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Abstract

Recent developments in graph theory have shown the importance of
the class of partial k- trees. This large class of graphs admits several
algorithm design methodologies that render efficient solutions for a large
number of problems inherently difficult for general graphs. In this thesis
we develop such algorithms to solve a variety of reliability problems on
partial k-tree networks with node and edge failures. We also investigate
the problem of designing uniformly optimal 2-trees with respect to the
2-terminal reliability measure.

We model a communication nelwork as a graph in which nodes rep-
resent communication sites and edges represent bidirectional communica-
tion lines. Each component (node or edge) has an associated probability of
operation. Components of the network are in either operational or failed
state and their failures are statistically independent. Under this model,
the reliability of a network G is defined as the probability that a given
connectivity condition holds. The Hterminal reliability of G, Reh(G), is
the probability that any two of a given set of I nodes of G can commu-
nicate. Robustness of a network to withstand failures can be expressed
through network resilience, Res{G), which is the expected number of dis-
tinct pairs of nodes that can communicate. Computing these and other
similarly defined measures is #P-hard for general networks.

We use a dynamic programming paradigm to design linear time al-
gorithms that compute Reli(G), Res(G), and some other reliability and
resilience measures of a partial k-tree network given with an embedding
in a k-tree (for a fixed k).

Reliability problems on directed networks are also inherently difficult.
We present efficient algorithms for directed versions of typical reliability
and resilience problems restricted to partial k-tzee networks without node
failures. Then we reduce to those reliability problems allowing both node
and edge {ailures.

Finally, we study 2-terminal reliability aspects of 2-trees. We charac-
terize uniformly oplimal 2-trees, 2-paths, and 2-caterpillars with respect
to Rel, and identify local graph operations that improve the 2-terminal
reliability of 2-tree networks.
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CHAPTER I

INTRODUCTION

Network Reliabili

The reliability of a network is a measure of the network’s ability to perform a given
communication task in the presence of failures. The effect of a failure on the overall
performance of 2 network may vary from unnoticeable (e.g., failure of a communication
site that is not used in the communication task), to serious (e.g., long delays induced
by re-routing of messages), to catastrophic (e.g., failures of all the nodes in a cutset).
Combinatorial methods are a powerful tool in the analysis of network reliability problems
and in the design of reliable networks.

Research in combinatorics of network reliability focuses on three main areas: the
formulation of realistic reliability criteria, the development of analytical tools to compare
networks according to these criteria, and the synthesis of networks that are optimal with
respect to these criteria. Our research is concerned with the latter two objectives. We
are interested in the development of efficient algorithms to compute network reliability
measures and in characterizing optimal networks with respect to a variety of reliability
measures.

Network failures may occur at the protocol and at the topological level. The typical
cause of failures at the protocol level is a bad routing algorithm. A routing algorithm may
fail to meet delay requirements, it may cause traffic bottlenecks that flood the network,
or it may fail to detect an operational path even though one exists.

Failures at the topological level can be classified as deterministic or probabilistic.
We can view deterministic failures as the result of adversary attacks that follow a deter-
ministic pattern. For example, the adversary may follow the rule of destroying at most k

communication lines at a time. Under this assumption we may use edge connectivity as
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a reliability criterion and investigate the corresponding analysis and synthesis problems,
namely, defining efficient algorithms to compute edge connectivity of a network and find-
ing optimal networks with respect to edge connectivity. Deterministic reliability problems
have been well studied. We can, for example, use classical work on network flow algorithms
to solve problems concerning edge connectivity. A thorough account of the early work in
deterministic network reliability can be found in [31]; more recent work is surveyed in [19].

Probabilistic failures can be viewed as the result of random adversary attacks or
random component wearout. We assume that each component (node and edge) of the
network has an associated probability of operation and that the operation of a component
does not affect the operation of any other component. Under this model, the reliability of a
network G with respect to a given communication task (e.g., broadcast) is the probability
that the communication task can be carried out in G. In spite of the assumption of
statistical independence of edge failures, it is generally agreed that probabilistic reliability
measures are, in general, more realistic and useful than deterministic reliability measures.
However, it is also well known that most of the analysis problems in probabilistic models
are 7#P-complete. For instance, computing the 2-terminal reliability of a network is #P-
complete, even when the network is planar [55).

Synthesis problems in probabilistic models also seem to be extremely difficult. For
instance, a famous conjecture by Boesch, concerning the existence of uniformly optimal
(n,m) graphs with respect to all-terminal reliability, only recently has been proved wrong
[47]. Colbourn presents an excellent survey of the work on probabilistic network reliability
in [23].

The apparent intractability of the probabilistic reliability problems has lead to the
development of efficient approximation algorithms and of exact algorithms for restricted
classes of graphs (see [23] for a comprehensive discussion). The first part of our research
is concerned with the development of exact algorithms to compute probabilistic reliability
measures on partial k-tree networks.

We have three main reasons for restricting the study of exact algorithms to partial

k-tree networks. First of all, the class of partial k-trees, even for small values of k, is
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considerably general. For instance, the class of partial 4-trees contains the class of series-
parallel, Halin, A-Y, and outerplanar graphs [15, 28].

Secondly, Arnborg and Proskurowski [10] devised an algorithm design methodology
for partial k-trees that leads to the development of efficient, often linear time, algorithms
for a variety of #P-hard problems restricted to partial k-trees. We have employed this
technique to solve a number of #P-complete probabilistic reliability problems in linear
time, when the network is a partial k-tree, & is fixed, and an embedding in a k-tree is
given.

Thirdly, exact algorithms for partial k-trees may be useful in approximating the
probabilistic reliability of general networks. Edge packing is a well known heuristic tech-
nique that gives an approximation of the probabilistic reliability of a network. We can
approximate the reliability of G by finding an edge-packing of G (using some heuristic
method), computing the exact reliability of each subgraph in the collection, and then
combining these exact reliabilities. Colbourn [23] has suggested edge-packing by partial
2-trees as a promising alternative to obtain better lower bounds for some reliability prob-
lems. We believe that better, and still efficient, approximation algorithms may result if we
use edge packings by partial k-trees (k = 3 or k = 4) and the exact algorithms presented
in Chapter HI and Chapter IV.

The second part of our research is concerned with synthesis problems. We identify
uniformly optimal 2-tree networks with respect to the 2-terminal reliability measure. Qur
interest is in characterizing the best (most reliable) and worst (least reliable} k-trees with
respect to some reliability measure and in better understanding the relationships between
the k-tree topology and the reliability of the underlying network. Neufeld and Colbourn
[50] characterized the best 2-trees with respect to all-terminal reliability. Clark et al. [21)

characterized the best 2-paths with respect to resilience.
Jerminology
Except for a few explicitly defined concepts, we use the basic graph theoretic ter-

minology as defined in [37]. Our terminology concerning network reliability follows the
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terminology in [23]. In particular, we want to emphasize that we are concerned with the
study of probabilistic models of reliability only. We present terminology specific to partial
k-trees and network reliability in Chapter II and Chapter III, respectively.

Thesis Overvi

This thesis is organized as follows. Chapter II discusses the algorithm design
methodology of Arnborg and Proskurowski [10). We open the section with some historical
background, a brief overview of related work, and some fundamental definitions and re-
sults concerning partial k-trees. We conclude this section with a discussion of complexity
issues in the design of algorithms for partial k-trees.

Chapter III presents our results concerning exact algorithms for probabilistic relia-
bility measures on undirected partial k-tree networks. A brief presentation of fundamental
definitions and complexity issues precedes the description of our algorithms. Then we use
the algorithm design methodology presented in Chapter II to construct linear time al-
gorithms computing the /-terminal reliability, I-broadcast resilience, and resilience of a
network, as well as a polynomial time algorithm solving network broadcast facility prob-
lems [49].

Reliability problems on directed networks are extremely difficult. Even though there
is a simple technique to reduce some undirected reliability problems to their directed
counterparts. There is no known technique to reduce directed reliability problems to their
undirected counterparts maintaining the input network a partial k-tree. Therefore, the
algorithms in Chapter III are not useful to solve directed network reliability problems.
Chapter IV discusses techniques to obtain polynomial time algorithms for the directed
versions of the reliability problems solved in Chapter III. The network model is initially
simplified by assuming that nodes are fail-safe. Then we discuss how to generalize the
algorithms to deal with node failures.

Chapter V presents our results concerning the synthesis of uniformly optimal partial
k-trees (k = 2). The results in Chapter V characterize the best and worst 2-trees, 2-paths,
and 2-caterpillars with respect to the 2-terminal reliability. Similar to the results of [50],
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the results in this chapter can also be used to improve the reliability of a network by
performing simple local operations on the topology of the network.

Chapter VI presents a summary of our contributions and future research directions.



CHAPTER 11
PARTIAL K-TREES

The success of a model depends on a delicate balance between the modeling power

and the analytical power of the model. The modeling power of a model measures how

general the domain of application of the model is. For example, we could use general
graphs or trees to model computer communication networks. Evidently, the modeling
power of general graphs is larger than the modeling power of trees. However, trees are
a very attractive model because many difficult problems for general graphs are easy for
trees.

The analytical power of 2 model measures how good the model is as an analytical
tool. The computational complexity of questions that the model is expected to help
solve determines the analytical power of the model. Not surprisingly, the modeling power
and the analytical power of a model are typically in conflict. Increasing the modeling
power of a model without substantially degrading its analytical power is an important
accomplishment.

The class of partial k-trees is an attractive subject of study because both its modeling
and its analytical power are “very good.” The modeling power of the class of partial k-trees
is illustrated by the number of important families of graphs that are contained in the class
of partial k-trees (e.g., series-parallel, Halin, and bounded cutwidth graphs) [15]. Their
analytical power is suggested by the variety of graph theoretic NP-complete problems that
have been solved in polynomial and even linear time when restricted to partial k-trees (for
a fixed value of k) [10, 16, 43]. From a graph theoretical point of view, the interesting

structural properties of partial k-trees make them a research subject in their own right.



Definiti

We follow the graph theoretic terminology in [37). Unless otherwise specified, a
graph G = (V, E) is loopless, undirected, and simple. We also denote the set of nodes of
G as V(G) and the set of edges of G as E(G). A clique of G is a (not necessarily maximal)
complete subgraph of G. A k-clique is a clique that has exactly k nodes. A graph H is a
partial graph of G if H is a spanning subgraph of G. We use H C G to denote that H is
a partial graph of G and H < G to denote that H is a subgraph of G. For any set W of
nodes of G, the subgraph induced by W is the maximal subgraph of G with node set W.
For any given node v in V(G), the attachment of v in G is the subgraph of G induced by

the nodes adjacent to v.

Let G and H be two graphs, the union of G and H is the graph
GUH =(V(G)uV(H),E(G)U E(H)). The complement G of graph G has V(G) as
its node set, but two nodes in G are adjacent if and only if they are not adjacent in G. We
use G — v to denote the subgraph of G induced by V(G)\ {v}. Similarly, for any subset of
nodes W C V(G), G — W denotes the subgraph of &G induced by V(G) \ W. The subset

of nodes W is a graph separator of G if G — W has more connected components than G.

Given a pair of nodes #, v in V(G) and a subset of nodes W C V(G), W is a u-v separator

if v and v are connected in G but disconnected in G — W.

A graph is chordal if every cycle with four or more nodes has a chord, i.e., an edge

between two nodes that are not consecutive in the cycle. * A perfect elimination ordering

(peo) of a graph G is a one-to-one numbering vy,...,v, of the nodes of G such that for
each ¢ (i = 1,...,n), the higher-numbered neighbors of v; form a clique. A graph is
chordal if and only if it has a perfect elimination ordering [32].

A graph G is k-decomposable if it meets either of the following conditions [9):

(a) G has k + 1 or fewer nodes;

!Chordal graphs have been re-discovered and renamed several times. Some of the

names given to chordal graphs are: perfect elimination, triangulated, and circuit rigid
graphs.
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(b) There is a subgraph S of G, with at most k nodes, such that G—V(S) is disconnected
and has connected components Cy,...,C), and each of the subgraphs of G induced

by V(5)u V(C;), augmented by the edges in E(S) is k-decomposable.

For the following definitions let us consider graphs that contain both multiple edges
and loops. A contraction of an edge is the replacement of two adjacent nodes and the
edge between them with a single node, with all edges previously incident to either of the
removed nodes now being incident to the new node. A graph G contains another graph H
as a2 minor if a subgraph of G can be transformed into H via a sequence of contractions.
The MCy problem (Minor Containment with respect to a fixed graph H ) consists of
determining if a fixed graph H is a minor of the input graph.

Background

Beineke and Pippert [14] initiated the study of k-trees by generalizing a recursive,
generative definition of trees (1-trees) as follows. Let & be a fixed positive integer. A

graph is a (full) k-tree if it satisfies either of the following conditions:

(a) It is the complete graph on k nodes, K}.

(b) It has a node v of degree k with completely connected neighbors, and the graph

obtained by removing v and its incident edges is a k-tree,

A graph is a partial k-tree if it is a partial graph of a k-tree. Figure 1 shows some
examples of k-trees and partial k-trees. Notice that, because we can always find a perfect
elimination ordering for any k-tree, k-trees are chordal graphs. In fact, it is easy to verify
that for any k-tree on n nodes the higher numbered neighbors of the first » — k nodes of
a perfect elimination ordering induce a k-clique. It is also easy to verify that a graph is

a partial k-tree if and only if it is k-decomposable. A node v is a k-leaf if its neighbors

induce a k-clique K,
Three years after the paper by Beineke and Pippert was published, an independent
paper by Rose [58] introduced k-trees and established many of their essential properties,

By that time, chordal graphs had already been been the object of algorithmic study. For
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example. Rose {57} applied chordal graphs to Gaussian chimination of sparse symmetric
svstems of linear equations, and Gavril [33] developed polyromial time algorithms for a
variety of NI’-complete problems restricted to chordal graphs. Research on chordal graphs
dates back to the early sixties [26].

Neither [14] nor [58] mention the class of partial k-trees. At the time researchers were
not aware of the modeling and analytical power of partial k-trees. However, forests, series-
parallel graphs, and other restricted cases of partial k-trees had already been studied (e.g.,
[27, 36]). Subsequent findings of algorithmic properties of chordal graphs (e.g. [34, 59})
increased the interest in the class of k-trees during the seventies and carly eighties. At
the same time, new classes of graphs, which were later found to be special cases of partial
k-trees, were defined and studied as independent classes (e.g., outerplanar [37)], bounded
bandwidth [46], and A-Y graphs [51]).

The last decade has been a period of synthesis of the multiple, scattered results
accumulated during the seventies. Robertson and Seymour’s work on graph minors paved
the way for the realization of the modeling and analytical power of partial k-trees [56].
Using Robertson and Seymour’s terminology, we can define the class of partial k-trees as
the class of graphs with tree width < k. This alternative definition has facilitated the
proof that several important classes of graphs are partial k-trees for some value of & (15]
and has opened new avenues of research [38].

Robertson and Seymour define the class of graphs of tree-width < k as follows. Let

G = (V,E) be a graph. A tree decomposition of G is a pair {X¢liel}, T =(I,F)),

N

(@) (b) ©)

Figure 1: (a) A 2-tree (b) A 3-tree (c) A partial 4-tree.
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such that the set {X; | i € I} is a family of subsets of V and T is a tree with the following
properties:
(@ Uxi=vV.
i€l
(b) For each edge ¢ = {v,w} in E, there is a subset X;, i € I, such that v € X; and
w € X;.

(¢) Foralli, j, kin I, if j lies on the path in T from i to k, then X; N X} C X;.

The tree-width of a tree decomposition ({X; | i € I}, T = (I, F)) is max;er |X;| - 1. The
tree-width of G is the minimum tree-width of a tree decomposition of G, taken over all
possible tree decompositions of G.

For several years, Robertson and Seymour have been working on what they call the
“Graph Minors” project. This research has turned into a series of fifteen reports with
eight more planned. The original goal of this research was to prove Wagner’s conjecture
that for every infinite set of graphs one graph is a minor of another (technically, this can
be stated by saying that the class of all graphs, ordered by minors, is well quasi-ordered
[61]). However, the theory developed to prove Wagner’s conjecture has turned out to have
other applications. We will not attempt to survey Robertson and Seymour’s research
here. Instead, we will present some highlights to illustrate its consequences (see [38] for
an excellent overview).

Robertson and Seymour proved Wagner’s conjecture with the following theorem.

Theorem 2.1 (Robertson and Seymour) A minor-closed family F of graphs is describable
as the set of all graphs that do not contain, as a minor, any of the graphs in a certain
fixed, finite set of graphs L.

The set £ in Theorem 2.1 is called the set of minimal forbidden minors of the family
F. This theorem provides a powerful generalization of of Kuratowski’s theorem charac-
terizing planar graphs by their forbidden substructures.

Another easy but very important corollary of Theorem 2.1 is that there is a fixed,

finite set £ = L(k) of forbidden minors for the class of partial k-trees. Therefore, we
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can test if a graph G is a partial k-tree by testing if an element of £ is a2 minor of G.
This approach is useful if we know not only the set £ but also an efficient algorithm
to solve MCp. Unfortunately, Robertson and Seymour’s results do not tell us how to
find the set of forbidden minors £; they do not even indicate what the cardinality of the
set of forbidden minors £ is. ? Also, even though in another breakthrough Robertson
and Seymour solve MCpy in polynomial time {quadratic time if H is planar, cubic time
otherwise), the enormous constants involved make the result of theoretical interest only.
One of the constants involved is a tower of 2's whose number of levels of exponentiation
is worse than exponential in the number of nodes of H. David Johnson commented on
this aspect in [38]: “Unfortunately, for any instance G = (V, E) than one can fit into the
known universe, one would easily prefer ]V|’® to even constant time, if that constant had
to be one of Roberison and Seymour.”?

The consequences of the research by Robertson and Seymour are far reaching. They
not only resolved a large number of fundamental open problems but also illustrated, in a
rather dramatic form, how the concept of polynomial time algorithm does not always cap-
ture our intuition of “efficient” algorithm. Also, some of their results are non-constructive.
So, the belief that, a proof of NP = P would transform the proofs of NP-completeness of
many problems into polynomial time algorithms, is not necessarily valid. On the positive
side, the possibility of using these powerful results to prove, albeit non-constructively,
that some problems are in P may help researchers to focus their attention on finding the
algorithms that they know must exist for those problems. Stimulated by those results, a
good number of problems believed to be hard have been proved, non-constructively, to be
in P (see [29] for a survey).

The development of reduction methodologies that render efficient algorithms for
many NP-complete problems restricted to partial k-trees [10, 16) is another fundamental

result achieved in the eighties. This algorithm design methodology has made evident the

2Arnborg et al. [11} discovered the set £(3), which has cardinality four. The class of
graphs with path width 2 has been characterized in {30) by 110 minimal forbidden minors.
3D. Johnson, “The NP-completeness column: an ongoing guide” (1987), p. 289.
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analytical power of partial k-trees and has provided a uniform perspective for the analysis
and design of algorithms for partial k-trees. We discuss this algorithm design methodology
later in this chapter.

Today, chordal graphs, partial k-trees, and other classes of tree-like graphs are the
object of very active research. 4 Applications to the analysis and design of reliable
computer networks {24, 43, 60], and current research on parallel algorithms [18, 20, 40, 48]

have further added to the interest in these classes.

Pat d Caterpill

In this section we define some subclasses of k-trees that play an important role in
the study of uniformly most reliable k-trees. A k-clique K of a k-tree is either peripheral,
separator, or exterior. K is a separator if V(X) is a graph separator, it is peripheral if one
of its nodes is a k-leaf, and it is exterior if neither of the conditions is fulfilled. A k-path is
a k-tree with less than k-2 nodes or with exactly two k-leaves. A k-path is a k-fan if it has
less than k + 2 nodes or if its k-leaves share exactly k — 1 neighbors. A k-path is a k-lipe if
there is a perfect elimination ordering vy,...,v, such that the higher numbered neighbors
of v; (1 £ < n—k)are viy1,...,v4%. Figure 2 presents some examples of 2-paths. The

following theorem, a generalization of a property of trees, is used in Chapter V,

Theorem 2.2 (Proskurowski [52]) In a k-tree G, the vertices of minimal subgraphs sepa-

rating two non-adjacent nodes induce a k-path.

A k-caterpillar consists of a body and zero or more hairs. The body of a k-caterpillar
is a k-path and each hair is a k-leaf whose attachment is a k-clique separator of the body. A
k-book is a k-tree with n—k k-leaves, i.e., a k-caterpillar with a k node body. The following

theorem establishes an interesting relationship between k-trees and (k — 1)-caterpillars.

4Several other classes of tree-like graphs have been defined; for example, hook-up
graphs [39], classes generated by context-free hyperedge replacement grammars [35], and
k-terminal graphs [63, 62]. These are all classes of graphs with bounded tree-width. We
refer the reader to (54] for a concise overview of tree-like classes of graphs.
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Theorem 2.3 (Proskurowski [52]) Given a k-tree (k > 2) and two non-adjacent nodes u

and v, the union of k-cliques separating u and v is a (k - 1)-caterpillar.

