of \. as well as the powering Aerd(MfP - Gran.
dard muluplication and fast powering methods would
suffice 1n the context of the overall procedure. However,
we note that the operations do not require more than
O~ (n) time. The point is that A cannot have more that
V2n different cycle lengths. So ord(}), the least com-
mon multiple of these lengths, is computable in O~ (n)
time. It also follows that the number of digits in ord(A)
is O~(y/n) (for a more precise estimate, sce [La]). But
the destred power of A is computable by reducing the
exponent modulo the distinct cycle lengths.

6.2. The Las Vegas SUPERPRUNE

We digress from the Main Procedure to announce a ran-
domized version of THREE.CYCLE with running time
O~(sn + n*). The principle speed up is via SUPER-
PRUNE. The idea is that instead of selecting a subset
of the generating set ¥ to ensure 2-transitivity, we take
random products of elements of ¥.

For g1,...,8- in G, a random subproduct of the g; is
97'93® -~ g~ where the e; = 0,1 are decided by indepen-
dent unbiased coin tosses. For any G let orb(G) denote
the number of orbits of G.

One sees that, if an orbit O of H is not an orbit of
G then, with probability > %, O is not stabilized by a
random subproduct of the generators of G. This is used
to show

Proposition 6.1 Suppose gy,...,¢r generaie G and
H € G. Let h be a random subproduct of the g,.
Then the ezpecied value of orb({H, h)) s < orb(G) +
3{orb{11) — orb(G)).

As a consequence, for any fixed d, O(logn} random
products suffice to duplicate the correct orbit structure
of G with probability > 1 = n~4.

We can apply the above to select O~(1) elements n-
THREE_CYCLE that will certify 2-transitivity. What
makes this process Las Vegas in our application is that
we can quickly verify the outcome.

The above cuts out one order of magnitude in the
process. In fact, still another is removable. The only
reason for O(n3) at this point is that we have set about
the task of listing a complete SGS. lowever, it is easy
to see that a labelled branching (Jerrum’s compact rep-
resentation of the SGS ensuring factorization of group
elements with the same efficiency as complete lists of
coset representatives) can be obtained in O(n?) time.

7. Normal sifting

Recall that by nrormal generators of a normal subgroup,
N. of G we mean a set of which the normal closure in
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be a chief series (chain of normal subgroups of G). Lel
S € G, generate G, mod Gigy. e, G, = (S)HGig
(i <=s=1).

We assume a presentafion G, /G = {(XNi | Rely) 1s
given in which X; maps bijectively to the images of S,
i G,. Then for r; € Rel,, v, (S,) € Giyy.

We also assume that we have an SGS for each
G /G, 41 that is compatibie with S;, by which we mean
that 1ts elements are actually in (5;) (as opposed to
Just {S:}Gi4y). Sifting from G to N consists of silting
through these SGSs successively.

It is nol hard Lo sce

Lemma 7.1. (Normal Sift Lemma). In the abouve
scliing, let Q denote the sct of the followmng elements:
{a) 5 {the sct of generators of ).
(b)) g thgjorgeSand he S5, 1<i<s—1.
() {r(S5):ri€Rel;,i<s—1}.
Then N = NClg(sill(Q))

The Normal Sift Lemma is used each time our
breadth-first descent of the structure forest finishes a
Jevel. Then G, will be the pointwise stabilizer of the i*P
level, L;. We then work mod G, 4, trying to find normal
generators for N = G;/Gi4y, the group to be handled
in the next round, 1.e. till the level L;;, "lasts. If this
15 a small group level, the NORMCL routine (section
3.5) will suffice for finding the required normal closure.
On giant levels we have to use an efficient implementa-
tion of the nonabelian hinear algebra described in [Lu86).
The time bounds critically depend on the number of re-
lations to be sifted. Carmichael’s set of < m relations
defining e aliernating group -Ali(r) comes in handy
([Car, p.185], or see {CM, p.67]). Not only does this
satisfv what 1s needed for tiie O~(n?) bound, but, with
some additional tricks, it ehminates the giant levels from
the list of n? bottlenecks