Robertson and Seymour defined path decomposition and path-width of a graph
similarly to tree decomposition and tree-width; the only difference is that in the decompo-
sition ({X; |i € I},T = (I, F)), T is a path. The following result establishes that graphs

of bounded path-width and k-caterpillars are closely related.

Theorem 2.4 (Proskurowski [53]) A graph has path-width < k if and only if it is 2 partial

k-caterpillar.

jt 5i t o o ti -irees

Arnborg and Proskurowski [10] have defined an algorithm design methodology,

a reduction paradigm, for partial k-trees that leads to the development of efficient

reduction algorithms for a variety of NP-hard problems restricted to partial k-trees. The

reduction paradigm assumes that & is a fixed positive integer and that the input partial
k-tree is given with an embedding in a k-tree. To simplify our presentation, we will discuss
this reduction paradigm assuming that the input graph is a &-tree rather than a partial
k-tree given with an embedding in a k-tree. In the last section of this chapter we discuss
complexity issues that arise when the input graph is not a full &-tree.

The k-decomposability of k-trees suggests a top-down, recursive approach to solve a

given problem X on a k-tree G. If the k-tree G has exactly k nodes (i.e., G is a k-clique)

PG b e

(a) c

Figure 2: (a) A 2-path (b) A 2-fan (c) A 2-line.
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we solve problem X on G directly. Otherwise we identify a separator § (a k-clique)
and decompose G into I subgraphs Gy,...,Gj such that each G; is the subgraph induced
by V(S) u V(C;), where Cy,...,C; are the connected components of G — S. Then we
recursively solve problem X (or a slight variant of it) on each k-tree G; (i = 1,...,!{) and,
finally, we combine the solutions.

The reduction paradigm in [10] proceeds bottom-up using a dynamic programming
approach. First, we associate a gtate with each k-clique in the graph. The state of each
k-clique contains some local information that will be combined with the information in
other states to solve problem X. Once each k-clique has been assigned an initial state, we
proceed to eliminate n — k nodes of G following a perfect elimination ordering. Each time
we eliminate one node v we destroy a number of k-cliques whose states contain valuable
information. So, before removing v we combine the states of these k-cliques and save the
result as the state of the k-clique induced by the neighbors of v. When the n—% nodes have
been removed from G we are left with a root R of G. R is a k-clique whose state contains
enough information to solve problem X on G. We need to make some observations before
we formalize these ideas.

Algorithm 1 formalizes the reduction paradigm. Let us suppose that we want to
solve problem X on a k-tree G. The first step of the algorithm, the initialization step,
finds the first n — k nodes of a perfect elimination ordering and initializes the state of each
k-clique in the graph G. The initial state of each k-clique K is computed by a function
e(K). Each reduction step removes one of the n — k nodes in the quene PEQ. Upon
removal of a node v, the algorithm performs two sub-steps. First it “combines” the states
of k+1 k-cliques. We use f to denote the function that computes such a combination of
states. The result of applying f to the states of the k k-cliques that will be destroyed
and to the state of the neighborhood of v is called the “state” of K*(v). ® The second

5The “state” of K+(v) is ephemeral; we compute it once and immediately use it to
update the state of K(v). Once the state of X (v) has been updated, we destroy K +(v) by
removing the node v. So, state(K+(v)) is simply an intermediate value that we calculate
to update the state of K'(v). We believe that the metaphor of having a state for K+(v) is
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sub-step combines the effect of the edges that connect v to its neighborhood (K (v)) and
the state of K*(v). Algorithm 1 represents this second combination of information as
the computation of g(state( X +(v)),S(v)). The termination step extracts the solution to
problem X from the state of the root R and the effect of the edges in R.

Algorithm 1 (reduction paradigm)
Input: G = (V, E), a k-tree (for a fixed k)
1. Initialization step
PEQO ~ empty queue
Do n — k times:
Let v be a k-leaf of G — PEO
Let K(v) be the (k-clique) attachment of v in G — PEO
Let K*(v) be the (k+1)-clique induced by V(X (v)) U {v}
For all nodes » in V{ K (v)) do:
Let K"(v) be the k-clique induced by V(K+(v))\ {u}
state( K%(v)) — e(K“(v))
Append v to PEO
state(R) — e(R)
2. Reduction steps
For each node v in PEO, in order, do:
state(K¥(v)) « f({state(K*)|u € VIK*+(v))})
Let S(v) be the graph induced by the edges incident to v
state(K(v)) — g(state(K*(v)),S(v))
Remove v from G
3. Termination step

Solution «— h(state(R), edges in R)

The state state(X') of each k-clique K describes solutions to a problem (usually a
generalization of the original problem) restricted to the subgraph induced by the union of

useful in understanding and devising the functions f and g for specific problems.
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the nodes in the k-clique and those removed nodes that the k-clique separates from all non-
removed nodes with the exclusion of all edges between nodes in the k-clique. Typically,
the state is indexed by elements of an index set whose cardinality is constant with respect
to the size of G. The size of state(X) is the cardinality of its index set. The specification
of an algorithm that uses the reduction paradigm described above consists of five main
parts: the definition of state(K’) and algorithms to compute the functions e, f yg,and k
in Algorithm 1.

We need to formalize some concepts that are crucial in definitions of reduction
algorithms. If X is a k-clique, v ¢ V(K) is a descendant of K in a perfect elimination
ordering if and only if each higher numbered neighbor of v is either a member of V(K)ora
descendant of K. The connected components of the subgraph induced by all descendants
of K are branches on K. Figure 3 (a) depicts a 3-tree in which K is the 3-clique induced
by the nodes vg, v7, and vs. Figure 3 (b) presents the branches on K.

(a) (b)
Figure 3: (a) A 3-tree (b) Branches on K.

Suppose that we have a perfect elimination ordering defining a reduction process.
We associate two subgraphs, B(K) and B'(X), with each k-clique K. These two subgraphs
change as the reductior progresses. We use B(K) to denote the subgraph induced by the
removed nodes that the k-cliqgue K separates from all non-removed nodes. We call B(K)
the removed branches subgraph on K. B(K) denotes the subgraph induced by the nodes
in KUB(K) without the edges between nodes in K. We call B'(K) the ghell of K. The
state of a k-clique K describes solutions to problems restricted to the shell B (K). Figure 4

illustrates these concepts. After v, v2, v3, and vy have been removed (but not vg yet)
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from the graph in Figure 3, B(R) becomes the graph in Figure 4 (2), and B'(KX) becomes

the graph in Figure 4 (b).

7

(a)

Figure 4: B(K) and B'(K) after removing vy, vz, v3 and v4 from the graph in Figure 3.

The following equations explicitly state how B(K') and B'(X) change during the

execution of Algorithm 1. Notice that these equations also define B(K'*) and B/(K+).

Initialization step:

B(K) the empty graph(9, 0)

(V(K),9)

B'(K)

Reduction steps:

Let K = K(v), K+ = K*+(v), K* = K%(v), and § = 5(v)

B(K*) = |J B(X“)
u€V(K+)

B'(K*) = |J B'(xv)
veV(K1)

B(K) = subgraph induced by V(B(K*))u {v}
B'(K) = B(K*)us

(IL.1)
(IL.2)

(11.3)
(IL.4)

(IL5)
(1L6)
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Termination step:

B(R) = G-R (IL.7)
B'(R) = G without the edges in E(R) (11.8)
Complexity Issues

Typically, the reduction paradigm renders algorithms that run in time linear in the
number of nodes of the k-tree. The following lemma states that if the initialization of each
k-clique takes O(1) time, each reduction step takes ©O(1), and the termination step takes
O(n) time, the resulting algorithm runs in O(r) time.

Lemma 2.5 Let k be a positive integer number, G = (V, E) be a k-tree on n nodes, and
A be a reduction algorithm to solve problem X on G. If the initialization of each k-clique
takes O(1) time, each reduction step takes O(1), and the termination step takes O(n)

time, algorithm A runs in O(n) time.

Proof: Algorithm 2 is an implementation of Algorithm 1 that makes explicit the amount
of computation involved in the reduction paradigm. Let us consider the initialization
step. The amount of time spent in this step is proportional to the amount of time spent
traversing adjacency lists. It is easy to prove that a k-tree has exactly k x (k-1)/24+(n-
k) x k edges. In addition, the adjacency list of each node is traversed only two times. So,
the initialization step takes O(n) time. Clearly each reduction step takes constant time,

and the termination step takes O(n) time. |

Algorithm 2 (detailed description of reduction paradigm)
Input: G = (V,E), a k-tree (for a fixed k)
1. Initialization

PEO « empty list

For all » in V do:

Traverse AdjacencyList(v) to determine and record degree(v)
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If degree(v) = k then push v onto stack L
Do n — k times:
v «— Pop(L)
Traverse AdjacencyList(v) to find K (v), the attachment of vin G
K*(v) — (k+1)-clique induced by V(K (v)) U {v}
S(v) « graph induced by the edges {v,u}, Vu € V(K (v))
For all nodes u in K(v) do:
IK*(v) « k-clique induced by V(KX +(v))}\{u}
state( K*(v)) — e(K*(v))
degree(u) « degree(u) — 1
If degree(u) = k then push u onto L
Append v to PEO
degree(v) — 0
state(R) «— e(R)
2. Reduction
For each v in PEO do:
state(K*(v)) — f({state(K*(v))|u & K+(v)})
state(K(v)) « g(state(K*(v)),S(v))
3. Termination

Solution « h(state(R), edges in R)

The reduction paradigm is fundamentally the same when the input graph G is a not
a full k-tree but a partial k-tree given with an embedding in a k-tree G'. We use the k-tree
G’ to guide the reduction process but compute the functions e, f, g, and h using the partial
k-tree. If the partial k-tree is not given with an embedding in a k-tree, we have to deal
with an additional problem, namely, finding an embedding of G in a k-tree. Typically, the
running time of reduction algorithms on partial k-trees is dominated by the time needed to
find an embedding in a k-tree. Arnborg, Corneil and Proskurowski [6] proved that finding
the smallest & for which a given graph is a partial k-tree is NP-hard. However, they also
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found an O(n**2) time algorithm to test if a given graph is a partial k-tree, for a fixed
value k. This algorithm also finds the embedding of the partial k-tree. For small values of
k (k £ 3) the embedding can be found in linear time using terminating sets of reduction
rules ([60] [44]). Unfortunately, this reduction technique does not work for values of &
greater than 3 [41). Bodlaender [17] presents a self-reduction algorithm that finds and
embedding of a partial k-tree in a k-tree in O(n?) time. In a recent paper [7], Arnborg et
al. present a technique to test if a graph is a partial k-tree in linear time. They describe

an algorithm that will produce, from a formula in monadic second order logic (MSOL)

and an integer & such that the class defined by the formula is of tree-width < k, a set of
graph rewriting rules that reduces any member of the class to one of a finite set of graphs.
Any algorithm that tests if 2 graph is a partial k-tree can be used to find an embedding in
a ktree as follows: Add an edge and test if the resulting graph is a partial k-tree; if it is,
leave the edge in, otherwise try adding a different edge; continue until the graph becomes
a (full) k-tree.

All NP-hard problems that have been solved using the reduction paradigm run in
time exponential in k. This is not surprising as any n node graph is a partial n-tree.
Thus, unless one believes that P = NP there is not much hope of having such reduction
algorithms run in time polynomial in k.

Recent work by Courcelle [25] and Arnborg et al. [8] establish relationships between
logic formalisms and the complexity of recognizing certain graph properties. In particular,
they prove, constructively, that if a graph property can be expressed in monadic second
order logic, one can decide, in linear time, whether a given partial k-tree has this property
(assuming that the value of k is fixed and that the partial k-tree is given with an embedding
in a k-tree) . This is a very important result since many NP-complete graph theoretic
problems can be expressed in MSOL (e.g. Hamiltonian Circuit).

Arnborg et al. also extend the concept of MS properties (graph properties definable
in MSOL) to EMS problems (problems definable in Extended Monadic Second Order
Logic). With this generalization one can define a large number of counting and extremum

problems (e.g., Minimum Dominating Set). The importance of this generalization is that
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an EMSOL formula can be transformed into a polynomial time algorithm that computes
such formula. Although we suspect it possible, we have not been able to express the
reliability problems addressed in the next section as EMS problems.

A natural question to ask about this reduction paradigm is whether it can be used
to design NC algorithms. In particular, it seems that one could naturally extend the tree-
contraction techniques in [45] and [1] to prune the partial k-tree (perform reduction steps)
in parallel. Bodlaender [18] uses this approach to prove that the embedding problem can
be solved in parallel poly-log time. In addition, he praves that a linear time sequential
reduction algorithm on partial k-trees can be transformed into an NC algorithm if there are
NC algorithms to compute the functions e, f, g, and k in Algorithm 1. All the linear time
algorithms presented in Chapter III and Chapter IV satisfy this condition, and therefore
can be transformed into NC algorithms. However, because of the large constants involved,

Bodlaender’s result is mainly of theoretical interest.
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CHAPTER III
EFFICIENT EXACT ALGORITHMS FOR PARTIAL K-TREE NETWORKS
Introduction

In the previous chapter we presented a reduction paradigm that has been used to
solve efficiently a large number of NP-hard problems restricted to partial k-trees. Arnborg
and Proskurowski [10] employed this technique to solve two important reliability problems
on partial k-tree networks without node failures, namely, the all-terminal reliability and
the I-terminal reliability. Other reliability measures such as the resilience have been solved
in polynomial time only when the network has a very restricted topology (e.g., partial 2-
trees [24, 5]). In this chapter we present applications of the reduction paradigm to the
exact solution of a variety of network reliability problems restricted to partial k-trees. All
the reliability problems solved in this chapter are #P-complete on general graphs.

We begin our presentation with the definition of some fundamental network relia-
bility concepts and problems. Then we present our technique to extend the solutions in
[10] to a network model in which both nodes and edges may fail. Specifically, we give
linear time reduction algorithms to solve the following network reliability problems on
partial k-tree networks: all-terminal reliability, I-terminal reliability, broadcast resilience,
I-broadcast resilience, and resilience. We also present a quadratic time solution to the

network broadcast facility location problem restricted to partial k-tree networks.
Definiti

A probabilistic graph G = (V, E) is a graph in which each component (node or

edge) ¢ has an associated fixed precision real number Pe, such that 0 < p. €< 1. We model
computer communication networks as probabilistic graphs G = (V, E) wherein each node

v in V represents a communication site and each edge e in F represents a bidirectional
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communication line between two sites. Furthermore, for each component c of the graph we

interpret p. as the probability of operation of component ¢. Components of the network

are in either operational or failed state. Component failures are assumed to be statistically
independent. A component c is fail-safe if its probability of operation is 1. Hereafter all
graphs are assumed to be probabilistic.

Traditionally, the reliability of a network G is defined as the probability that a
given communication task T can be performed in G. For example, if the task 7' con-
sists of exchanging information between ! distinguished nodes of G, the reliability of G
(I-terminal reliability) is defined as the probability that the graph contains paths between
each pair of distinguished nodes. The n-terminal (all-terminal) and the 2-terminal relia-

bility are two of the most widely used measures. In the former case we are interested in

computing the probability that the network contains a spanning tree, in the latter we are
concerned with the probability that there is a path connecting two distinguished nodes in
G. Naturally, we can define other reasonable reliability measures by selecting communi-
cation tasks other than the ones mentioned above, We need a few more definitions before
presenting a general formula to compute the reliability of G with respect to an arbitrary
communication task T.

A state § of a network G = (V, E) is a set of nodes and edges of G; we interpret
S as the set of nodes and edges that are operational in G. The probability that G is in

state S is

H Py H (1-p) H De H (l_pc):

vESAV  weW(SnV) c€SNE  ecE\(SNE)
where p, and p. denote the probability that node v is up and edge € is up respectively.
We use subgraphs of G to represent states of the network. Notice however that,
unless G has no edges, there are more states than subgraphs of G. So, each subgraph
H = (Vy,Epn) of G represents a class of states of G, namely those states of G in which
nodes in Vi are up, nodes in V\Vy are down, edges in Ey are up, and edges in El;\Ey
are down, where E}; is the set of edges of the subgraph of G induced by Vi (see Figure 5).
The operational subgraph of G is the subgraph of G defined by the operational nodes
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and the operational edges that are incident on two operational nodes. PgiH] denotes
the probability that H is the operational subgraph of G (equivalently, it denotes the
probability that the state of G is any of the states represented by H ). Thus,

Pg[H] = H Pv H (I—Pu) H Pe H (I"Pe)'

veEVy vEV\Vy ecEy e€EY\Eny

-~ failed edge
O failed node

.__.v v o.......mv o—v

@ (b) (©

Figure 5: (a) Graph G (b) Subgraph H (c) States represented by H.

We extend the definition of P¢ to the domain of sets of subgraphs of G in the natural
way. Given a set A of subgraphs of G, Pg[A] denotes the probability that the operational
subgraph of G is in A. Therefore Pg[A] = Yy 4 PolH].

A communication task T can be characterized by the set of subgraphs of G in which
T can be carried out. Following (23], we call such a set of subgraphs OPr(G). A pathset
of G with respect to T is an element of OPr(G). We can now formulate the reliability of

a network G with respect to a communication task T as

Relr(G) = PglOPr(G)) = > PglH].
HeOPr(Q)
Let H be a subgraph of G and u, v be two nodes in V(G). We say that u is
connected to v via H (denoted u d v) ifl v and v are elements of V(H )} and there is a

path, consisting of zero or more edges in E(H), that connects node v to node u; when
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H = G we prefer the notation u ~ v over u & v. A node v is connected to a set of nodes W
via a graph H (denoted u & W)ifu X v for some node v in W. For a subset W CV(G)
we define the binary function r(W, H) to be 1 if for all u, vin W u d v, otherwise it is 0.
Similarly, for a subset W C V(G) we define the connectivity function r(u, W, H) to be 1

ifull W, otherwise it is 0. We can, for example, define Rel;)(G, L) as

Rel(G,L) = Y Pe[H)r(L,H).
H<G

Computing the all-terminal reliability of a network is a #P-complete problem, even
for planar networks (Vertigan, in [22]). Furthermore, computing the 2-terminal reliability
of a network is also a #P-complete problem, even when the network is planar, acyclic,
with bounded degree nodes, with fail-safe nodes, and with all the edges having identical
probability of operation [55].

Reliability measures defined in terms of probability that a given communication
task can be performed are often too rough an estimate of the robustness of a network
with respect to the communication task. For instance, two n node networks G, and Ga,
with the same all-terminal reliability, may not be equally convenient for broadcasts. In
particular, the expected number of pairs of nodes that can communicate in G1 may be
considerably larger than the expected number of nodes that can communicate in Ga. Also,
the all-terminal reliability of a network does not give us any information about the best
source(s) for the broadcast operation. The reliability measures described next provide
more detailed information that is valuable in comparing and designing reliable networks.

The broadcast resilience of a network with respect to a specific node v is the expected
number of nodes that can be reached from v [49]. ! This measure is useful in selecting a
node as a source for broadcasts. The /-broadcast resilience of G with respect to a set L of
I nodes is the expected number of nodes that can be reached from at least one node in I,

Typically, we are interested in finding the set of nodes L' that maximizes the {-broadcast

1Alternatively, we can interpret this measure as the average size of the connected
component of G that contains the node v.
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resilience of a given network G over all subsets of ! nodes of G. Nel [49] calls this the
Network Broadcast Facility Location (NBFL) problem and proves that it is #P-complete

even when [ = 1.

The resilience of a network is the expected number of pairs of distinct nodes that
can communicate. Although this measure provides important additional, fine grain infor-
mation about the reliability of a network, it is not computed often because it apparently
involves more work than computing traditional measures such as the 2-terminal reliabil-
ity. For example, we do not know of any algorithm for Res on general graphs that runs
in time better than min(O(n?fi(n)), O(n f2(n))), where the running time of the fastest
algorithm to compute the 2-terminal reliability is O(fi(n)) and the running time of the
fastest algorithm for Res, is O(fz(n)).

Table 1 summarizes our terminology for reliability measures and their corresponding

problems. We define the directed versions of these problems and their reduction algorithms
in Chapter IV,

Table 1: Some Reliability Measures and Their Associated Problems

Measure Notation Problem
All-terminal reliability Rel4(G) Rel,
Two-terminal reliability | Rels2(G, s, 1) Rel,y

{-terminal reliability Reli(G, L) Rel;

Broadcast resilience Res,(G) Res,
I-broadcast Resilience | Resi(G, L) Res
Resilience Res(G) Res

Efficient Exact Algorithms

Natural restrictions of the network model include assuming that only nodes fail,
that only edges fail, that the network is (un)directed, or that all components operate with
the same probability. No combination of these restrictions seems to affect the inherent
complexity of reliability problems for general graphs. Research on efficient exact algo-

rithms has therefore concentrated on networks with restricted topologies and, possibly,
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with some of the restrictions mentioned above.

Trees, wheels, and other classes of graphs have very good analytical power with
respect to reliability problems. However, their modeling power is very limited. The rest
of this chapter presents our algorithms for the reliability problems in Table 1, restricted
to partial k-trees networks. We assume that partial k-trees are always given with an
embedding in a k-tree and that k is a fixed positive integer. Furthermore, without loss
of generality we assume that the input graph has been transformed into an embedding

k-tree by adding edges e with p, = 0.
{-Terminal Reliabilit

Given a network G = (V,E) and a subset L of nodes in V, we are interested in
computing the probability that a subgraph of G has a connected component that includes
all the nodes in L. Arnborg and Proskurowski [10] solved Rel4 in linear time on partial
k-tree networks with fail-safe nodes. The assumption that nodes are fail-safe is not really
restrictive since the all-terminal reliability with node failures is the probability that all
nodes are operational times the all-terminal reliability without node failures. The same
argument does not apply, though, to the other reliability measures in Table 1.

Arnborg et al. [10] also solved Rel; in linear time on partial k-tree networks with
fail-safe nodes. In this section of show how to generalize their reduction algorithm to
partial k-tree networks with both node and edge failures. We will be particularly detailed
in the presentation of this algorithm because we use it to illustrate the general technique
and because most of the definitions employed, or slight variants of them, will also be used
in other reduction algorithms in this chapter and in Chapter IV.

In Chapter II we mentioned that the description of a reduction algorithm consists of
five main parts. First we define the state of each k-clique. Then we specify how to compute
e (initialization step), f, g (reduction steps), and h (termination step) in Algorithm II.

The state of each k-clique K consists of statistical information about the shell B’ (K).

We want to define the state in such a way that we can achieve the following goals;
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(a) The size of state(K) should be constant with respect to the size of the input graph;
otherwise the reduction algorithm would not run in O(n) time.

(b) The states should be “combinable”, i.e., we must be able to update the state of K
by “combining” the states of the k k-cliques that are destroyed in a reduction step.

(c) The amount of information in state(X') should be sufficient to solve Rel4 on the

graph B'(K)U K. This guarantees that the termination step gives us Rel,.

The key idea to accomplish (a), (b), and (c) above is to define an equivalence relation
of constant index between subgraphs of the shell B’(X') and to maintain information about
each equivalence class of subgraphs of B'(X) in state(K). We need to introduce some
notation to formalize this idea.

The set of connected components of a graph defines a partition of the nodes of
the graph in a natural way: each block of the partition corresponds to the nodes of a
connected component (if the graph is empty, i.e., (8,8), the partition associated is {e}).
A subpartition of a set A is a partition of a subset of 4. We use subpartitions of V' to
represent the connected components of operational subgraphs of G = {(V,E). Given a
subpartition 7 of nodes, V(r) denotes the set of nodes in 7. We use Pg[r] to denote
the probability that a subgraph of G has the connected components denoted by #. A
connected component C is jsolated from a a set of nodes W if no node in W is also in C.

Let L be a set of distinguished nodes in . We are interested in identifying two
kinds of connected components in subgraphs of G, namely, those connected components
that have a distinguished node and those that do not. We call the former gray connected
components and the latter white connected components. We use pairs of partitions to

represent colored connected components. Formally, a colored partition of V is a pair

a = (7,0) such that = is a partition of V and ¢ is a non-empty subset of 7.2 A colored
subpartition of V is a colored partition of a subset of V and denotes the connected compo-
nents of a subgraph of G and the color of each connected component; blocks in & represent

the gray components of a subgraph of G. We use Pg[a] to represent the probability that

*Notice that o may be the partition {0}.
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a subgraph of G has precisely the connected components denoted by a. The set V(a)
denotes the set of nodes in the colored partition a.

The contraction Cont(G, W) of a graph G = (V, E) with respect to a set of nodes W
is the subpartition of W obtained by intersecting each connected component of G with W
(if VAW =@ the result is {0}). We choose the name “contraction” because Cont(G, W)

can also be obtained as follows:

For each edge ¢ = {v,w} do:
fvg WorwgW then
If v¢g W then
Contract e and call the new node w
else
Contract e and call the new node v
Remove all nodes v ¢ W from the contracted graph G’ = (V/, E')
Cont(G, W) « partition of V* defined by connected components of G’

We extend the definition of Cont to deal with colored connected components. For
the set of distinguished nodes L, the L-contraction Contr (G, W) of G with respect to a
set of nodes W is the colored subpartition (7, 0) of W where 7 is the contraction of G
with respect to W and o is the contraction with respect to W of the graph induced by
the gray connected components in G.

Let us now consider H, a non-empty subgraph of G. We use II(H) to denote the set
of subpartitions of V(H) and C(H) to denote the set of colored subpartitions of V(H). We
are interested in characterizing those subgraphs of G in which all the distinguished nodes
in V(G) are operational and no gray connected component is isolated from V(H). Let us

call such subgraphs of G the set of favorable subgraphs of G with respect to H. For each

colored subpartition « in C(H), SG(G, H ,@) denotes the set of subgraphs G' of G such
that Contr(G’, V(H)) = a, all the distinguished nodes in G are elements of V(G"), and
no gray connected components is isolated from V(H) in G'. In other words, 5G(G,H,ea)

is the set of favorable subgraphs of G whose L-contraction with respect to V(H) is a.
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It is easy to verify that the set of favorable subgraphs of G with respect to H can
be partitioned into equivalence classes, each of which is SG(G, H, @), where a is a colored
subpartition of the set of nodes V(H). Let us consider, in particular, a partially reduced
k-tree and one of its k-cliques . We can partition the set of favorable subgraphs of
the shell B'(K) into equivalence classes corresponding to colored subpartitions of V(K).
Figure 6 (a) depicts a 2-tree G where K is the 2-clique induced by the set of nodes {a, b},
the set of distinguished nodes is L = {a,¢,d}, and node ¢ has been removed. There are
eleven different colored subpartitions of the set {a,b} and, therefore, eleven equivalence
classes in the shell B’(K). Figure 6 (b) shows the four non-empty classes of favorable
subgraphs of B'(K) with respect to X (recall that the edge {a,b} is not part of the shell
B'(K)).

We can now define the index set of the state of each k-clique. Let K be a k-clique
of a partially reduced k-tree G. Let ai,...,0 be an enumeration of all the colored
subpartitions of the nodes in K. ® We partition the set of favorable subgraphs of the
shell B/(K’) into the equivalence classes SG(B'(K), K, @1),...,SG(B'(K),K,a;). The
state of K consists of statistical information about each equivalence class of subgraphs of
the shell B'(K). Specifically, the state of each k or k + 1-clique K consists of the values
3(c1, K),...s(a,, K) such that for each colored subpartition & = (r,0)in C(K)

s(e,K) = Ppy)[SG(B'(K),K,e) || up(V(a), K)]
= > Pyl H || up(V(a), K], (I11.9)
H € 5G(B'(K),K,a)
where P[A || B] denotes P[4 | B) if P[B] > 0, otherwise it is 0. In addition, we use
up(W, K) to denote the condition up(W) A dn(V(K )\ W), i.e., the nodes in W are up
and the nodes in V(i) \ W are down. Thus, s(a, K) is the probability that a subgraph of
the shell B'(K) belongs to the class SG(B'(K), K, a), given that the nodes in V(a) are

3Notice that, for a fixed value of k, ¢ i8 constant (although exponential in k). Also
notice that we need to consider only colored subpartitions (r,¢) such that lo| £ 1 and
such that the nodes w in V(X) N L are in V(o).
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Figure 6: (a) A 2-tree (b) Non-empty equivalence classes induced by subpartitions of
V(K).

operational and the nodes in V(K') \ V(a) are down. If the probability that the nodes in
V(K )\V(a) are down is zero, s(r, K) is defined as zero. 4

The next four lemmata define the initialization, reduction, and termination steps of

our algorithm for Rel,.

Lemma 3.1 (initialization} Let G be a k-tree network and L be a subset of nodes of G.

Then for all K and @ such that A" is a k-clique of G, and & = (7, a) is a colored subpartition

1For the sake of simplicity we assume that the probability of operation of each node v
in G is positive. If some p, is zero we can either modify the formulae in this section or
remove v and apply the algorithin to the resulting partial A-tree.
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in C(K),

1 if o consists of zero or more singletons, H (1-p,)#0,
vEV(KWV (a)
V(g)C L, and (V(K)\V(e))NL =9

0 otherwise.

s(a, K) =

Proof: Immediate from the definition of of B'(K) (Equation I1.2) and the definition of
8(a, K') (Equation IIL.9) n

Let us now consider the reduction step. Let G be a (partially reduced) k-tree, and
v be a k-leaf of G with neighborhood K. Let K+ be the graph induced by V(X Ju{z},
and u1,...,uk41 be the nodes in K*. Also, for all i = 1,...,k + 1, let K* denote the
k-clique induced by the nodes in V(X*+)\{z;}. The reduction step consists of two parts.
First we compute the state of K+ by combining the information in the states of K* for all
t=1,...,k+1 (Lemma 3.4). Then we update the state of K by considering the state of
Kt and the effect of the edges that connect v to K (Lemma 3.6).

We need some additional notation. Let 7 be a partition. Following [10], we use wfu
to denote the partition obtained by removing % from its block in 7 and then removing
the block if it became empty. Furthermore, the join of two partitions 7, and 7, denoted
¥1V 72, is the partition obtained by taking the union of intersecting blocks until a partition
of the union remains (e.g., {{a,b}, {c},{d}} v {{a,d}, {b,¢, ¢}, {1} = {{a,b,¢,d,e}{f}}).
The join of two colored partitions ay = (71,7;), denoted a; V ay, is the colored partition
(m1 Vg, 03) where o3 is obtained by removing from 7 V 7 all the blocks that are disjoint
from V(o V o3).

To compute the state of K+ we consider all possible ways of obtaining o, a colored
subpartition in C(K*), as the join of ay,...,0p1, Where o; is a colored partition of
V(e™)\{w} (i = 1,...,k+1). We use T(a*,K*) to denote the set of (k+1)-tuples of

colored subpartitions of nodes in K+ such that their join is a* and the i-th entry is a
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colored partition of V(a*)\{w;} (i=1,...,k + 1). Formally,

T(a*, K*) = {(a1,... 041} | k\?a; =atAVi=1,..,k+1, & € C(V(at)\{5})}.
i=1
We use & to denote a (k+1)-tuple in T(a™, K*) and &; to denote the i-th entry of &.
By definition of B'(K*) (Equation II.4), a subgraph H of the shell B'(K+) is the
(graph) union of k+1 graphs Hi,...,Hey such that each H; is a subgraph of B'(K*)
(i = 1,...,k+1). Furthermore, a subgraph H is in SG(B(K*),K*, a*) if and only if
each H; is in SG(B(K"), K%, a;) for colored subpartitions o; such that (a1,...,0041) i5 an

element of T'(x*, K+). Formally, we make the following observations.

Observation 3.2 There is a bijection ¢ from SG(B'(Kt), K*,at) to

U  SGB'(E'), K, &) x ... x SG(B'(K*1), k¥ &..1)
FeT{at K+)

such that ¢(H) = (Hy,...,Hep) if USH H; = H. In particular,

Z Pegn)[H| Y= > > Pgygs)[H1U...UHpy || Y],
SGBIRIcH at) FeT(ert KE) (CpeTiga) v
where Y denotes the condition up(V(et),K*) and X; = SG(B'(K'), K% &),

1 £ i < k+ 1. Moreover, for each (k + 1)-tuple (Hy,...,Hiyq) in Xp X ... X Xeq1,

k-1
Pgi(g)[H1U. . .UHpqa | Y] = [] Pooreny[Hi Il up(V(&:), k7).

i=1
The following observation is useful in proving Lemma 3.4.

Observation 3.3 Given m finite sets X3,..., X, and m real functions A,y fn with

domains Xj,...,X,, respectively,

ﬁ2f£($)= > ﬁfi(mi)-

i=1zeX; (=1, 0Fm} in i=1
X1%...%xXm



34

We can now prove the following lemma.

Lemma 3.4 Let G be a k-tree network that has been partially reduced using some perfect
elimination ordering and the general reduction paradigm. Let v be the next k-leaf to be
removed. Let K be the neighborhood of » and K+ be the subgraph of G induced by
V(K) U {v}. Then for any colored subpartition at € C(K1),

k41

stat kY)Y = Y ] s@@, K.

GeT(at K1) i=1

Proof: Using the definition of s(at, K*) (Equation IIL9) and Observation 3.2 we get

@ KY) = Y Pagenl | up(Viat), k)]
SQUBI(RH i at)
= Z Z PBJ(K+)[H1U. . -UHk+l ” up(V(a"'),K"')]

€ T(at K+) (HyvwHggy)in
Xy X xXpgy

k+1 _
= 2 Yo II o lH: Il up(V(&), K.
&€ T(at ,K+) (Hl-----Hk).}.l) in i=1
x1 Haee X k+1
The result follows by Observation 3.3 1

We now show how to update the state of X given the state of K+. Let § be the star
network induced by the k edges thr are incident on v. Let C’(S) denote the set of colored
subpartitions as of nodes in § that consist of only singletons possibly with the exception
of the set containing node v. Additionally, ag is such that if v is in L then v € V(as).
The set C'(5) models the set of operational subgraphs of § in which v is operational if it is
distinguished. Edges and nodes of § that are operational may cause two or more connected
components of the operational subgraph of B/(X) to become connected. So we update
the state of K by considering all possible ways of obtaining each colored subpartition & in
C(K) as the join of pairs (a;,a3) of subpartitions in C(K*) and C'(S), respectively. The

following set defines formally a superset of the pairs of colored subpartitions that we want
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to consider:
A={(a",as)| a* e C(K*),as € C'(5),V(a*) = V(as),(a* V as)/v = a}.

Some of the pairs in A should not be considered as they correspond to subgraphs of the

shell B/(K) in which a gray connected component that contains v is isolated from the
k-clique K. So we define

PS(a,K) = {(a*,as) | (a¥,as) € A and {v} g ¢'},

where (1',0’) = e V as. The following observation is useful in proving Lemma, 3.6.

Observation 3.5 There is a bijection 3 such that

¥:SG(B'(K),K,a)~ |J SG(B'(K*),K*,a*)x SG(S,5,as)
(u+,n5)in
P5(a,K)

and ¢(H) = (H:[,Hz) iff H = HiUH;. 8

We can now establish how to update the state of K from the state of K+ and the
star graph S.

Lemma 3.6 Let G be a k-tree network that has been partially reduced using some perfect
elimination ordering and the general reduction paradigm. Let L C V(G) and v be the
next k-leaf to be removed. Let K be the neighborhood of v, and K+ be the subgraph of
G induced by V(K) U {v}. In addition, let S be the star graph consisting of the k edges
that link v to K. Then for all colored subpartitions « in C(K),

s k)= Y sa*,K*) Pslas || up(V(a),K))
(at,ag)in
PS(z.k)

SRecall that, at this point, B(X') denotes the set of remaved branches of K after v has
been removed, i.e., it includes v; K+ and B/(K +) were computed before v was removed.
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Proof: The proof follows by applying Observation 3.5 to the definition of s(a, I() and per-
forming basic algebraic manipulations. Let us use Y to denote the condition up(V(a), K).
In addition, let Y* denote the condition up(V(at), K+). By definition (Equation IIL.9)

and Observation 3.5

S(a,K) = Z Pyio)[H || Y]
H € SG(B'(K),K.x)

> > Y. PooHYUHS || Y).

+.ac)i Bt Hgin
(:;'s(c:f}c;“ SG(E’(K+)','!'(+,0+) SG(.S‘?:S,GS)

Il

But by statistical independence of component failures

Ppuio)[H*UHs || Y] = Pgug+)[HY || Y*] Ps[Hs || Y).

Therefore
s(a,K) = Z 3(a+,K+) E Ps[Hs || Y],
(at,ag)in Hgin
PS(m,K) 5G(5,5ag)
which is the desired result. & [ |

We can use lemmata 3.1, 3.4, and 3.6 to reduce any k-tree G to a k-clique R. But
we want the root R to be a k-clique that contains at least one distinguished node. In
this way, we know that each subgraph of G in OPr(G) is the (graph) union of a subgraph
in SG(B'(R),R,a) and a subgraph of the root R, where « is some colored subpartition
of V(R). The condition V(R) N L # @ is not restrictive as a k-tree with more than k
nodes has at least two k-leaves; so, in finding the first n — k elements of a peo for G (cf.
Algorithm IT) we can always avoid removing a specific k-leaf that is an element of L (if
any).

The following set defines formally the pairs of colored subpartitions of V(R) that

6Recall that Ps[ag] is the probability that the connected components of of S are those
defined by ag.
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we want to consider in the termination step. Let a = (7,) such that |o| = 1 and
Q(R,Ct) = {(&1,&2) | @y, 2 € C(R),V(Cq) = V(ag),al Vo= oz].

Clearly, there is a unique decomposition of any subgraph H in SG(G, R,a) as the
(graph) union of a pair of subgraphs (i, Hz) in SG(B'(R), R, 1) X SG(R,R,a3). The
following lemma states how to compute Rel;(G) from the information in the state of the

k-clique R and R itself.

Lemma 3.7 (termination) Let G = (V, E) be a k-tree network and L C V. Let R be a
root of G obtained by applying the reduction paradigm and lemmata 3.1,3.4, and 3.6 to
G, and such that V(R)N L # @. Then

Reli(G)= 3. Y s(a1,R) Prlas),

e "
where F(R) = {a | a € C(R),a = (7,0),|0]| = 1}.

Proof: We know

Reli(G) = ) FolHIN(L,H)= ) >, PglH]

H<G «€F(R) HeSG(G,R,a)

Expressing each subgraph H in S(G,R,a) as the union of pairs (Hq,H2) in
SG(B’(R),R, al) X SG(R,R, C!z),

Rel(G) = Y. Y} > Y. Pg[HiUH,)

a€F(R) (ay,a3) in Hy in Hz in
Q(R.a) SG(BY(A)R,a;) SG(R,R,az)

But
PG[H1 UHp = PB'(R)[HI [l up(V(al),R)] PR[H2].
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So
Reli(G)= Y Y s(m,R) Pplag].

o&e oy
BFrom lemmata 2.5, 3.1, 3.4, 3.6, and 3.7 follows our result.

Theorem 3.8 The I-terminal relability of a partial k-tree network given with an embedding

in a k-tree can be computed in O(n) time.
Resili

Reliability measures defined in terms of expected values rather than probabilities of
an event seem more difficult to calculate. Most of the work on these measures is based
on network models restricted not only in their topology (partial 2-trees, typically), but
also in the kinds of failures that may occur (e.g., only edge failures). Furthermore, to our
knowledge, all the results assume that the network is undirected.

Table 2 summarizes the different network models that have been studied. Rows
of the table classify networks according to the type of probability associated with node
failures. Nodes may be fail-safe, fail with the same probability, or fail with arbitrary
probability. Similarly, columns classify networks according to the type of probability
associated with edge failures. The lower right corner of the table represents the most

general network model. We present the results concerning resilience using this tabular

format.

Table 2: Classification of Models According to Type of Component Failures

Edge failures
VC, pe:l Ve,?e=cl VeaUSPcsl
Node Vv, pp =1 -
failures | Vv, p, = ¢3
Vo, 0<p, <1

The resilience of a network is the expected number of pairs of distinct nodes that

can communicate, Res is a #P-complete problem even when the network is planar and
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the nodes are fail-safe {24]. The only linear time algorithms for Res that we are aware
of assume that the network is a partial 2-tree {5, 42, 4. Table 3 and Table 4 describe
the complexity of the of the asymptotically fastest polynomial time algorithms for Res

on partial k-trees. The linear time algorithm presented in this section applies to all the
networks described in Table 3 and Table 4.

Table 3: Linear and Quadratic Time Algorithms for Res on Partial 2-tree Networks

Edge failures |
Res
Ve, p. =1 | Ve,pe =1 Ve, 0<p. <1
Node |Vv,p, =1 - O(n) [5] | O(n?) [24], O(n) [42]
failures | Yv, py = ¢2 O(n) [4)
Vo, 0<py <1 O(n) [49]

Table 4: Linear and Quadratic Time Algorithms for Res on Partial k-tree Networks

Edge failures
Res

Ve, pe=1|Ve,pe=c; Ve, 0<p. <1
Node |Vv,p,=1 -

failures | Yo, p, = 2

V,0<p, <1 O(n) [43]

We can formulate Res(G) as

Res(G) = > Pg|H) Pairs(H),
H<G

where Pairs(H) is the number of pairs {u,v} of nodes in V such that u & v and u # v.
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Alternatively, we can formulate Res(G) as

Res(G) = 53 3 Rels(G,u,v).

uEV vel
vyiu

Therefore, by Theorem 3.8 we can compute the resilience of a partial k-tree network in

O(n®) time. We obtain a faster algorithm if we express Res(G) in terms of 1-broadcast

resilience:

Res(G) = %(Z Res.(G) —pu).

ueV

Thus, a linear time algorithm for Res, (like the one discussed later, see Theorem 3.17)
gives a quadratic time algorithm for Res. However, we are interested in developing a
linear time algorithm for Res. The following lemma. presents another characterization of

Res that we will exploit in our linear time reduction algorithm for Res.