8. Descending the structure graph
8.1. Smmall group levels

By the results of section 3, the group G2(w), the action
of the stabilizer of the node w in the extended struc-
ture graph on the immediate children of w, is either an
alternating or a small group. Moreover, for w, v’ € L;
these groups are 1somorphic. We call L; an alternal-
g level if G2{w) is alternating for w € L,;, and small
group level otherwise. Our objective in this subsection
15 to get past a small group level L,_y. Suppose that
we have constructed an SGS for G/G*~!, and normal
generators ®'~! for G'~!, containing the siltees of S
into G'~'. Using NORMCL we construct an SGS for

G'=1/G" and normal generators for G'. We see, via
Proposition 3.5 that the runaing time of this step is
O~((|9" Y| 4 [L:|s}|Li]n). Furthermore, one chserves
that || < |48 + O~ ((s + [L)| i)

B.2. Alternating levels

Suppose that we have constructed an SGS for G/G*~! in
Step 5 of the Main Procedure. Let L = L;_,; be the last
level fixed pointwise by G*~!, and suppose that G2(w')
1s alternating for w € L. We discuss a method to obtain
an 5GS for G*~!'/G*, and normal generators for G'.

The nodes in L comprise a GG-orbit of the §G; let v
be a representative of this orbit. Moreover, let |L| = p,
and let m be the number of immediate children of v.
So G'~! acts on A = ByUB.U..UB,, (r = por r
p/2); |B;1 = m for all j. Let ®'~! be the set of normal
generators for G*~!, containing the siftees of the original
generators into G'~!.

If there exists 7 € ®'~! acting non-trivially on B,
for some j' < r then G'~! acts as Alt(B;:) on Bj::
moreoaver, since L is a G-orbit, G*~!|g, = Al{B;) for
all j < r. Hence, by group-theoretical folklore ([Lu86,
Lemma 4.1j; see [Sc, appendix] for a proof), G*~! /G* isa
product of full “diagonal” and so isomorphic to Aft(m)*.

First, we use an efficient procedure to compute an
SGS for an alternating group as the normal closure
of a non-trivial permutation = (NORMCL, as indi-
cated in section 3.5, is too slow for present purposes).
The trick is again to construct a 3-cycle. However,
the setting is somewhat more tractable than that for
THREE_CYCLE for we are able to conjugate by mem-
bers of the full alternating group. In fact, a commutator
of = with an appropriate 3-cycle yields a non-trivial ele-
ment thiat moves at most 6-points. Another commutator
by an element of the full group yields a 3-cvcle in the
normal closure.

Having collected enough elements to guarantee a full
alternating action in each coordinate, we necessarily are
dealing with a product of diagonal actions, that is, col-
lections of actions are “linked”. However, at this point,
there may still be links that do not persist in the fuli nor-
mal closure. The main part of the procedure involves an
cfficient implementation of Luks’ “non-abelian linear al-
gebra” to determine which coordinates of []; .. Alt(B;)
must now be unlinked. Note that as long as we have not
achieved normal ciosure there is a generator of the full
group that can break a link. One also uses the fact that
the full group action is transitive on the coordinates,
so that images of a smallest linked collection break any
larger ones; if another link can be broken at this point.
the smallest size will have been halved.

Having established the quotient G; /G4, as a product
of alternating groups, a presentation follows easily from



a short presentation of the alternating group. We note
that we have to include relations that certify each pair
of factors commute. Since these relations will later have
to he sifted, and a silt costs O(n*), this fact seems Lo
contribute to the O(n?) term in the time bound. How-
ever. this particular bottleneck is removable, for it actu-
ally suflices Lo guarantee that the first alternating group
commutes with the others, for the transitive action of
the overall group carries the contribution of these rela-
tions 10 the others (as we take normal closures).