Lemma 3.9 Let G = (V, E) be a network. Then

Res(G) = -;- (E PglH] ). VC)? - Zpu),

H<G CeComp(H) veV
where Comp(H) denotes the set of connected components of H.

Proof: By definition of resilience

Res(@)

S opE > MOE-O)

H<G C¢eComp(H) 2

< ;X Rl Y Mor-

H<G CeComp(H)

2 3 PolH] V().

H<G

So all we need to prove is

> FelH]V(C) = po.

H<G veV
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But this follows because

> PelH]IV(O)| >_ FolH] ) IsOp(H,v)

H<G H<LG eV
= ). Y PglH] IsOp(H,v)
veV H<G
e Z Py
veV

1 ifve V(H),

0 otherwise

where IsOp(H,v) =

|

We now define the reduction algorithm for Res. We follow the terminology used in
the algorithm for Res;. However, unlike the algorithm for Rel;, we do not use colored sub-
partitions but subpartitions of sets of nodes of a network. In addition, given a subgraph H
of G, we define SG(G, H, ) as the set of subgraphs G’ of G such that Cont(G',V(H)) =,
for each subpartition 7 in the set of subpartitions II(V(H)). The following four collections
of values define the state of a k-clique or (k+1)-clique K.

For each subpartition 7 in II(K), the state of K includes the value s(r, K ). We
define s(w, K) as the probability that a subgraph of the shell B'(X) belongs to the class
SG(B'(K),K,n), given that the nodes in V() are up and the nodes in V(K)\V(x) are
down. If the probability that the nodes in V(K)\V(r) are down is zero, 8(m, K) is defined

as zero. © So

S(TF,I() = PBl(K)[SG(B'(I(),K,TF) " HP(V(TF),I{)]

= X Pald luV(n), KL, (I1L.10)
H € SG(B'(¥X),K,x)

where P[A || B] denotes P[A | B] if P[B] > 0, otherwise it is 0.

"For the sake of simplicity we assume that the probability of operation of each node »
in G is positive. If some p, is zero we can either modify the formulae in this section or
remove v and apply the algorithm to the resulting partial &-tree.
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Also, for all non-empty subpartitions 7 in II{KX') and each block C in =, the state of
K includes E(7, K,C). We define E(r, K, C) as follows:

E(r,K,C) = > PgolH || up(V(r),K)] BN(K,H,C), (IIL11)

Hin
SG(B'(K),K,x)

where BN(K, H,C) is the number of branch nodes (nodes in B(K)) connected to C via
H. It is easy to verify that if s(r, K) > 0, E(x,K,C)/s(m,K) is a conditional expected
value, namely the expected number of nodes in B(K) that are connected to C via H,

given that H is a member of the class SG(B'(K), K, 7).

In addition, for all non-empty subpartitions « in TI(K), and C;,C, blocks of «, the
state of K includes EP(7, K, C1,C?), where

EP(?I‘,K,CI,Cz) =

2. PouxlH || up(V(r), K)) BN(X, H,C;) BN(K, H,C»). (I11.12)
SGBK)Kom)

Again, it is easy to verify that if s(r,K) # 0, E(r,K,C1,C2)/s(m,K) is a conditional
expected value, namely the expected number of pairs (s,?) of nodes in B(K) such that
s& ¢y andt & C3, given that H, a subgraph of B'(K), is 2 member of SG(B'(K), K,x).

Finally the state of K includes the value EIP(K). We use EIP(K) to denote the
expected number of pairs of nodes in B(K) that can communicate but are separated

(isolated) from K. Formally, we define
EIP(K) = ) PexlH] Y VO, (I11.13)
H<B'(K) Cel(H,K)

where I(H, K') is the set of connected components C of H that are isolated from K , l.e.,
V(IC)NV(K)=0.

The next four lemmata define the initialization, reduction, and termination steps
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of our algorithm for the resilience problem, The initialization lemma follows from the
definitions of B(K'), B'(K), s(x, K), E(x, K,C), EP(%, K ,Cy,C3), and EIP(K) (equations
IL.1, IL.2, IIT.10, III.11, 11112, and III.13, respectively).

Lemma 3.10 (initialization) Let G be a k-tree network. Then

(a) For all K and # such that K is a k-clique of G and = is a subpartition in II(X),

1 if = consists of zero or more singletons and H (1-p,) #0,
s(m, K) = vEV(KNV ()
0 otherwise,

(b) For all K, 7, and C such that K is a k-clique of G, 7 is a non-empty subpartition
in II(K’), and C is a block in =,

E(r,K,C)=0.

(c) Forall K, =, C1, and C; such that K is a k-clique of G, T is a non-empty subpartition

in II(K), and Cy and C; are sets of nodes in 7,
EP(r,K,Cy,Cy) = 0.
(d) For all K such that X is a k-clique of G,
EIP(K) = 0.

Let us now consider the reduction step. Let G be a (partially reduced) k-tree, and
v be a k-leaf of G with neighborhood K. Let K+ be the graph induced by V{K)u{v}, and
U1y...,Uk41 be the nodes in K+, Also, forall i =1,... ,k+ 1, let K¢ denote the k-clique
induced by the nodes in V(X +)\ {w;}.

To compute the state of K+ we consider all possible ways of obtaining 7+, a sub-

partition in II(K't), as the join of 71,...,74y, where m; is a partition of V(x+t)\ {w;}
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(i=1,...,k+1). We use T(r+, K*) to denote the set of (k+1)-tuples of subpartitions
of nodes in K+ such that their join is #* and the i-th subpartition is a partition of
V(r)\{w} (i =1,...,k 4+ 1). Formally,

T(x*,K*) =
k+1
{(m1,-+ s Trq1) | Vmi=wFr A Vi=1,...,k+1, m is a partition of V{rt\{w}).
i=1

We use 7 to denote a (k+1)-tuple in T(r+, K*) and #; to denote the i-th entry of 7.

By definition of B'(K %), a subgraph H of the shell B/(K't) is the (graph) union of
k+1 graphs H,..., Hyy such that each H; is a subgraph of B/(K*) and i = 1,...,k+1
(cf. Equation IL.4). Furthermore, a subgraph H is in SG(B(K*), K +,2*+) if and only if
each H; is in SG(B(K"), K%, ;) for subpartitions m; such that (m1,...,Tpp1) i5 an element

of T(r*, K+). Formally, we make the following observations.

Observation 3.11 There is a bijection ¢ from SG(B'(Kt), K*,xt) to

U  SGB'(K),K',m) x ... x SG(B'(K*+Y), K*¥+1 1,.1)

(ul ..... 1|'k+1)
in T(xt,K+)

such that ¢(H) = (Hy,..., Hgya) iff USH H; = H. In particular,

k+1
Z PB'(K"’)[H | Y] = Z 2 PB'(K+)[U H Y],
SGB/(K+) K+ rt) At ()I({:;'.f&}ll? =
where Y denotes the condition up(V(st),K+) and X; = SG(B'(K*), ki, 7),

1<i<k+1.
Moreover, for each (k + 1)-tuple (Hy,...,Hpp1)in X3 X ... % Xit1,

k41 k41 _
PB'(K+)[U H; ” Y] = H PBt(Ki)[H,' ” u‘p(V(T?;),K')].
=1 =1

We can now prove the following lemma.
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Lemma 3.12 Let G be a k-tree network that has been partially reduced using some perfect
elimination ordering and the general reduction paradigm. Let v be the next k-leaf to be
removed. Let K be the neighborhood of v, and K+ be the subgraph of G induced by
V(K)u {v}. Then

(a) For all #+ such that »t is a subpartition in II(X+),

k41
s(rt, Kk*)= Y ][ s(Fi, KY).

RET (x4, K+) i=1

(b) For all #* and C such that #* is a non-empty subpartition in II(X*) and C is a

block in =,
k41 k+1 ) .
E(=*,k*,C)= Y. 3 TIs(7i, k%) Y E(#, K¢, D).
FeT(nt ,K+) i=1 jm1 De#;
I Dce

(c) For all 7+, Cy, and C; such that n* is a non-empty subpartition in II(K+) and Cy,
C2 E ﬂ'+1

k41 k41

EP(zt,K¥,Cl,Ca)=  3° 335 3 Y F(i,4,Di,D2),

ﬁeT(ﬂ-"' 'K+) f=1 j=l Dl €ny Dgef’?
D1CC1 D,CC,

where

r k41
[15(7:, k') EP(7:, K*, Dy, Dy) ifi=j,

i=1
F(i3j,D1:D2) = 9 ’il-&l

[1 (&, K" E(7:,K',D,) E(7;,Ki,D;) otherwise.
i=1

L 1£iAl#S

k+1
(d) EIP(K*)=Y_ EIP(K).

i=1
Proof: Let us use Y to denote the condition up(V(r+), K*) and use ¥; to denote the
condition up(V(7;), K¥).
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(a) Using the definition of s(x+, K*) (Equation III.10) and Observation 3.11 we get

s(xt, K*) = > Py H || Y]
SG(BH(K+) K+ mt)
k41

E Py Hi (1Y)

#e T(rt K+) (H1 RREL i=1
1X X k41
k+1
> II Pogscs) [ H: I Vi

FET(rt K+) (HyyHyyy) in i=1
X:x...xxk.“

The result follows by Observation 3.3.

(b) Analogously, we use the definition of E(z+, K*,C) (Equation IIL.11), and Observa-
tion 3.11 to obtain

k+1 k+1
E(W+:K+$C)= z z HPB'(K")[HS' ll ¥i] BN(K+9U H;C).
e T(1|’+,K+)(H1 ..... 1)én =1 i=1
X1%.. X&H.]
But
k+1 k+1 )
BN(K*, |J H;,¢)=3_ 3 BMK’,H;,D). (IIL.14)
j=1 i=1 pce
De#,

So, simple algebraic manipulation and Observation 3.3 yield the desired result.

(¢) Similarly, we use the definition of EP(r*, k'+,C,C;) (Equation I11.12}, and Obser-
vation 3.11 to get that EP(x*,K*,Cy,C3) is

k+1 k41 k+1
Z > II PeywsylH: | Vi) BN(KH, | H;, Cy) BN(KH, U #;,Ca).
(H 1 aee Hk-l-l) ini=1 J—-l J-—I

T("+'K+) X1x.. X.XJH.;

Equation II1.14 and additional algebraic manipulation suffice to prove (c).
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(d) By definition of EIP(K*) (Equation IIL.13),

EIP(K*) = Y PpxslH] > [VIO)R

H<B'(K*) CeI(HK+)

We can compute the sum above by enumerating the subgraphs H of the shell B/(K+)
in some convenient order. For each subset W of nodes in Kt we define Z;(W) as

the set of subgraphs of the shell B'(X*) such that V(H)nV(K*) = W\ {;}. Thus,

k+1
> Pgyg+y[H] = > P+ Hjl
HEBI(Kt) (Hy Hggq) in i=1
V(H)AV (K+)=W Z1 (W)X .o X 2141 (W)
and
k+1
EIP(KY)= 3 2 Py ey Hjl > V(e)P.
WCV(K+ (Hy s ) in =1 k41 o
o )Zl(vffl)x.:’;:}:“(W) ! Cel(Ujc, HiK+)
But
k+1
> Ve =3 3 Vo)
cel(Ji2! H;K+) =1 Cel(HiK')
So
k+1 k+1
EIP(K*Y) = 3 3 > Paws[J H f(H:), (11L15)
i=1 WQV(K'I') (H1pees Hipq)in j=1

ZJ(W)K.--XZk+1 (W)

where f(H:) = Xeenm, ki) IV(C)2.

Define
k4!
X = b PoqxenyilJ Hj) F(H;). (I1L.16)
(HyuHpyq) in j=1

Zy (W)K...XZ*.H (W)
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Clearly,
k+1
X = Y. Pyl H;llup(W, K*)) o(W, K+) F(H:),
(Hy o Hgg1) in i=1

Z], (W))(...)( Zk+1 (W)

where g(W, Kt) is the probability that the nodes in W are the operational nodes in
Kt ie.,

sW, k)= T po JI (-p).

weW  ueV(K+\W

By statistical independence of node and edge failures and by Observation 3.3,

k+1
g(W,K+) > 1 Poucsy[Hj 1| up(W, K )] f(H:)

(Hl ..... Hk-i-l) in j=1
Z1 (W)X ... xZx41(W)
k41
= gW,KN)[T >  PowilH || up(W, K)] (ITL.17)
izt HEZ; (W)

>, Poyxy)ld || up(W,K*)] f(H).
HeZ (W)

X

Clearly,
Y. PgusnlH || up(W,K*)] = 1.
HeZ;(W)
So

X = gWEKY) Y PoxalH || up(W, k)] f(H)
HeZ;(w)

= g Z: PB'(K") [H] f(H), (III.IS)
HeZ (W)

where g; is py; if node u; is in W, otherwise ¢; = (1 - p,,).
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Combining equations III.15, II1.16, and ITI.18 we obtain

k+1

EIP(K*Y)=3%" > & Y. PeueylH] f(H),
i=l WCV(Kt) HeZ(w)
and the result follows by observing that for each set of nodes W such that u; € W
the set W \ {u;} is also a subset of V(K*). Thus

k+1

EIP(K*) = Z Z Z PB'(K‘)[H] J(H)
i=1 WCV(KY) HeZ,(W)
k+1

= Y. D PeuqlH] f(H).

i=1 HSBI(KY)
n

We now show how to update the state of X given the state of K*. Let S be the star
network induced by the k edges that link v to K. Let I'(S) denote the set of subpartitions
of nodes in S that consist of singletons only possibly with exception of the set containing
node v. The set II'(S) models the set of operational subgraphs of S. We update the state
of K by considering all possible ways of obtaining each subpartition # in M{K) as the
Join of pairs (i1, 72) of subpartitions in II(X+) and II'(S), respectively. The following set

defines formally the pairs of subpartitions that we want to consider:
PS(x,K) = {(m1,m2) | ;1 € I(KH), 72 € I(S),V(m1) = V(m2), and (my V T2)/v =7}

The following Observation is useful in proving Lemma 3.14.

Observation 3.13 There is a bijection % such that

¥:SGB(K),K,x)~» |J SGB(K*),K*,m)x SG(S,S,15)

(m.ma)
in PS(m,K)

and ’l,b(H) = (Hl,Hg) iff H = HiUH,.



50

We can now establish how to update the state of X from the state of K+ and the
star graph S.

Lemma 3.14 Let G be a k-tree network that has been partially reduced using some perfect

elimination ordering and the general reduction paradigm. Let v be the next k-leaf to be
removed. Let K be the neighborhood of v, and K* be the subgraph of G induced by

V(K) U {v}. In addition, let § be the star graph consisting of the k edges that link v to
K. Then

(a) For all = such that x is a subpartition in II(X),

s(m,K)= Y s(m,K*) Ps[mz || up(V(x), K)).

(mr,m2)
in PS(n,K)

(b) For all m, C, such that 7 is a non-empty subpartition in II(X) and C is a block in

oy

E(r,K,C) =
2 Pslmllup(V(x), K) ( 3 E(m,K*, D) + 2(v,C")),
in (;’I.S:(:,)K) BEE'

where C’ is the block of m; V w3 such that C € €, and
LK) if c’,
#(0,C") = 8(my ) ifve
otherwise,
(c) For all 7, Cy, and C; such that 7 is a non-empty subpartition in II{K), and C; and

C; are blocks of the subpartition «,

EP(K,x,Cy,C;) = ). Pslm || up(V(r), K))

(my,m3)
in PS(r.K)



a1

Y. 2 (EP(m,K*,Di,D3)+ R(v,Dy,Dy)),
Diem DzEfr_l
D1CC} D2CCY

where
[ 2 E(ny, K+,Dy) + s(m,K*) ifveD; A ve D,
E(r, K+t,D fvegDy AveD
R(v, Dy, Da) = 1 (m, K, Dy) € Dy 2,
E(m, Kt,D5) ifveDy A veg Dy,
| 0 otherwise,

(d) Let Ii(v,K*,5) be the set of pairs (m1,72) of subpartitions in I(X*) such that
V(m) = V(m2), 72 € I'(S), {v} € 1, and {v} € m5. Then

EIP(K) = EIP(K*) +

2 (BP(m, K+, {v},{v})+2 E(m1, K+, {v})+s(m1, K*)) Pslma || up(V(x), K)].
in R 5)
Proof: The proof follows by applying Observation 3.13 to the definition of s(r, K),
E(r,K,C), EP(%, K,C\,C), and EIP(K), and then performing basic algebraic manipu-
lations. Let us use Y to denote the condition up(V(x)) A dn(V(K)\ V(r)). In addition,
let Y3 denote the condition up(V(m)) A dn(V(K+)\ V(m)).

(a) By definition (Equation I11.10) and Observation 3.13,

(v, K) = > Pgixy[H || Y]
H € SG(B'(K)K,x)

Z z E PEI(K)[H1UH2 || Y].

(my.mg) Hy in Hy in
in PS(m,K) SG(B'(K+),K+ 1) 5G(S,5,m2)

But

Peur)[H1UH: || Y] = Pgijres)[H1 | Y] Ps[H2 || Y. (IIL.19)
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Therefore

s(m, I) = E s(1r1,K+) E Ps[H, || Y],
(my,73) Ha in
n PS(?I"K) SG(Sisﬂr!)

which is the desired result. 8

Analogously, we use the definition of E(r,K,C) (Equation III.11) and Observa-
tion 3.13 to obtain

E(x,K,C) =
E(r,K,C)=

> 2. 2. PeulfiuH: || Y] BM(K,HUH,,C), (IIL.20)
(m,mg)  HieX) HzeX;
in PS(mK)

where X; = SG(B'(K*),K*,7,) and X, = §G(S, S, ).

Let C’ be the block of 71V, such that € C C’. Notice that a block C in (mivx)\{v}
is obtained by taking |Jpexr, D \ {v}. Thus,
pce

BN(K,H,UH,,C) = ) BN(K*,H,,D)+ §(v,C"), (I11.21)
Degmy
bce

1 ifveC,
where §(v,C’) = { o€

0 otherwise.

Combining equations III.19, II1.20, and III.21,

E(r,K,C)=
2. (X Pogw)lH | YA) YX.BN(K*, Hy, D) + 6(v,C"))) > Ps[H, || Y).
(mm2)  HieX, Dery HeXz
in PS(r.K) DCor

8Recall from section 2 that Ps[n,) is the probability that the connected components of
of § are those defined by .
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Simple algebraic manipulation completes the proof.

(c) By definition (Equation II1.12) and Observation 3.13,

EP(r,K,Cy,Cs) =

> 3 Y. PaiyglH1UH: || YIBNK, HyUH;,Cy)BN(K, HyUH,, Cy),
(m,m) HyeX; H2€X;
in PS(xK)

(I11.22)

where X; and X; are defined as in (b) above.

Besides, by Equation IIL.21, the product BN(K, HyUH,,C,) BN(K, H\UH;,,C3) is

one of the following values:

( X BNK*,Hy,Di)+1)( >, BN(K*,Hy,D;) +1)
Dyem Dyemy
Dyccy D;CC}

if 6(v,C{)é(v,C4) =1, or

( § :BN(K+,H1,D1)+ 1) 2 :BN(K"',Hl,Dg)
Dié&ny Da€my
D, CCY D,CC)

if 6(»,C1) = 1 but §(v,C}) =0, or

Y. BNM(K*,Hy,D\)( 3 BN(K*,Hy,D;)+1)
DIE"l D €my
DicCl Dycc}

if 6(v,C{) = 0 but §(v,C}) =1, or

ZBN(K-'-le:Dl) EBN(K+’H1’D2)
Dy €y Da€my
D:CC D, CC

otherwise.
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The result follows by considering each of the four cases above and simplifying Equa-

tion II1.21 accordingly.

By definition (Equation III.13),

EIP(K)= ), Ppuy[H] 3. IO

H<BY(K) Cel(H,K)

We can enumerate the subgraphs of B'(X) in an more convenient order:

EIP(K)= 3 > Py HIUH,] > V(O
H <P (K+ Haes Cel(H,UHa K)
V(HINV(K+)=V(Hy)V (K+)

For each subgraph H of B/(K), a connected component C of H is isolated from the
k-clique K if and only if C is isolated from K* or V(C)n V(K+) = {v} and there
are no edges in H connecting node v to a node in K. Let II{v, K+, 5) be the set
of pairs (my,%2) of subpartitions in H(X*) such that V(ry) = V(x2), 7 € I/(S),
{v} € 7y, and {v} € x3. Then

EIP(K)= A+ B,

where

A= ¥ > Pps)[MUH,] 3 V(C1)P

K+
R )V(H,)nV(Kf;’:Sg(H, AV (K+) Crel(Hh.K+)

and

B = E E E PB:(K)[H1UH2](BN(I(+, H],{‘U}) + 1)2.
(mymp) in Hi€X1 HaeX,
Ii(v, K +,S)

Clearly

Fpi(x)[H1V Ho] = Pgi(se+)[H1]Ps[Hz || up(V(Hz) 1 VIK)) A dn(V(K T\ V()]
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and

> Pprg)[Hz || up(V(H2) N V(E*)) Adn(VKT\V(Hy))] = 1.
V(Hz)t'lV(K':?-:S\?(Hi INV(K+)

Thus
A= 3 PggslHl] Y VG

H;SB’(K"‘) C;EI(H],K*’)

Similarly,

B= Y 3 PoglHiIG(BN(KY H,{vh)+1P 3 Ps[H,]
{ry.mp)in Hi€X, H2€5G(5,5,72)
N(v,K+,5)

and simple algebraic manipulation gives

B= 3 (EP(m,K*,{v}))+2E(m, K+, {v}) + s(r1, K+))Ps[rs].

(my,m3) in
(v, K*,5)

We can use lemmata 3.10, 3.12, and 3.14 to reduce any k-tree G to a k-clique R.
We compute Res(G) by combining the information in the state of the k-clique R with the
effect of the edges between nodes in R. Before computing Res(G) we extend the values in
the state of R (statistics about B'(R)) to values about the graph G itself. Some additional
notation is in order. Let Res'(G) denote the expected number of ordered pairs of nodes

in G that can communicate (including pairs of the form (,u)). So

Res'(G)= ) PelH] 5, [V(C)J
H<G CeComp(H)
Notice that by Lemma 3.9

Res(G) = % (Res'(G) - 3 py).
veV
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Therefore we only need to prove that Res’(G) can be computed from the state of
the root R and the effect of the nodes and edges in R.
To account for the effect of the edges between nodes in R we define the following

functions. Letting 7 be any non-empty subpartition of the nodes in the root R and C € =,
define

EP(x,R,C)= 5.  PglH|NH,CY,
HeSG(G Rn)

where N(H,C) = |{y € G | y £ C}|. Finally, let EIP'(R) denote the expected number of

ordered pairs (u,v) of nodes in G that can communicate such that v % R and v # R. So

EIP'(R)= ) FolH] Y, IV(O)P

H<G CeI(H,R)
The following lemma states how to compute Res’(G) from the state of the root R.

Lemma 3.15 (termination) Let G = (V,E) be a k-tree network and R be a root of G

obtained by applying the reduction paradigm and lemmata 3.10, 3.12, and 3.14 to G.
Then

(a) For all =, C, such that 7 is a non-empty subpartition in II(R), and C is a block of

W‘.l
EP'(r,R,C) =
2. Prlm] (s(m,R)ICP + 3 (21C] E(71,R,D) + EP(my, R, D, D))).
L2y I\‘Jrz(:all::’.::f V(r) .geg%
mVm=n

(b) EIP'(R) = EIP(R).
(c) Res'(G) = EIP'(R)+ Y, > EP'(m,R,C).
#€ll(R) Cer
Proof: The proofs follow easily by algebraic manipulation of the definitions of
EP'(7,R,C), EIP'(R), and Res'(G). We present some details of the proof for (a) only.
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Let Y denote the condition up(V(m)) A dn(V(R)\V(m)). Clearly,

EP'(r,R,C) = Y Ps[H|NH,C)
HeSG(G,R,r)
= Z Z Z PB’(R)[HI || Y] PH[HQ] N(H1UH2,C)2
(my.m2) Hy in Hain
ny Awg part. of V(m) SG(B'(R),R,71) SG(R,R,m3)
Ry VIyp=m

and the result follows because

N(H\UH,,C)? = |CI*+2|C| Y BN(Hy,D)+ (Y. BN(H,D))*.

Der Degnr:
DC DC
[ |
Therefore, we have the following theorem.
Theorem 3.16 The resilience of a partial k-tree network given with an embedding in a

k-tree can be computed in O(n) time.

Proof: Correctness follows from lemmata 3.10, 3.12, 3.14, and 3.15. Timing follows from
lemmata 3.10, 3.12, 3.14, 3.15 and 2.5. [ |

Broadcast Resilience

The broadcast resilience Res,(G) of a network G with respect to a node » is the

expected number of nodes that can be reached from v. Thus

Res,(G) = Z Pg(H] z r(v,{uv}, H).

H<G ugV

We can compute Res,(G) with a straightforward simplification of the reduction algorithm
for Res. First we make sure that the root R includes node v. Secondly, we maintain
in state(K) the values s(r,K) and E(m, K,C) only (for all subpartitions « in II(K) and
C € m). This is possible because the algorithm for Res updates the values s(w, K) and
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E(m, K,C) by combining values s(z’,K’) and E(x',K’,C’) only. Finally, we modify the

termination step to compute

Res, = Z E(r,R,C,),
xeM'(R)
where II'(R) is the set of subpartitions of V(R) such that » € V(r), C, is the block
of = that contains v, and E'(r, K, C) is the expected number of nodes in the connected

component that contains the nodes V(C). It is easy to verify that

E'(r,K,C) = S Prlm) (s(wl,R) Icl+ 3 E(vrl,R,D)).(III.23)
) Arg (::u: :22 f V(r) ggg
ny Vog=w

Therefore we obtain the following theorem.

Theorem 3.17 The broadcast resilience of a partial k-tree network given with an embed-

ding in a k-tree can be computed in O(n) time.
I-Broadcast ilienc

The I-broadcast resilience of a network G is defined as

Resi(G,L)= ) PglH] Y r(v,L, H), (II1.24)
H<G vev
i.e., it is the expected number of nodes that receive a message broadcasted from each node
in L. This measure is useful in determining the best sources for broadcasts in a network.
We are interested in solving Res; for { > 1.

It would be convenient if we could solve Res; by using the reduction algorithm for
Res,. For instance, we may consider computing Y ver Res,. However, this approach
would only give us an upper bound on Res; (it would count more than once the nodes
connected to L). Another alternative is to try to solve Res; from the information in

state(R). This approach works when L is a subset of the nodes in R.
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Theorem 3.18 Let G = (V, E) be a partial k-tree network and R be a root of G obtained
by applying the reduction algorithm for Res, to G. Let L C V(R). Then

Res(G,L)= Y. Y E(a,K,C) (111.25)
=ell(R) Vi c%ﬁ'i us

and Res;(G, L) can be computed in O(n) time.

Proof: The identity follows by simple algebraic manipulation of Equation II1.23 and Equa-
tion II1.24. Timing is a corollary of Theorem 3.17. | |

A linear time solution for Res; with respect to an arbitrary set L can be obtained
by defining a reduction algorithm explicitly for this problem. We will present neither a
detailed description of this reduction algorithm nor a formal proof of correctness because
it is a combination of the ideas already presented in the algorithms for Rel; and Res,.
Naturally, as there is a set of distinguished nodes L, we borrow the notion of colored
subpartitions from the algorithm for Rel;. In contrast with the approach for Rel;, any
subgraph of G is favorable. In particular, distinguished nodes may be elements of con-
nected components that are isolated from a k-clique K. From the algorithm for Res we
borrow the idea of keeping track of values similar to s(r, K), E(x, K,C), and EI P(K).
The following definitions formalize these ideas.

Let H be a subgraph of G. For each colored subpartition a in C(H), SG(G, H,a)
is the set of subgraphs of G whose L-contraction with respect to V(H) is a. The state of
a k-clique is defined by the following three identities.

For each subpartition a € C(K),

s(a, K) = z Py H || up(V(e), K)].
H e SG(B'(K),K,a)

For each subpartition o = (r,0) € C(K) and each block C in r,

E(Q&K’C) = Z PB'(K)[H ” up(V(w),I()] BN(K’ H, C)'
H € SG(B'(K),K,~)
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We also keep track of the expected number of nodes in gray connected components that

are isolated from K:

EIN(K)Y= )" PglH] Y. |V(C).
H<G CeJ(H,K)
= v(c)nLye

The initialization, reduction, and termination steps are defined by lemmata very

similar to the lemmata for Res.

Theorem 3.19 The /-broadcast resilience of a partial k-tree network given with an embed-

ding in a k-tree can be computed in O(n) time.

Network Broadcast Facility Location Probl

Nel {49] defines the Network Broadcast Facility Location problem (with parameter

I) as finding a set of / nodes of G that maximizes the I-broadcast resilience of G, i.e.,

NBFLK(G) = Jmax {Resi(G,L)}.

|L|=t

Therefore, a trivial corollary of Theorem 3.19 is

Corollary 3.20 The NBFL; problem on partial k-tree networks given with an embedding

in a k-tree can be computed in O(n!*+!) time.
Concluding Remark

The reduction paradigm introduced in [10] is a powerful tool to solve network reli-
ability problems restricted to partial k-tree networks. In this chapter we presented exact
linear time algorithms to solve Rel;, Res, Res;, and a polynomial time algorithm for
NBFL;. The technique employed can be applied to solve other network reliability prob-
lems. For example, given two nodes that maximize Res,(G) we may want to discriminate
among them by computing the standard deviation of X, where X is a random variable

denoting the size of the connecied component containing the selected node. We believe
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that the basic technique presented here can be generalized to compute this and other
reliability measures,

Res is a particularly difficult problem. To our knowledge it had been solved in
polynomial time only when the network is a partial 2-tree and either edges or nodes fail,
but not both. The reduction algorithm for Res that we presented is very useful not only
because it runs in linear time, but also because it is the basis for linear and polynomial
time algorithms for Res,, Res;, and NBFL,.

Even though this research is not concerned with the development of efficient ap-
proximation algorithms for general networks, we must point out that the availability of
efficient exact algorithms for restricted classes of graphs may result in better approxima-
tion algorithms for general graphs. In particular, edge-packing techniques may benefit
from the existence of efficient exact algorithms for partial k-trees. Colbourn [23] indicates
that edge-packing by partial 2-trees is a promising option to obtain better lower bounds
for some reliability problems.

The reduction algorithms presented in this chapter run in time linear in the size of
the graph but exponential in k. Naive implementations of these algorithms make them
practical for small values of & only (k < 4). However, careful implementations may result
in more generally applicable algorithms. Table 5 presents the size of the state of each
k-clique in the algorithms developed in this chapter. The expression {7} stands for the
number of ways to partition a set of n elements into [ nonempty subsets {(a Stirling number

of the second kind).
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Problem Edge failures Node and edge failures
w | Rl 2]
=1 L i=1 It
k . k+1 1 /.
w20 2 (5)
i=1 t Jj=0 J =1 t 3=0 7
k k+1
Res, Z{’:}(t+l) Z{kjl}i
i=1 i=1
k k k+1
Res 1+Z{t}(z+1+1(1—1)/2) 1+E{ }(z+(z—1)(z—2)/2)
=1 i=1
k .
Res; 1+E{ }E(;)(H‘l)

S0

i=1 j=0

)
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CHAPTER IV

EFFICIENT EXACT ALGORITHMS FOR DIRECTED PARTIAL K-TREE
NETWORKS
Introduction

In the previous chapter we presented efficient exact algorithms for several reliability
problems restricted to undirected partial k-tree networks (given with an embedding in a
k-tree). In this chapter, we present polynomial time solutions to the directed counterparts
of these problems. The study of efficient algorithms for directed reliability problems is
motivated by the fact that there is no known technique to reduce a general directed
problem to its undirected counterpart. ! Thus the algorithms given in Chapter III do
not seem to be applicable for directed reliability problems. In fact, even if a linear time
reduction existed, the tree width of the undirected graph may become impractically large.

We must also point out that the results in this chapter do not supersede those in
Chapter III. On the one hand, although it is well known that Rel; can be reduced to its
directed counterpart via an O(m) time transformation, such a reduction increases the tree
width of the undirected graph from k to 2k + 1 (if nodes fail, Lemma 4.9). As all of these
reduction algorithms run in time exponential in k, a small increase in the value of & may
turn an algorithm impractical. On the other hand, there is no known technique to reduce
the undirected versions of resilience to its directed counterpart (if nodes fail). Besides, the
reduction algorithms for the directed versions of Res, and Res do not run in linear time
but in O(n?) and O(n®) time, respectively.

This chapter is organized as follows. In the next section we define some basic ter-

Directed and undirected versions of the problems solved in Chapter IV are #P-
complete in general. Therefore, there are polynomial time reductions between them.
However, we are only interested in linear time reductions between these problems.
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minology and redefine some concepts that we previously presented in terms of undirected
graphs. We then discuss how to modify the algorithms given in the previous chapters
to deal with directed networks. We initially employ a simplified network model in which

nodes are fail-safe. In a closing subsection, we discuss how to cope with node failures.

Terminology

Unless otherwise stated, we follow the graph theoretic terminology in [37]. We model
directed networks with probabilistic digraphs G = (V, E), where V is a set of nodes and
E € V xV is the set of arcs. Nodes represent communication sites and arcs (u,v) in E
represent a communication line from node u (the origin) to node v (the destination). A
node v is reachable from node u if there is a (directed) path from u to v, i.e., u = v or v
is reachable from a node w such that (u,w) is an arc in E. Each arc e has an associated
probability of operation p, such that 0 < p, < 1. Table 6 summarizes our terminology for
directed reliability problems. Let G be a directed network and s, ¢, be nodes in V(G). The
reachability of G with respect to s, Connx(G,s), is the probability that all nodes in V(Q)
can be reached from s, i.e., it is the probability that a broadcast operation from node s is

successful. The s,i-connectedness of G, Conny(G, s,1), is the probability that there is a

(directed) path from s to . Given a subset L of I nodes in V(G), the s,L-connectedness

of G, Conny(G,s, L), is the probability that L is reachable from s, i.e., the probability
that there is 2 path from node s to each element in L. The directed broadcast resilience
of G with respect to a node s, DRes,(G), is the expected number of nodes that can be
reached form s (including s). The l-directed broadcast resilience of G with respect to a

set of / nodes L, DRes)(G, L), is the expected number of nodes that can be reached from

nodes in L (including nodes in L). The directed resilience of G, DRes(G), is the expected

number of pairs of nodes that can communicate.

The following definitions are natural extensions of concepts defined previously in
terms of undirected graphs. Let G = (V, E) be a digraph, a digraph G’ = (V',E') is a
subgraph of G if the set of nodes V' is a subset of V and the set of arcs E' is a subset of
E; G' is a partial graph of G if it is a subgraph of G and V' = V. As nodes are fail-safe
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Table 6: Directed Versions of Some Reliability Measures and Their Associated Problems

Measure Notation Problem
Reachability Conna(G,8) | Conng
s,t-connectedness Connzy(G,s,t) | Conny |
s,L-connectedness Conni(G,s,L) | Conny ||

Directed broadcast resilience DRes,(G) DRes, ||
I-Directed broadcast resilience { DRes;(G,L) | DRes; ||
Directed resilience DRes(G) DRes ||

in our directed network model, we use partial graphs to model the state of the network.
Given two nodes u, v in V(G), we say that u is connected to v via H, a partial graph of
G, and denote it uﬁv, if v is reachable from z in H. Node u is connected to a set of nodes
L via H, wRL if u is connected to each element of L via H. We define the connectivity
function r(u,L,H) to be 1 if u = L, otherwise it is 0. For instance, we can formulate

Conny(G,s,L) as

Conni(G,s,L) = Z Pg[H}r(s, L, H),
HCG
where H C G denotes that H is partial graph of G.
A digraph G is a directed k-tree if it is obtained form a k-tree G’ by replacing each
edge {u,v}in E(G") with arcs (u,v) and (v,u). A directed partial k-tree is a partial graph

of a directed k-tree. Let G be a digraph, the underlying multigraph of G is the multigraph

G’ obtained by replacing each arc (u,v) with and edge {u,v}. A digraph K is a k-clique
i there is an arc connecting each pair of nodes in K. Other concepts such as removed

branches on K, shell of K, peo, k-leaf, etc., are defined as expected.
Efficient E Algorit]

All the problems in Table 6 are #P-complete for general networks. Agrawal and
Satyanarayana [2] developed a linear time algorithm for Coonny restricted to partial 2-

trees. We are not aware of the existence of any polynomial time algorithms for directed
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partial k-trees when & > 2. Ball and Provan [13] proved that Conng can be computed
in O(m) time for directed acyclic graphs. This is an interesting result because Conn; is
#P-complete for directed acyclic graphs [23). This is the only case in which Conn; and
Conny have been proved to differ in complexity [23].

The rest of this chapter presents algorithms for the reliability problems in Table 6
restricted to directed partial k-tree networks. We assume that partial k-trees are always
given with an embedding in a k-tree and that k is a fixed positive integer. Furthermore, to
simplify our presentation, we assume that nodes are fail-safe. Without loss of generality,
we also assume that the input graph has been transformed into an embedding k-tree by
adding arcs e with p, = 0.

The reduction algorithms for undirected reliability problems keep track of certain
statistical information about classes of subgraphs of the shell of each k-clique. For each
k-cligue K and each subpartition = of the nodes in V(X'), we maintain information about
the subgraphs of the shell B'(K) whose “contraction” with respect to K is x. 2 The fact
that edges represent bidirectional communication lines allowed us to represent connectivity
between nodes in V/(K) via subpartitions of the set of nodes V(K). Directed graphs require
a different approach. The general idea that we use is a natural extension of the ideas in
the previous chapter. Instead of using subpartions of the set V(K to partition the set
of subgraphs of the shell B/(K) into equivalence classes, we use digraphs on the set of
nodes V(K) to partition the set of partial graphs (nodes are assumed fail-safe) of the shell
B'(K). Most of the concepts and definitions in Chapter III have natural counterparts for

the directed version of the reliability problems.
4.L-Connectedness

Let G be a directed k-tree network and let L be a set of / nodes in V(G). We are

interested in computing the probability that there is a path from a specific node s, the

The definition of “contraction” varies from problem to problem,.
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source of G, to each node in L, i.e.,

Conny(G,s,L)= Y Pg[Hr(s,L,H).
HCG
We need a few definitions before presenting the reduction algorithm for Conn,.

Let v be a node of G with incoming arcs (zi,v),...,(zi,v) and outgo-
ing arcs (v,41),...,(v,9;), for some non negative integer values i and j. The
gubstitution of node v in G, subs(G,v), is the operation on G that removes node v
from V(G) and adds one edge from each node z,,...,2; to each node Y1,--., Y. Let
G = (V,E) be a directed graph and W be a set of nodes such that W NV # 0. The

contraction of G with respect to W, Cont(G, W), is the graph obtained by by substitut-
Cont(G,W}v

ing all nodes in V\W. Clearly, for any two nodes u, vin W, uZvifand only if

Let G be a directed graph, H be a subgraph of G, and L be a set of nodes (not
necessarily in V(G)). Let D = (V(H)U L', E') be a digraph such that L' = LN V(G). We
are interested in those partial graphs of G such that all the nodes in L’ can be reached
from V(H). Let us call such partial graphs of G the set of favorable subgraphs of G with

respect to . We use PG(G, H, L, D) to represent the set of favorable subgraphs of G such
that Cont(G,V(H)U L) = D. As in the undirected case, it is easy to verify that the set of
favorable subgraphs of G with respect to H is partitioned into equivalence classes, each of
which is PG(G, H, L, D), where the set of nodes of D is V(H)u (L N V(G)) and all no des
in LN V(H) are reachable from V(H). In particular, let us consider G, a partially reduced
directed k-tree network and one of its k-cliques K. Let L be the set of distinguished nodes
that we want to reach from the source s and let us assume that s is not in the shell
B'(K). Let v(K) be the set of directed graphs D with node set V(K)U L', for each
L’ subset of nodes of L, and such that all nodes in L’ are reachable from V(K)in D.
We partition the set of of favorable subgraphs of the shell B’ (X) with respect to X into
the equivalence classes PG(B'(K),K,L,D,),..., PG(B'(K),K, L, D;), where Dy,...,D,

is an enumeration of the elements in 7(X'). Thus, the state of K consists of the values
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3(D1,K),...,8{Dg, K), ® where for each digraph D in y(K),

S(D, I() = E PBI(K)[.H] (IV.26)
HePG(B'(K),K,L,D)

The next four lemmata define the initialization, reduction, and termination steps of

the reduction algorithm for Conn;.

Lemma 4.1 Let G be a directed k-tree network and L be a subset of nodes of G. Then
for all X and D such that K is a k-clique of G and D is a digraph in v(K)

1 if D = (V(K),®

0 otherwise.

s(D,K) =

Proof: Immediate by definition of B'(K) (Equation I1.2) and the definition of s(D, K)
(Equation IV.26). |

The reduction algorithm for Conn; proceeds in the usual way. The only special
consideration is that we reduce G to a root R that includes the source s. Let us consider
the reduction step. Let v be a k-leaf of G such that the neighborhood of v in the underlying
multigraph is K. As in the undirected case, we consider two steps. First we combine the
states of K, ..., K**! to obtain the state of the (k + 1)-clique K*+. Then we update the
state of K to reflect the fact that v becomes one of the nodes in the removed branches
B(K). Unlike the undirected case, the reduction step does not perform joins of partitions
but a digraph union operation on digraphs. Let Gy = (W, E;) and G, = (Vz2, E3) be two
digraphs, we define the digraph union of G; and Gz as Gy UG, = (V, UV4, E, U E3) (notice
that this operation does not introduce multiple arcs with the same origin and destination).