9. Composition factors

Hecause of the overhead in establishing the notation and
background of the composition factors algorithm, we
omit most of this discussion for this Proceedings. How-
ever. a few comments are useful to establish the scenario
for one of the Q(n') bottlenecks.

The giant levels have been handled. We need only find
composition factors for the small group levels, in other
words, where a small group is induced in each orbit.

"The problem reduces to just the small group case.
For, if one has cracked the problem for small groups,
one can aigment the SG with a chief series at each node
(much as the structure forests are augmented in [Lu86}),
and descend the augmented graph via normal sifting.
This time we are faced with levels in which the group
is a direct product of isomorphic simple groups. Linear
algebra or “nonabelian linear algebra” prevails.

So assume G is a small group, i.e., |G| £ n¢log" By
section 3.4, the fundamental operations {e.g., member-
ship. normal closure} can be done in time 0~(n?).

The composition factors procedure closely follows
[Lu§6] which is now our essential reference. The prob-
letn 1s easily reduced to the primitive case. Then. a num-
ber of types of Lests are made, mostly seeking kernels of
induced actions. Either G is simple or one of these re-
veals a proper normal subgroup. We can speedup or
modify all but one of these test types, while also limit-
ing the number of calls to each.

There is just one holdout. It is the test designed to
bring out a normal subgroup when G has an abelian
socle. (Recall that the socle is generated by all minimal
subgroups: if the socle of a primitive group is abelian, it
is, perforce, regular). Our best algorithm is as follows:
fix a point r; choose y in a smallest orbit of G; let H ==
the normalizer of Gy in G (tack on to Gz, those coset
representatives that normalize it): now try to embed H
in a maximal subgroup M of G; find the kernel of the
action of G on the cosets of A (the action cannot be
faithful since the socle is not regular; [ contains the
socle element that maps z Lo y).

Embedding H in a maximal subgroup is equivalent to
finding a minimal block system in the action of G on

the cosets of /7. But the problem is that the number of
points in the latter action is O{n”), whence the present
O(n*) deterministic timing.

But, one can seek A by choosing random cosets of
i, attaching these to /. We need only find one thai
reduces the index in &. 1l so, we repeat as long as the
index remains > n, for we know (if G has an abehan
socle) that our group is not yet maximal. We need only
guess O~ (1) cosets to have high probability of success.
(again, if G has an abelian socle). Note, though, that
failure is inconclusive for G may also have been simple.

10. The bottlenecks

As we indicated, the composition factors algorithm re-
quires an augmentation of the §G so that levels involve
manageable products of simple groups. But a corollary
to the process is a reformulation of the basic algorithm
for membership, for we can form a (generalized) SGS
along the way. The timing of the new algorithm can be
expressed as O~ (n* +sn®+min{s, n}n?). However, (as-
suming small s) this method comes close to breaking the
n? barrier. Indeed, there are now three, well-separated.
n* bottlenecks, while the other routines can be executed
in O~ (min{s,n}n%) time.

Two of the boitlenecks have been mentioned herein
as we indicated how randomization helps.

Bottleneck 1 oceurs in the problem of pruning O(n?)
generators of an alternating group to size O(n). PRUNE
does this in O~(n') time. The Las Vegas SUPER-
PRUNE speeds this up to O~(n?). (See scction 6).

Bottleneck 11 occurs in dealing with primitive groups
with abelian socle. Delerministically, this case is re-
quiring O~(n") time. A Monte-Carlo version runs in
O~(n3). (Section 9).

Bottleneck Il stems from the number of relations in
an abelian level of the augmenled SG. For nonabelian
levels, the number of relations can be controlled by the
trick mentioned at the end of section 8.2. However, in
the abelian case, we are, as yet, unable to cut down
on the O(n?) relations that will have to be sifted at a
cost of O(n®) each. The irony is the siftees are only
used as normal generators for the group farther down:
a permutation group cannot need O(n*) generators.
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