To compute the state of K+ we consider all possible ways of obtaining D+, a digraph in

3We have defined y(K ) in a rather naive way. We could define it in other ways that
use less space. For example, we could further constrain ¥(K) to include only transitive di-

graphs. We prefer our naive definition because it simplifies the description of the reduction
algorithm.
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v(K+), as the digraph union of D,..., D41, where D; is a digraph in v(K'). Let

T(DY, K%)= {(Dy,...,Drt1) |Vi=1,...,k +1,D; € v(K') and kol D; = D%}
i=1
Lemma 4.2 Let G be a directed k-tree network that has been partially reduced using some
perfect elimination ordering and the general reduction paradigm. Let v be the next k-leaf
to be removed. Let X be the neighborhood of v in the underlying multigraph and K+ be
the subgraph of G induced by V(K') U {v}. Then for all digraphs D+ in y(K*)
k+1
s(D*,Kt) = > Hs(ﬁ;,K‘.)
DeT(p+ K+)i=1
Lemma 4.3 Let G be a directed k-tree network that has been partially reduced using
some perfect elimination ordering and the general reduction paradigm. Let L C V{(GQ)
and v be the next k-leaf to be removed. Let K be the neighborhood of v in the underling
maultigraph and X+ be the subgraph of G induced by V(K) U {v}. In addition, let S be
the star digraph induced by the k arcs that connect v to each node in V(K) and the k
arcs that connect each node in V(KX) to v. Then, for each directed graph D in ¥(K),

s(D,K) = Z s(D*,K+)Ps(Ds),
(D+-DS)
in PP(D.K)

where PP(D, K') is a set of pairs of partial graphs defined as follows:
PP(D,K)={(D*,Ds) | D* € y(K*),Ds € B(5), Cont(D* U Dg, V(K)U L) = D},

where (3(5) is the set of partial graphs of S.

The following lemma defines the termination step of the reduction algorithm for

Conny.

Lemma 4.4 Let G be a directed k-tree network and L C V(G). Let R be a root of G

obtained by applying the reduction paradigm and lemmata 4.1, 4.2, and 4.3 to G, and
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such that the source s is an element of V(R). Then

Conn(G,s, L) = Z 8(Dy, R)Pr[ D],
(Dl ID2) € Q(R,S,L)

where Q(R,s, L) = {(D1,D;) | Dy € 7(R), D; € B(R),s"'%P*L}.

The reduction algorithm for Conn; runs in linear time because ! is constant and
because the initialization, reduction and termination steps can be performed in constant

time.

Theorem 4.5 Let G be a directed partial k-tree network with fail-safe nodes and given
with an embedding in a k-tree. Let s be a node in V(G) and L be a subset of ! nodes of

V(G). The s,L-connectedness of G, Conni(G, s, L), can be computed in O(n) time.

If I = n the size of the state of each k-clique K will not be constant but exponential in
n. Therefore, we need to modify the algorithm for Conn; to solve Conn A, the reachability

problem.

Reachability

The reachability of G with respect to a source s is the probability that all nodes
in V(G) can be reached from s. In this section we show how to modify the linear time
algorithm for Conn; to solve Conn 4.

Let K be a k-clique of G and D be a partial graph of K. We define PG(G,K,D)
to be the set of partial graphs of G such that Cont(G,V(K)) = D and all nodes in V(G)
can be reached from V(X). We use 7(G) to denote the set of partial graphs of G. The
index set of the state of K is 7(K), the set of partial graphs of K. Thus, the state of each
k-clique K consists of the values

8(D,K) = Pgy(y)[PG(B'(K),K,D)] = > Pgx)[H],
H € PG(B'(K),K.D)

for each digraph D in y(XK).
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The following equations define the initialization, reduction, and termination steps
of the reduction algorithm for Conn,. The initialization step is the same as for Conn,,

i.e., for each digraph D in 4(K),

1 if D = (V(K),0)

0 otherwise.

s(D,K)=

The first part of the reduction step also remains the same. For each digraph D+ in

1K), .
s(Dt,kt)y= > T s(D;, kY,

ﬁET(D"‘ Jo+) =1

where
. k+1
T(D*, K*)={(D1,...,Diy1) |Vi=1,...,k +1,D; € v(K*) and |J Di = D*}.
i=1

The second part of the reduction step changes slightly. We update the state of K as
follows: for each digraph D in v(X),

s(D,K)y= Y s(D* K*)Ps(Ds),
(D+-DS)
in PP(D,K)

where PP(D, K} is a set of pairs of graphs (D%, Ds) such that D* € y(K+), Ds € 4(S),
Cont(D* U Ds,V(K)) = D, and v is reachable from V(K) in D* U Dj.
The formulation of the termination step is identical to the formulation of the termi-

nation step for Conn;.
Connu(G,s,L) = > 8( Dy, R)Pp[Ds),
(Dl |D2) € Q(Rr’vL)

where

QR,s,L) = {(D1, D3) | Dy € 7(R), D € 7(R), "% 1)
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Theorem 4.6 Let G be a directed partial k-tree network with fail-safe nodes and given
with an embedding in a k-tree. Let s be a node in V(G). The reachability of G with

respect to s, Conn4(G, s), can be computed in O(n) time.

Although the algorithm for Conn; has to be modified to solve Conng, the changes
are very straightforward. Similar modifications of the algorithm for Conn; lead to a linear

time solution for Conn,_;, where ! is constant.

Directed Broadcast Resilience

Similarly to the undirected case, the directed broadcast resilience DRes,(G) of a

digraph can be computed by calculating the s,t-connectedness n times:

DRes,(G)

> PolH) 37 (s, {1}, H)

HCG teV(G)
= ) Conny(G,s,1). (Iv.27)
teV(G)
Theorem 4.7 Let G be a directed partial k-tree network with fail-safe nodes and given
with an embedding in a k-tree. The broadcast resilience DRes,(G) G with respect to any

node s in V(G) can be computed in O(n?) time.

Proof: Immediate by Equation IV.27 and the linear time reduction algorithm for Conng.
[ |

A linear time reduction algorithm for D Res, does not seem to follow obviously from

the linear time reduction for Res,. A naive approach would be to maintain two sets of
values in the state of each k-clique K, namely, s(D, K ), he probability that the contrac-
tion of B'(K) with respect to the set of nodes V(K) is the digraph D, and E(D, K, )
for each subgraph D of K and each node v in V(K). The value E(D,K,v) would
be similar to E(r,K,C) in the reduction algorithm for Res,, i.e., when s(D,K) # 0,
E(D, K,v)/s(D, K) would be the expected number of nodes w in the removed branches
B(K) such that w is reachable from v in a partial graph of the shell B'(K). This approach

does not work because it does not guarantee that we count reachable nodes exactly once.
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We conjecture, however, that a linear time reduction algorithm for DRes, exists. We

leave this problem for future research.

[-Directed Broadcast Resilience

As for the undirected case, there is no known formula expressing I-directed broadcast
resilience in terms of other reliability measures for which we have a reduction algorithm.
We do not have a reduction algorithm for D Res;. However, we believe that a linear time

reduction algorithm for DRes, would indicate how to solve D Res;.

Di 1 Resili

The directed resilience of a digraph can be formulated as follows:

DRes(G) = Y. 3 Conny(G,u,v) (IV.28)
u€V(G) veV(G)
= Y. DRes.(G). (IV.29)
weV(G)

Thus the linear time reduction algorithm for Conn, and Equation IV.28 give us the

following theorem.

Theorem 4.8 Let G be a directed partial k-tree network with fail-safe nodes and given

with an embedding in a k-tree. The resilience of G can be computed in O(n®) time.

Notice that by Equation IV.29 a linear time algorithm for DRes, would give us a
quadratic time algorithm for D Res.

Node Failur

8,L-Connectedness

So far we have assumed that the nodes of a network do not fail. This assumption
is not always restrictive. For example, Conn A(G, s) with node failures is the product of
Conny(G,s) without node failures and [l.ev(c) P»- Furthermore, Ball has proved that

Conny with node failures can be reduced to Conn; without node failures [12]. Ball’s
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reduction proceeds as follows. Let G = (V, E) be a directed network with edge and node
failures. Let s be a node in V and L be a subset of I nodes of V, [ > 1. We can transform
G into a directed network (G) = (V', E’) such that nodes in V' are fail-safe and there is

a node &' in V' and a subset L’ of [ nodes in V' such that
Conny(G, s, L) = Conni(p(G), ¢, L).

The transformation ¢ consists of splitting each node v in V into two nodes v' and v°,
adding an arc (v',v°) with probability of operation Pv, and replacing each incoming arc
(u,v) with an arc (u,v) and each outgoing arc (v, w) with an arc (v°, w). If v is the source
s, we make s’ = v'; if v is an element of the set L, node v° becomes one of the elements
of I'. Clearly, this transformation can be implemented in O(m) time. Thus, if G is a
directed partial k-tree network, the transformation ¢ can be implemented in O(n) time.

It is also easy to verify that for any pair of nodes u, win V,

P,,(G)[u" ~w’] = Pglu ~ w), (IV.30)
Pya)le' ~ v'] = Pglu~ w)/p,, (Iv.31)

and
Pygylv’ ~ '] = Pglu~ w]/(pupu), (IV.32)

where p, > 0, and p,, > 0.
The following lemma states that if G has bounded tree-width, so does (G).

Lemma 4.9 Let G be a directed partial k-tree network. The digraph ¢(G) is a directed
partial (2k + 1)-tree network.

Proof: We prove that if G has tree-width < k then ¢(G) has tree-width < 2k + 1. Let
({Xi | i € I},T = (I, F)) be a tree decomposition of G such that maxier | X;| — 1 = k.
The following tree decomposition of (G) has tree-width 2k + 1: ({Y:lierl},T=(,F)),
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where

Yi= {Uis”o | v € X:}.

Let us first prove that this is a tree decomposition of (G). Clearly,

U ¥: = V(e(G)).

i€l
Consider an arc e in E{p(G)). Arc e is either of the form (v*,v°) or (+°, w'). In the former
case, both v' and v° are elements of ¥; for each index ! such that v € Xi;. In the latter
case, by construction, arc (v, w) is an element of E(G) and thus there exists an index i in
I such that » € X; and w € X;. By definition of Y;, v° and w' are elements of Y.

Now, let 4, j, | € I such that j lies in a path from i to / in T. We have to prove that
Y;nY; CY;. Let 2 be an element of Y; N Y. If 7 = o' then, by definition of ¥; and ¥;,
v is an element of X; N X; and therefore, v € X ;- But then, by definition of ¥}, v* is an
element of Y;. If z = v° we proceed analogously. Finally, it is clear that the tree-width of
this tree decomposition is 2k + 1. [ |

Therefore, we obtain the following theorem.

Theorem 4.10 Let G be a directed partial k-tree network with node and edge failures. Let
8 be a node in V(G) and L be a subset of nodes L C V(G). The s,L-connectedness of G

can be computed in O(n) time

Proof: Immediate by Theorem 4.5 and Lemma 4.9, [ |

Alternatively, we can design an O(n) time algorithm for Conn; with node and edge
failures by modifying the algorithm for Conn; with fail-safe nodes. The main change
consist of defining the index set y(K) of each k-clique K as the set of subgraphs of K
(instead of the set of partial graphs of K).

Directed Broadcast Resilience

We do not know of any algorithm to transform a network with node and edge failures

into a network without node failures that has the same directed broadcast resilience. The
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transformation ¢ defined in the previous section does not preserve the directed broadcast
resilience. However, we can establish the following relationships between DRes,(G) and

DRes,(p(G)).

Lemma 4.11 Let G = (V, E) be a directed network with node and edge failures such that
for all v in V, p, > 0. Then

DResy(G) = DResi(p(G))— Y. Conna(p(G),s',w').
wieV!

If all nodes in V fail with the same probability p,
DRes,(G) = DRes,i(¢(G))p/(1+p).
Proof: Let G’ = (V', E') be ¢(G). By definition of DRes,,

DRes,i(G') = Y. Pols' ~u]

wev/!
= Z PGI [8‘- ~ w"] + Z PGI [8’. G wi]. (IV.33)
woeV’ wieVl

By Equation IV.30, Equation IV.33 becomes
DRes,i(G') = DRes,(G)+ Y Conng(G',s',u'), (Iv.34)
wigV?t

which proves the first part of the lemma. To prove the second part of the lemma let us

assume that nodes operate with probability p. By Equation IV.31, Equation IV.34 is

DRes;(G") DRes,(G}+ ) Conny(G, s, w)/p
weV

DRes,(G)+ DRes,(G)/p.

So
DRes,(G) = DRes,i(G")p/(1 + p).
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Theorem 4.12 Let G be a directed partial k-tree network with node and edge failures. Let

s be a node in V(G). The directed broadcast resilience of G with respect to s can be

computed in O(n?) time.

Proof: Compute w(G) linear time
and then compute DRes,i(¢(G)) and Conny(p(G),s',w’) for all nodes w' € V’. The
result follows by Theorem 4.5, Theorem 4.7, and Lemma 4.11. [ |

Lemma 4.11 may have another important consequence. If our conjecture that D Res,
without node failures can be solved in linear time is true, DRes, with node and edge

failures can also be solved in linear time if nodes fail with the same probability.
Directed Resilience

The transformation ¢ can also be used to to reduce the directed resilience problem

with node and edge failures to a collection of reliability problems without node failures.

Lemma 4.13 Let G = (V, E) be a directed network with node and edge failures such that
for all vin V p, > 0. Let G' = (V', E') be ¢(G). Then

DRes(G') = DRes(G)+ 3_po+ Y. Y. Palv' ~ w)/p, +

veV "ievf wosvf
> 22 Palv' ~v°)/pu +
uu‘evl woev!
wyly
z E Por[v* ~ w)/(pupw) + z Conna(G',v°, v').
uievl w:i:.ﬂ voev!

If all nodes in V fail with the same probability p,

2

DRes(G) = o i ja(DRes(G") - Z‘:[ Conny(G',v°, v') — np).
"GE [
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Proof: Let G' = (V', E') be (G). By definition of DRes,

DRes(G'Yy = > Y Pulv~u]
uEV‘ ureiV’

We can break down the sum above as

DRes(G') = Y. 3 Polv'~w]+
vigV!weeV’

Z Z Pgr[‘ui ~ wi] +

eV’ wiev!
wigel

T T Pol~ w4

U°€V' woey!
WO#”O

Y. Y. Pov® ~ufl. (Iv.35)

veeV? wiEVf

woglyt

The first term of the sum above is

S S relbinul = T T Relieuds

vieViwogVr ul'eVl woeev!

wogye
— Z ng [‘Ui ~ '!JO]. (IV.36)
v gV!
By Equation IV.30, Pe/[v* ~ w°] = Pgfv ~ w]. Besides, Pg![v* ~ v°] = p,. Thus, Equa-

tion IV.36 becomes

E 2 PG:[v£~w°] = ZEPG[UNW]-FZP”

vigV! woeeV! veV wev veV

wiy

= DRes(G)+ Y pu. (IV.37)
veV

Similarly, the second term of the right hand side of Equation IV.35 is

2 2 Pebi~w] = 3 3 Polv'~uf)p

vieV! wigv? v eVt woev!
wiglyl wOvo
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= E z Pglv ~ w]/py. (IV.38)

V wev
= wev

The third term of the right hand side of Equation IV.35 is

Y. 2. Pol®~w] Y. Y Pel'~u)/p,

veEV! wogv! veV! woew?
w9led wou?
= E Z Pglv ~ w]/p,. (IV.39)
veV wev
wyv

The fourth term of the right hand side of Equation IV.35 is

Y. 2 Palv~ull = 33 Pofe ~ w4+ 3 Palv® ~ o]

veeV? w"EV’ voegy? w‘:EV_' vee V!
wigyl
Poi|v ~w .
= > > Polo~w) + Y Conna(G',v°,v').(IV.40)
uev wﬁv pva v"GV"

Thus, the first part of the lemma follows by Equation IV.35, IV.37, IV.38, IV.39,
and IV.40. Now, if all nodes in V fail with the same probability P, Equation IV.37 becomes

Y. Y Pg[v ~u®] = DRes(G)+ np, (IV.41)
wEV! woeV!

Equation IV.38 becomes

Y. > Pafv'~wi] = DRes(G)/p, (IV.42)
VgV wigv?
whytet
Equation IV.39 becomes
E Z Pgi[v° ~w°] = DRes(G)/p, (IV.43)
voeV! wogy’

wodyo



and Equation I'V.40 becomes

> 3 Pofv’~w'] = DRes(G)/p®+ 3" Conny(G',v°,v').  (IV.44)
vV wigV! veeV!

Combining Equations IV.35, IV.41, IV.42, IV .43, and IV.44 we obtain

2 .
DRes(G) = (1%1—)_2(1)}288(@) — 3 Conng(G',v°,v') — np).
veel?

Theorem 4.14 Let G be a directed partial k-tree network with node and edge failures.

The directed resilience of G can be computed in O(n?) time.

Proof: Compute ¢(G) (linear time) and apply Theorem 4.5, Theorem 4.7, and Lemma 4.13
to ©(G). n

We know that if DRes, without node failures can be solved in linear time, D Res
without node failures can be solved in quadratic time. Therefore, if our conjecture that
DRes, without node failures can be solved in liner time is true, DRes with node and edge

failures can be solved in quadratic time when nodes fail with the same probability (using

Lemma 4.13).
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CHAPTER V
UNIFORMLY OPTIMAL 2-TREES WITH RESPECT TO REL,

In the previous two chapters we presented efficient algorithms to solve a variety
of network reliability problems. In this chapter we are interested in a design problem.
We want to characterize the “best” and “worst” 2-trees with respect to Rely., In order
to address this problem, we simplify the network model by assuming that only edges
fail and that they all fail with the same probability p (0 < p < 1). Given a reliability
measure Rel we use Rel(G,p) to denote the reliability of the network modeled by the
probabilistic graph G, in which each edge fails with probability p. It is important to
observe that the reliability of two arbitrary graphs on n nodes, Gy and G;, may “cross”,
i.e., Rel(G1,p) < Rel(Gy,p) for some values of p but Rel(Gy,p)} > Rel(Gz,p) for other
values of p [3]. This means that topology alone may not be sufficient to compare two
specific networks. However, it may still be possible that there are some networks that

are uniformly optimal with respect to Rel. An network G on n nodes and m edges is

uniformly optimal with respect to Rel if Rel(G,p) > Rel(H)for all p, 0 < p < 1, and all
graphs H on n nodes and m edges.!

Boesch conjectured that uniformly optimal networks exist for any pair {n,m) of
nodes and edges. However, Myrvold (47] recently disproved the conjecture. Nevertheless,
for restricted classes of networks there may still exist uniformly optimal networks for any
pair (n,m).

In this chapter we characterize the best and worst 2-trees, 2-caterpillars, and 2-paths

with respect to Rels. Specifically, we address the following question: Given a class C of

1Unless ambiguity arises, we will simply say that G is a best, most reliable or optimal
network. When the inequality holds in the other direction we will say that G is a worst
or least reliable network.
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graphs (where C is the class of 2-trees, 2-caterpillars, or 2-paths) and an integer n, n > 2,
what is the n node graph G in C, with two distinguished nodes =, ¥, that maximizes
(minimizes) Rely(H,z,y,p) over all n node graphs in C?

Neufeld and Colbourn [50} found that the best 2-trees with respect to Rely are
the 2-paths. This result is somewhat surprising as 2-paths with apparently very different
characteristics such as the 2-line on n nodes (a 2-path of maximum diameter) and the
2-fan on n nodes (a 2-path of minimum diameter) are both optimal. Clark et al. [21]
proved the non-existence of uniformly optimal 2-trees with respect to Res. They proved
that for values of p close to 0 the most resilient 2-tree is the 2-book, but for values of

p close to 1, any 2-tree that maximizes Res is a 2-path. In addition, the most resilient

2-path is the 2-fan,

Terminology

We assume that the probability of operation of each edge of any graph is always a
fixed value p (0 < p < 1). Thus we use Relz(G, z,y) instead of Rely(G,z,y,p). Given a
graph G and nodes z, y, z in V(G), we define the following functions:

3(G,[zy]) = Relx(G,z,{y}),

s(G,z[y]) = 1- Rel(G,z,{y}),
3(Gz[yz]) = Poly~zAz oy,
5(G,[zy2]) = Pole~yAy~2,
3(G,zylz]) = Pglzpzay+zl

Each function denotes the probability that a spanning subgraph of G meets certain
connectivity conditions (suggested by the arrangement of the parenthesis in the second

argument). The following observations are trivial implications of the definitions above.

Observation 5.1 Let G be a graph and let z, y, z be nodes in V(G). Then

(2) 8(G,2[y]) = (G, z[yz]) + (G, x2y)).
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(b) (G, =yz]) + (G, y[z2]) + 8(G, zulz]) + s(G, [zy2]) = 1.

(¢) I n>2and {z,y} € E(G), then 3(G,[zy]) > p and (G, z[y]) < 1 - p.

An edge of a 2-tree is either a separator (the removal of its end points separates the

graph into more than one connected component), a peripheral edge (one of its end points

is a 2-leaf), or an exterior edge (if it is neither a separator nor peripheral). A head of a
2-line is a peripheral edge e such that adding a new node and making it adjacent to the

end points of e results in a 2-line.

Uniformly Optimal 2- ith Adiacent Distinguished Nod

Intuitively, it seems that the distinguished nodes of an optimal 2-tree should be
adjacent. We prove that this is in fact true in the next section. Meanwhile, we assume that
distinguished nodes are always adjacent and proceed to identify the best and worst 2-trees

on n nodes. We call the edge induced by the distinguished nodes the distinguished edge.

We need to state some properties of 2-books first. Let cb(n) denote the probability that the
end points of the spine of a 2-book on n nodes are connected. Similarly, let db(n) denote
the probability that the end points of the spine of a 2-book on 7 nodes are disconnected.

The following lemma gives closed forms for cb(n) and db(n).

Lemma 5.2 Let G be a 2-book on n nodes. Let p be the probability of operation of each
edge in E(G). Then db(n) = (1 - p)(1 — p*)"~2 and cb(n) = 1 — (1 — p)(1 — PPl

Proof: As cb(n)+ db(n) = 1 we only need to prove one of the identities of the theorem.
Let G be a 2-book on n nodes and let v be a 2-leaf of G. Let {z,y} be the spine of G. The
probability that z and y are disconnected is the probability that they are disconnected in
G — v times the probability that at least one of the two edges incident on v is failed, i.e.,
db(n) = db(n — 1)}(1 - p?). Besides, db(2) = (1 — p). This is a simple recurrence relation
with solution db(n) = (1 — p)(1 - p?)"~2. |

We also need closed forms for similar measures defined on 2-paths. It is easy to verify

that for any pair of 2-paths P, and P, and any pair of peripheral edges {z,,1,} € E(Py)



84

and {z2,y2} € E(P,), the probability that z; is connected to g in P, is the same as
the probability that z; is connected to y, in P;. Let ¢p(n) denote the probability that
the end points of a peripheral edge of a 2-path on n nodes are connected and let dp(n)
denote the probability that the end points of a peripheral edge of a 2-path on n nodes are

disconnected.

Lemma 5.3 Let P be a 2-path on n nodes. Let p be the probability of operation of each
edge in E(P). Then
Q-pP?+(1~p)'p

1-p(p-1)

dp(n) =

p—(1—p)'p
l-p(p-1) °

Proof: Let {z,y} be a peripheral edge and z be a 2-leaf of P. If n = 2 the theorem

cp(n) =

is trivially true. Let n > 2 and let z be the other node adjacent to z. The graph
P — z is also a 2-path and the edge {y, z} is peripheral. The probability that = and ¥
are disconnected in P is the probability that the two edges incident on z fail plus the
probability that {z,y} fails, {z, 2} is operational and y is not connected to z in P — z.
So dp(n) = (1 - p)* + dp(n — 1)(1 - p)p. Induction on = and the observation that
dp(n) + cp(n) = 1 completes the proof. |

The following technical lemmata simplify the proofs of Theorem 5.6 and Theo-

rem 5.7.

Lemma 5.4 Let G be a 2-book on n nodes, n > 3, and let {z,v} be a peripheral edge of
G. Then s(G, [uv]) < cb(n).

Proof: Let v be a 2-leaf of G. The graph G — v is a 2-book on n — 1 nodes. We can

therefore express s(G, [uv]) and cb(n) in terms of cb(n ~ 1) by as follows:
8(G,[uv]) =eb(n — 1)p(1L - p) + p

cb(n) = cb(n — 1)(1 - p?) + p?
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Il e is exterior, G is a 2-tree like the one depicted in Figure 7 (b). where L is a 2-tree
with [ nodes, R is a 2-tree with r nodes, I+ r=n+1,1> 3, r2 3, and u, v, w induce
a triangle in G. Hence s(G,[uv]) = p+ (1 — p)s(L,[uw])s(R, [vw]). But by the inductive
hypothesis both L ad R are 2-books with spine {u, w} and {v,w}, respectively. Thus

s(G, [uv]) = p+ (1 — p)eb(l)eb(r).

However, Lemma 5.5 (a) states that s(G,[uv]) < cb(n). Thus ¢ must be a separator of G

(see Figure 7 (c)). So
3(G,[uv]) = s(L — e, [uv]) + s(L — e, u[v])s(R, [uv]).
By the inductive hypothesis R must be a 2-book and e is jts spine. But we also have that

8(G,[uv]) = s(R - e,[uv]) + s(R - e, ufv])s(L, [uv]).

So L is a 2-book with spine e and so is G. ]
u u v U
" YORCHD
W w v
(a) (b) (<)

Figure 7: The distinguished edge is peripheral, exterior, or separator.

Notice that the proof of Theorem 5.6 establishes that any non-optimal 2-tree network
can be incrementally improved by recursively turning subgraphs into 2-books. Now we
characterize the worst 2-trees with respect to Rel; (assuming that distinguished nodes are

adjacent).
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H
Figure 12: Spanning subgraphs such that vﬂy and vobz.

The following lemma presents another scenario in which s(G, z{y]) can be increased

by selecting a 2-leaf v instead of node z.

Lemma 5.17 Let G be a 2-tree network with more than 3 nodes and such that edges may
fail with different probability (0 < p. < 1). Let v be a 2-leaf of G and z, = be its neighbors.
Then for all nodes y, y # v, if p, ;) < P{z,r) then s(G,[vy]) < 3(G, [zy]).

Proof: Asin the proof of Lemma 5.16, we define a one to-one function ¢ from .4, the set of

spanning subgraphs H of G such that v~y and v761' to A’, the set of spanning subgraphs
H' of G such that :c~y and 1*76:: Then we observe that Pg[H] < Pg[¢(I)] for all H in
A and that ¢ is not onto. Let z and = be the two nodes adjacent to node v in G. For each
spanning subgraph H in A, edge {v,2z} is operational and edge {z,z} is failed. Define
¢(H) = H - {v,2} U {z,z}. Then ¢ is one-to-one and Pg[H] = Pc[¢(H)). Notice that
edge {z,z} is operational in all the spanning subgraphs in #(A). As n > 3 we know that

there are two edge-disjoint paths connecting z to y in G — v. Thus there is a spanning



100

y are disconnected. The number of nodes in the 2-book with spine {a,b} and in the
2-book with spine {a,c} has to be sufficiently large and the probability of operation of

each edge has to be sufficiently small. llowever, if we rotate G at edge {a,2} we obtain

s(rot(G, {a,z}), 2[y]) > s(G, z[y]).

Figure 13: A 2-tree G such that s(G,z(y]) > s(G, z[y]).

We now know that the distinguished nodes of a worst 2-tree are 2-leaves. This is a
necessary condition but it is not sufficient. The following two technical results allow us to

identify the worst 2-trees.

Lemma 5.21 Let G be a 2-tree network, {a,b} be an edge in E(G), and y be a node in
V(G) such that
8(G,ably]) = 4 e s(H, ed[w]).
{eaeEty
weg V(H)

Then {a,b} is a peripheral edge of G and y is a 2-leaf of G.

Proof: We first prove, by contradiction, that e = {a,b} is a peripheral edge. Assume that

¢ is exterior. Figure 14 (a) depicts the general structure of G. Notice that
3(G, ably]) = s(R, cb[y]) + s(R,bcy])s( L, afe)).

As e is not peripheral, the number of nodes in L, is greater than 2. If we rotate G with

respect to e we obtain (see Figure 14 (b))

s(rot(G,e), urfy]) = s(R, woly]) + s(R, v[wy]}(1 - p).
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But as the number of nodes in L is greater than 2, s(L,afc]) < 1 ~ p. Therefore,
5(G,ably]) < s(rot(G,e), uv[y]) and {a,b} is not peripheral.
Let us assume that e = {a,b} is a separator that decomposes G into two subgraphs
L and R such that V(L) =1> 2, |V(L)| =1 > 2, and y € V(R). Let = be a 2-leaf of G
that lies in L and such that its two neighbors are u and v. Without loss of generality, let
¢ # b. Then
o(G, zuly]) > s(R, ably]) + s(R, alby])(s(L - e,zult]).

But the first term on the right hand side of the inequality above is s(G,ab[y]) and the
second term is positive. Thus e is not a separator; it must therefore be peripheral.

Now we prove that node y is a 2-leaf. Assume that y is not a 2-leaf and let e = {a, b}
be a peripheral edge, a be a 2-leaf, and a, b, ¢ induce a triangle in G. If ¥ = ¢ then
5(G,ably]) = (1 — p)?v, for some value 7, 0 < ¥ < 1 (because edges {b,y} and {e,y} must
fail). But for any other 2-leaf v, s(G,ab[v])) = (1 — p)? + ¢, for some value ¢, 0 < ¢ < 1
(because two failed edges suffice to disconnect v from both @ and b). So let us suppose
¥ # c. It is easy to verify that if we collapse nodes ¢ and b into node b, increase the
probability of operation of the edge {b, ¢} to p+ (1 — p)p, and call the resulting graph G',

we obtain

(G, ably]) = s(G', b[y}).

Also, as y #, y is not a 2-leaf of G’. Strictly speaking we cannot use Corollary 5.19 with
the graph G’ because one edge, {c, 5}, has probability of operation different from the other
edges. However, by Observation 5.15, we can find two 2-leaves v, w of G such that the
2-path P = red(G’, v, v) includes nodes y and b, and S(G", y[b]) = s(P, y[5]). Then we we

use Lemma 5.18 to conclude the proof. |

Lemma 5.22 Let G be a 2-tree network. Let {a,b} be and edge in E(G) and y be a
node in V(G) such that f(G,{a,b},y) = s(G,aly]) + s(G,b[y]) is a maximum value of
f(H,{e,d},w) = s(H,c[w]) + s(H,d[w]) over all 2-trees H on n nodes, all edges {c,d} in
E(H), and al nodes w in V(H). Then {a,b} is peripheral and y is a 2-leaf.
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(@) (b)
Figure 15: Maximizing f(G, {a,b},y).
Theorem 5.23

(a) Let s(G,z[y]) be the maximum value of s(H, u[v]) over all 2-trees H on » nodes and
all pairs of nodes u, v in V(H). Then G is the 2-line and x, y are 2-leaves of G.

(b) Let s(G,ably]) be the maximum value of s(H,uv|z]) over all 2-trees H on n nodes,
all edges {u,v} in E(H), and all nodes w in V(H). Then G is the 2-line, {a,b} is a

head of G, and y is a 2-leaf different from a and from b.

(¢) Let s(G,a[y]) + s(G,b{y]) be the maximum value of s(H, u[w]) + s(H, v{w]) over all
2-trees H on n nodes, all edges {,v} in E(H), and all nodes w in V(H). Then G

is the 2-line, {a,b} is a head of G, and y is a 2-leaf different from a and from b.

Proof: We prove the theorem by induction on the number of nodes of the 2-tree G. When

n = 3 the theorem is trivially true. Let us assume that the theorem is true for 2-trees on

n nodes, n > 3.

(a) Let G be a 2-tree on n nodes such that s(G,z[y]) is maximum. By Corollary 5.20
both z and y are 2-leaves of G. We need to prove that G is a 2-line. Let {a,b} be the

H
attachment of node z in G. Subgraphs H in which 24y meet one of the following

- H H H T i H H
four conditions: zsta and z#£b, z~a and z#£b, zota and z~b, or z~a and z2b.

Let R be the subgraph G = z. Then

s(Gyzly]) = (1-p)* +p(1 - p)s(R,b[y)) + p(1 — p)s(R, aly]) + p*s(R, ab[y]).
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By the inductive hypothesis R is a 2-line, {a,b} is a head of R, and y is a 2-leaf of
R. Thus G is a 2-line and both = and y are 2-leaves of G.

Let us assume now that s(G,ab(y]) is maximum. By Lemma 5.21 we know that edge
{a,b} is peripheral and y is a 2-leaf, y # a, y # b. Without loss of generality, let us
assume that a is a 2-leaf and let edge {b,c} be its attachment in G. Let R be the
subgraph G — a. Then

$(G,ably]) = s(R,bec[y]) + s(R,bley])(1 - p)
= (1= p)(s(R, be[y]) + s(R,b[cy])) + (&, be[y])p
= (1~ p)s(R,b[y]) + (R, be[y])p.

Thus, by the inductive hypothesis (part (2) and (b)) we are done.

Now let us assume that $(G,a[y]) + s(G,b[y]) is maximum. By Lemma 5.22 edge
{a, b} is peripheral and node y is a 2-leaf. Without loss of generality, let a be a 2-leaf
and {b,c} be its attachment in G. Let R be the subgraph G — a. Then

8(G,aly]) + s(G,b[y]) = (1-p) + p(1 - p)s(R,b[y]) + p(1 - p)s(R, c[y]) +
P*s(R, befy]) + (1 — p*)s(R, blcy]) + s(R, be[y]).

Simple algebraic manipulation gives

(G, alyl) + s(G.bly)) = (1—p)* +p(1 - p)(s(R,bly]) + s(R,cly])) +
(1~ p*)s(R, bley)) + s(R, bely]) + p?s(R, be[y]) +
p*s(R,bely))

= (1-p)" +p(s(R,b[y]) + s(R, c[y])) +
(1 - p*)s(R, bly]) + 2p?s(R, be[y]).
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Thus, by the inductive hypothesis (part (2), (b), and (c)) R is a 2-line, b is a 2-leaf,
y is a 2-leaf, and edge {b,c} is a heaf of R. Therefore G is a 2-line, y is a 2-leaf in
G, and {a,b} is a head of G.

Uniformly Optimal 2-oat}

The study of reliability aspects of 2-paths is important in understanding and solving
reliability problems for 2-trees. In the previous section we used results about 2-paths to
solve problems on 2-tree networks (e.g., Corollary 5.19). We are also interested in studying
reliability aspects of 2-paths because they have been proved to be optimal with respect
to other reliability measures. For example, any 2-path is a best 2-tree with respect to
all-terminal reliability [50] and a 2-path is optimal with respect to Res when p is close to
1[21).

In the previous section we identified the best and worst 2-trees with respect to Rels.
As the worst 2-tree is the 2-line in which the identified nodes are its two 2-leaves, that
is also the worst 2-path. The best 2-tree is not a 2-path but a 2-book. The following

theorem characterizes the best 2-path.

Theorem 5.24 A 2-path P is a most 2-terminal reliable 2-path if and only if the distin-

guished nodes z, y induce a separator in P and edge {z,y} separates G into two subgraphs
L and R such that ||[V(L)] - [V(R)|| < 1.

Proof: Let P be a most reliable 2-path on n nodes (n > 4) and let its distinguished nodes
be z, y. By Lemma 5.10, {z,y} is an edge in P. By Theorem 5.7, the distinguished edge
is not peripheral. Thus {z,y} is either a separator or exterior.

Let us assume that {z,y} is exterior. Let z, y, 2 induce a triangle in P. As {z,y}
is not peripheral, edge {2, 2} is a peripheral edge of a 2-path L that has I nodes (> 2).
Similarly, {y, z} is a peripheral edge of a 2-path R that has r nodes {(r > 2). Let us express
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3(G,z[y}) in terms of functions on L and R. It is easy to verify that

3(G,z[y]) = (1 - p)(s(L,z[2]) + (L, [z2])s(R, y]2])).

Let us consider the separator {z,z}. Clearly,

3(G, z[z]) = s(L,z[2])((1 - p) + (R, y[=])p).

By our assumption

(1 = p)s(L,[zz])s(R, ylz]) < S(L’x[z])s(R'a y[z]p)-

Using the closed forms in Lemma 5.3, this becomes

(1-p)1-(1-p)2-p*"?) <p(1 -p)(1 - p*)—2.

Without loss of generality, let us assume that » > . Then

1< (1-p*Y2(p(1 - p*)"~" + (1 - p)).

But I > 2. So (1 - p?)'~? < 1. Furthermore, as r > I, we get pl-pY'+1-p<1.
This leads to a contradiction. Therefore, {z,y} is a separator. The theorem follows by

Lemma 5.5 (c). |

Uniformly Optimal 2-caterpillars

The class of 2-caterpillars properly contains the class of 2 paths and is properly
contained in the class of 2-trees. The identification of best and worst 2-caterpillars with
respect to Hel; is trivial as all the extremal 2-trees studied in the first section of this

chapter are 2-caterpillars.

Theorem 5.25
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(a) If distinguished nodes must be adjacent, a 2-caterpillar G is best with respect to

Relz if and only if G is a 2-book and the distinguished nodes induce the spine of G.

(b) If distinguished nodes must be adjacent, a 2-caterpillar G is worst with respect to
Rely if and only if G is a 2-path and the distinguished nodes induce a peripheral
edge of G.

(c) A 2-caterpillar G is best with respect to Relz if and only if G is a 2-book and the

distinguished nodes induce the spine of G.

(d) A 2-caterpillar G is worst with respect to Rel, if and only if G is a 2-line and the

distingunished nodes are its two 2-leaves.

Proof: Immediate by Theorem 5.6, Theorem 5.7, Theorem 5.11, and Theorem 5.23. [ |

Alternative Qptimality Criteria

In the preceding sections we characterized uniformly optimal graphs by identifying
triples (G, z,y) such that

Rely(G,z,y) = jpax  max Rely(H,u,v),
" V(H}xV{H)

where Cy, is the set of 2-trees, 2-paths, or 2-caterpillars on n nodes and 0 < p < 1. We
found that 2-books are the best 2-trees with respect to this criterion. However, this result
says nothing about the 2-terminal reliability of a 2-book with respect to other pairs of
nodes. An average measure of the 2-terminal reliability of a graph seems a better indicator
of the suitability of a network with respect to Rel,. However, Clark et al. [21) proved
that there are no uniformly optimal 2-trees with respect to Res. In this section we define
an optimality criterion reflecting the “weakest link” consideration of 2-terminal reliability,

namely, we will identify the graph G such that

(;l:’.i)l;lﬂ Rely(G,z,y) = pax (Ri)r'lu Rely(H,u,v), (V.57)
v(G)xV(G) " vemxvia)
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where Cy, is the set of 2-trees, 2-paths, or 2-caterpillars on n nodes and 0 < p < 1.

The following three lemmata state technical results needed to identify the best 2-
trees, i.e., the 2-trees that satisfy Equation V.57. We call a pair of nodes of a graph a
worst pair if the probability that they are connected is not better than the probability
that any other pair of nodes of the graph are connected. The next lemma identifies the

worst pair of nodes of a 2-book.

Lemma 5.26 Let G be a 2-book on n nodes (n > 3). Rel3(G,z,y) is minimum over all
pairs of nodes in V(G) x V(G) if and only if z and y are 2-leaves.

Proof: A pair of nodes in V(G) x V(G) either induces the spine of @, induces a peripheral
edge, or consists of 2-leaves of G. Obviously, if Relz(G,z,y) is minimum, z and y do not
induce the spine of G. We therefore need to compare only Rely(G,a,b) and Rely(G,¢,d),

where a, b induce a peripheral edge of G and ¢, d are 2-leaves. Let b, f be the end points
of the spine of G. Then

Rel2(G,a,b) = p+p(l - p)Rel2(G - a,b, f).

Now, consider the 2-leaves c, d. Both ¢ and d are adjacent to nodes b and f. If edge {c,b}
is operational then the probability that ¢ or b are connected to d is less than one (there
is at least one non-favorable subgraph, one in which only edge {c, b} is operational). If

edge {c, b} is failed then edge {c, f} must be operational and f must be connected to d in

G ~ ¢ for c and d to be connected in G. Thus,
Rely(G,c,d) = py+ P(1 — p)Rely(G — ¢, b, f),
where v < 1. Simple algebraic manipulation of the two equations above suffice to prove

that Rels(G,a,b) > Rely(G,c, d). 5

Lemma 5.27 Let G be a 2-book on n nodes (» > 3) such that z, y are 2-leaves of G. Let
H be a 2-tree on n nodes such that H is not a 2-book and #, v are 2-leaves of H that have

the same attachment. Then Rel,(G,z, ¥) > Rely(H,u,v).
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Proof: Consider the 2-book G. Let {a,b} be the spine of G and B be the 2-book G — {z,y}.
Then

Rel3(G,z,y) = p*+ p*(1 - p*) + 2p%(1 - p)*Rely(B, a,b).

Now consider the 2-tree H. Let A be the subgraph H ~ {u,v} and let {w,z} be the

attachment of u and ». Then
Rely(H,u,v) = p*+ p*(1-p?) + 2p*(1 - p)*Rely(4, w, z).

As H is not a 2-book, A is not a 2-book or it is a 2-book but edge {w, z} is not its spine.
However, B is a 2-book and {a,b} is its spine. Thus Rely(B,a,b) > Rely(A,w,z) and
therefore, Rely(G,2z,y) > Rely(H,u,v). [ |

Lemma 5.28 Let G be a 2-tree on n nodes (n > 3). Let 2 and y be two different 2-leaves
of G such that edge {u,v} is the attachment of = and edge {w,z} is the attachment of
¥. Let Rely(G — {z,y},u,v)} > Rely(G — {z,y},w,z). Let H be the 2-tree obtained by
replacing edges {y, z}, {y,w} with edges {y,u}, {y,v}. Then

Rely(H,z,y) > Rel2(G,z,y)

Proof: Let A be the graph G - {z,y}. We can express the 2-terminal reliability of A with

respect to z and y in terms of the 2-terminal reliability of A with respect to nodes u, v as

follows:

Rely(H,z,y) = p*+ p*(1~p%) + 2p*(1 — p)*Rely(A, u,v) (V.58)

The lemma is trivially true if edge {u, v} is the same as edge {w, z}. Let us assume
that they are different. We consider two cases. First let us assume that edges {u,v}
and {w,z2} share one node, say, v = z. Then the subgraphs of G in which z and y are

connected correspond to one of the following cases: subgraphs in which both edge {z, v}
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and edge {y, v} are operational, subgraphs in which both edge {z,u} and edge {y,w} are
operational but edge {z,v} and edge {y,v} are not both operational, subgraphs in which
edge {z,v} and edge {y,w} are operational but both {z,u} and {y,v} are failed, and
subgraphs in which edge {z, 2} and edge {y, v} are operational but both {z,v} and {y, w}
are failed. Thus

Rely(G,z,y) =

p*+ p2(1 - pz)'y + p2(1 - p)zRelg(A,v, w) + p2(1 - p)zRelz(A,u,v), (V.59)

where 7 < 1. As Rel(A,u,v) 2 Rely(A,v,w), Equation V.58 and Equation V.59 give
Rely,(H,z,y) > Rel2(G,z,y).

If edges {u,v} and {w, 2} do not share any node then we proceed as in the first case

to express Rely(G,z,y) as
REIZ(G! z, y) =
P’m +p%(1 - )72 + p°(1 - P)? Relys(A,v,w) + pi(1- p)zRelg(A,u,v),(V.GO)
where 7; < 1 and v < 1. Combining Equation V.58 and Equation V.60 we obtain
Rely(H,z,y) > Rely(G,z,y). |
Theorem 5.29 The 2-book is the best 2-tree on n nodes.

Proof: By Lemma 5.26, z and y are 2-leaves of G. Let H be a 2-tree on n nodes such that
H is not a 2-book. Then n > 3 and H has at least two 2-leaves w, 2. By Lemma 5.27 and
Lemma 5.28, Rel2(G,z,y) > Relo(H,w,z2), and, of course, the probability that w and =z

are connected in H is not less than the probability that a pair of worst nodes of H are

connected. ||
Corollary 5.30 The 2-book is the best 2-caterpillar on n nodes.

We now characterize the best 2-paths, i.e. the 2-paths that satisfy Equation V.57.

First we prove that the worst two nodes of a 2-path are its two 2-leaves. Then we prove that
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we can improve the probability that two 2-leaves are connected in a 2-path by performing

rotations until the 2-path becomes a 2-fan.

Lemma 5.31 Let G be a 2-path. Let z and z be two distinct 2-leaves of G and v be a

node adjacent to z. Then
Rely(G,z,v) 2 maz(Relz(G, z,v), Rel2(G, z, 2))

Proof: We first prove that Rely(G, x,v) > Rely(G, z,z). Let edge {v, w} be the attachment

of node z. As edge {v,w} is a z-z separator, Lemma 5.9 gives
Rela(G,z,v) > Rely(G, z,v),

or

Rely(G,z,w) > Rely(G, z,v).

But by Lemma 5.3, Relz(G,z,v) = Rely(G,z,w).

Now we prove that Rely(G,z,v) > Rel3(G, z,z) by induction on n, the number of
nodes of G. When n = 4, Rely(G,z,v) = Rely(G,z,v). Let n > 4 and let {a,b} be the
attachment of z in G and {v,w} be the attachment of z in G. Without loss of generality,

let us assume that a is a 2-leaf of G — z and v # a. Then

Rely(G,z,v) = py+p(l -p)Rel2(G - z,a, v), (v.61)
where ¥ < 1 (y = 1 when v = b, otherwise v < 1). Similazly,

Rely(G,z,v) = p+p(l - p)Rel2(G - z,v,w). (v.62)
As edge {v,w} is peripheral in G — z, and edge {z,v} is peripheral in G - z,

Rely(G —z,v,w) = Rely(G - z2,z,v). (V.63)
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Combining Equation V.62 and Equation V.63,
Rely(G,z,v) = p+p(l-p)Rely(G - 2,2,v). (V.64)

We know that a is a 2-leaf of G — z and {z, v} is a peripheral edge of G ~ z. By the

inductive hypothesis
Rely(G - z,2,v) > Rely(G - z,a,v). (V.65)

Combining Equations V.61, V.64, and V.65 we obtain Rely(G,z,v) 2 Rely(G,z,v). |

Lemma 5.32 The worst pair of nodes of a 2-path is a pair of 2-leaves.

Proof: Let G be a 2-path on n nodes (n > 3) and let z, y be a pair of worst nodes in V(G)
such that z is not a 2-leaf. Let e = {z,v} be an edge that decomposes G into 2-paths L
and R such that y is a node in V(R) and z is a 2-leaf of G in V(L), z # v, [V(L)| > 3,
and [V(R)| > 3. We want to prove that s(G, [ry]) > s(G, [zy]). Clearly, this is true if and
only if s(G, z[zy]) > s(G, z[yz]). But, by analysis of cases, it is easy to verify that

8(G, z[zy]) > s(L, z[zv])(s(R — €, z[vy]) + s(R - e, [zvy]) + s(R - e, v[zy])),
where s(R - e,[zvy]) > 0. Also,
3(G, z[y2]) = s(L,z[vz])s(R — e, z[vy))

Thus we only need to prove that s(L,z[zv]) > s(L,z[vz]). But this is true if and only
if s(L,{zv]) > s(L,{zv]) (add s(L,[zvz]) to both sides of the inequality). Edge {z,v} is
peripheral in L and node z is a 2-leaf of L, z # v, z # 2. By Lemma 5.31, s(L, z[zv]) >
s(L, z[vz]). |

We now prove that 2-fans are the best 2-paths. We follow the approach employed
by Clark et al. in [21]. A general graph contains a 2-line on six nodes if there exists a,

subset of six nodes that induces a 2-line in G (see Figure 16). The following observation
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is useful in the proof of Theorem 5.34.

Observation 5.33 Let G be the general graph depicted in Figure 16, where L’ is the sub-
graph G — V(R), R’ is the subgraph G — V(L). Let L” be the subgraph L' with edge
{c,d} removed and R” be the subgraph R’ with edge {c,d} removed.

(a) For all nodes z in V(L), y in V(R),

s(L",d[zc]) > s(L”, c[zd)),

and

s(R",e[yd]) > s(L”, d[yc}).

(b) A graph is a 2-fan if and only if it does not contain a 2-line on six nodes.

Figure 16: A graph that contains a 2-line.

Theorem 5.34 The 2-fan on n nodes is the best 2-path on n nodes.

Eroof: Let G be a best 2-path on n nodes (n > 3). Thus G satisfies Equation V.57 and,
by Lemma 5.32 the worst two nodes z, y are 2-leaves. If G is not a 2-fan, n > 6 and, by
Observation 5.33, G contains a 2-line. Let G be the graph in Figure 16, where L, R, L',
L", R, and R" are defined as in Observation 5.33. Let z be a 2-leaf of & in V(L)and y be
a 2-leafof G in V(R). Let e be the edge e = {¢,d} and G" be the rotation G = rot(G, e).
It suffices to prove that 0 < Rely(G",z,y) — Rely(G, z,y). Consider a partial graph H of
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G” in which # and y are connected. Nodes ¢ and d are connected in X if and only if ¢
and d are also connected in rot(H,e), a partial graph of G. So we have to consider only

partial graphs in which ¢ is not connected to d. It is easy to verify that

Rel2(G",z,y) — Rel2(G,z,y) 3(L", dize])s(R", clyd]) + s(L", cled])s(R", d[yc]) —
s(L", dlze])s(R", d[yc]) ~ s(L", c[ed])s(R", c[yd])

(s(L", d[ze]) - s(L", c[zd)))(s(R", clyd]) - s(R", d[yc]))

By Observation 5.33, both factors above are positive. |
m in marks

In this chapter we defined three optimality criteria and identified the extremal 2-
trees, 2-paths, and 2-caterpillars according to those criteria. Given a class C,, of graphs,
where C,, denotes the class of 2-trees, 2-paths, or 2-caterpillars on n nodes, we defined a
best graph of the class C,, as a graph G such that G € C, and for some pair of nodes z, y,
and forall p, 0 < p <1,

Rely(G,z,y) = ax  max Rely(H, u,v). (V.66)
" VCH)XV(H)

A graph G € C, is a worst graph of the class C,, if for some pair of nodes z, y, and for all
p0<p<l,

Rely(G,z,y) = }I}ugl (ﬂi)l}n Rely(H, u,v). (v.e7)
o vémvi

Finally, we redefined the notion of best graph. A graph G € C,, is a best graph of the class
Cy if for its worst pair of nodes z, y, and for all po0<p<l,

Rels(G,z,y) = Jpax (Hi)n Rely(H, u,v). (Vv.68)
" V(Hixl;?}i’)
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A fourth alternative, used by Clark et al. [21], is to define a best graph in C, as a graph
G €Cpsuch that forall p,0 < p< 1,

Rel3(G) = Jnax Res(H). (V.89)

We can summarize the results given in this chapter usign a table with graphical
representations of the optimal graphs. Figure 17 illustrates our graphical representations.
The graph in Figure 17(a) represents an arbitrary 2-path, the graph in Figure 17(b) repre-
sents a 2-fan, the graph in Figure 17(c) represents a 2-book, and the graph in Figure 17(d)

represents a 2-line. Distinguished nodes will be depicted as black nodes.

A o 4 <A

Figure 17: Graphical representation of some graphs.

Table 7 summarizes our results with respect to Equation V.66 and V.67. The first
column of Table 7 presents the best and worst 2-paths and 2-trees with the restriction that
the two distinguished nodes x and y be adjacent. The second column of Table 7 presents
the uniformly optimal (and worst) 2-paths and 2-trees. The best and worst 2-trees are
also 2-caterpillars. Thus Table 7 implicitly characterizes the best and worst 2-caterpillars
as well.

The best 2-trees and the best 2-paths according to Equation V.68 are the 2-book
(which is a 2-caterpillar) and the 2-fan, respectively. The worst pair of nodes is, in both
cases, any pair of 2-leaves,

Clark et al. [21] proved that there are no uniformly optimal 2-trees under the
“average” criterion (Equation V.69). When p is close to zero the best 2-tree is the 2-book

and any 2-path is a worst 2-tree. However, when p is close to 1 the roles are inverted.
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Table 7: Best and Worst 2-paths and 2-trees with Respect to Rely

Adjacent x, y Any pair x, y

=z fvzas)
Worst < FAST <>~

Best @o @,
Worsl  pEAST <%

For 2-paths, Clark et al. proved that the best 2-path is the 2-fan and the worst 2-path is

2-paths

2-trees

the 2-line. Table 8 summarizes our results and the results in [21, 50). In the first column
we specify the criterion used to select the extremal graphs. The leftmost maximum or
minimum of the criterion is taken over all 2-trees or 2-paths on # nodes. The remaining
maximum or minimum (if any) is taken over all pairs of nodes in the graph.

With this information we can do some comparative analysis. Let us consider 2-paths
first., If we use Equation V.66 alone, we could say that any 2-path on » nodes is equally
reliable with respect to Rel,. But this is unrealistic as it is based only on the fact that
the 2-terminal reliability of the best pair of nodes of any path (the nodes “in the middle”)
is the same. It is more realistic to consider the 2-fan as the best 2-path with respect
to Rel;. No only is the 2-fan the best 2-path “on the average” (using Equation V.69),
but also it is the best using Equation V.68 and as good as any other 2-path if we use
Equation V.G6. Similarly, we can claim that, overall, the 2-line is the worst 2-path with
respect to Relz. 1t is the worst 2-path if we use Equation V.67 and it is the worst 2-path
if we use Equation V.69.

As there are no uniformly optimal 2-trees with respecl Lo resilience, there is no

overall best 2-tree with respect to Rely. A 2-book is the best 2-tree with respect to
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Equations V.66, V.68, and (if p is close to zero) V.69. When p is close to one, a 2-book
still has the best pair of nodes over all 2-trees (the end points of the spine) and its worst
pair of nodes (any pair of 2-leaves) is better than the worst par of nodes of any other

2-trce. However, when p is close to one, the 2-book is the worst 2-tree on the average

(using Equation V.69).

Table 8: Best and Worst 2-paths and 2-trees with Respect to Several Reliability Measures

Criterion 2-trees 2-paths

max max Rel, @ W
max min Rel , @o %
wxres | & <) o
p->0 p->1
min min Rel , <71 < T
min Res w @“’
p->0 p->1

max Rel, M W

In this chapter we also identified local graph operations that can be used to solve
other reliability problems related to Rel;. For example, given a 2-path, we know which
are the best and worst pair of nodes (a pair of adjacent nodes “in the middle” and the
two 2-leaves, respectively). Furthermore, given a pair of distinguished nodes z, y in a
2-path P, there is a sequence of nodes that are end points of edges that separate z and y
such that for any pair u, v in the sequence, Rely( P, z, y) < Rely(P,u,v). We can therefore

improve the 2-terminal reliability of P, incrementally, by selecting pairs of nodes in the
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sequence, until we end up with two adjacent nodes. At this point we may still improve
the 2-terminal reliability of P by selecting pairs of adjacent nodes that are located closer
to the “middle” of P, until P is marked as in Figure 17(a). If we are not allowed to
select other pairs of nodes but to perform rotations only, we can still improve Rela(z,y),
incrementally, by doing rotations in the 2-path P’ induced by z, ¥ and all nodes in minimal
z-y separators, until P’ becomes a 2-fan. There are also graph operations that can be
used to improve the 2-terminal reliability of a 2-tree. We can, for instance, select a pair
of adjacent nodes z, y and successively perform graph transformations that turn certain
subgraphs into 2-books. The 2-terminal reliability, with respect to z, y, of each of the
graphs so obtained, increases, until z, y become the end points of the spine of a book (cf.
Theorem 5.6).

It is noteworthy that the results presented in this chapter also characterize the
best and worst 2-trees, 2-paths and 2-caterpillars with respect to the following counting
problem. Suppose that f(G, s,t) denotes the number of partial graphs of G in which nodes
8 and ¢ are connected. Then, as all 2-trees on n nodes have 2n — 3 edges, the 2-terminal
reliability of G with respect to s and ¢ is 0.52"~3 f(G, st), when p = 0.5. Thus f is maximal

over all graphs on n nodes and all pairs of nodes when Rel, is maximal and p = 0.5.
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CHAPTER VI
CONCLUSIONS AND FUTURE RESEARCH

In this research we have investigated reliability aspects of partial k-trees. We limited
our research to two main areas of combinatorics of network reliability, namely, the design of
efficient algorithms to compute reliability measures and the characterization of uniformly
optimal networks with respect to a reliability measure.

In Chapter III we considered undirected partial k-tree networks with both node
and edge failures. We employed the reduction algorithm by Arnborg and Proskurowski
to solve, in linear time, important reliability problems that are #P-complete for general
networks. We assumed that an embedding of the partial k-tree in a k-tree is known and
that the value of & is fixed; otherwise, our algorithms run in O(n) time if £ < 3, and in
O(n**?) if k > 3 1. We presented linear time algorithms for Rel;, Res;, and Res. Res
is a particularly hard problem. To our knowledge, it had been solved in polynomial time
only when the network is a partial 2-tree and either nodes or edges fail. Our reduction
algorithm for Res is useful not enly because it computes the resilience of a partial k-tree
network efficiently, but also because it is the basis for the linear time algorithms for Res,
and Res; and for polynomial time solutions for network broadcasting facility problems
(NBFL;). We believe that other reliability problems on partial k-tree networks can be
solved following our approach for Res and Rel;.

The availability of efficient algorithms for reliability problems restricted to partial
k-tree networks may have important consequences in the design of efficient approximation

algorithms for general networks. Edge-packing by partial 2-trees or partial 3-trees is an

IEven though there exist O(n) embedding algorithms for higher values of k, they are
not known explicitly. They can be obtained, for instance, once once the set of minimal
forbidden minors for partial k-trees is known.
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interesting research topic that may lead to better, efficiently computable, lower bounds
for some reliability problems on general networks.

Chapter IV presents our algorithms for the directed counterparts of the problems
solved in Chapter III. Directed network reliability problems seem more difficult than
their directed counterparts. We first assumed that nodes do not fail and gave linear time
algorithms for Conn; and Conny, a quadratic time algorithm for DRes,, and a cubic
time algorithm for DRes. Then we showed how to reduce those problems to reliability
problems allowing both node and edge failures. Although the asymptotic time complexity
of the algorithms remains the same, the value k grows to 2k + 1. Thus it is worthwhile to
investigate how to use the reduction paradigm directly on networks with both node and
edge failures. Another open problem is to find a linear time algorithm for DRes,. We
believe that a more careful analysis will lead to a reduction algorithm that runs in linear
time instead of quadratic time. This algorithm would improve the running time of our
algorithm for DRes by a factor of 7 and would probably suggest how to solve D Res;.

Chapter V presents our results concerning uniformly optimal 2-trees with respect
to Rel,. We defined three optimality criteria and characterized the extremal 2-trees, 2-
paths, and 2-caterpillars according to each optimality criterion. Some technical results
define local graph operations that improve the 2-terminal reliability of a network with
respect to a pair of nodes. These operations can be used to find the best pair of nodes in a
given graph, to find a better pair of nodes, and to compare networks. Our results and the
results in [21, 50] constitute a useful set of criteria for the design and analysis of reliable 2-
tree networks. A natural problem to consider is determining the best 2-trees with respect
to Rely, for I > 2. This problem seems already difficult for = 3. Nevertheless, we believe
that our results provide some insight into its solution. For example, it is easy to prove
that if the three distinguished nodes induce a triangle, the best 2-tree with respect to
Relz (using Equation V.66) consists of the triangle induced by the distinguished nodes
and n — 3 2-leaves adjacent to the distinguished nodes.

Another natural extensions to investigate is the characterization of uniformly op-

timal 2-trees with respect to some reliability measure assuming that not only edges but
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also nodes fail. This problem is trivial when the reliability measure is Rel4. The all-
terminal reliability of a network with node and edge failures is the all-terminal reliability
of the network without node failures times the probability that all nodes are operational.
Therefore, any 2-path is also a uniformly optimal 2-trees with respect to Rel4 when nodes
and edges fail. However, the uniformly optimal 2-trees and 2-paths with respect to Rel;
and Res may be different from the uniformly optimal 2-trees and 2-paths without node
failures.

Generalizing results for 2-trees to results for k-trees seems very difficult. On the
one hand, there is a combinatorial explosion of cases to consider if one uses the same
techniques the we employed in this research. On the other hand, naive generalizations of
the results for 2-trees to results for k-trees do not seem to work. For example, we know
that any 2-path is a uniformly optimal 2-tree with respect to Rely. It is reasonable to
suspect that any 3-path is also a uniformly optimal 3-tree with respect to Rel,y. However,
not all 3-paths have the same all-terminal reliability. We believe that even though the
study of the class of 2-trees provides some insight into properties of k-trees in general,
it is often insufficient to obtain results for £ > 2. This is true not only in the study
of uniformly optimal graphs but also in the design of efficient algorithms for reliability
problems. The class of 3-trees seems more attractive because it more explicitly presents
the general properties of k-trees and is still analytically tractable.

In the introduction of this thesis we argued that partial k-trees have very good ana-
lytical power and very good modeling power. We believe that this research well illustrates
both points. The analytical power of partial k-trees is illustrated by the efficient algo-
rithms developed for reliability problems that are inherently difficult for general networks
and by our comprehensive characterization of uniformly optimal 2-trees with respect to
Rel;. The modeling power of partial k-trees has already been demonstrated by the mul-
titude of families of graphs that are restricted cases of partial k-trees. In this research we

further demonstrate this generality by explaring applications to the area of Combinatorics

of Network Reliability.
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