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Abstract

This paper is concerned with the study of A-calculus with explicit recursion, namely of cyclic A-graphs. The
starting point is to treat a A-graph as a system of recursion equations involving A-terms, and to manipulate
such systems in an unrestricted manner, using equational logic, just as is possible for first-order term rewriting.
Surprisingly, now the confluence property breaks down in an essential way,

Confluence can be restored by introducing a restraining mechanism on the ‘substitution’ operation. This
leads ta a family of A-graph calculi, which can be seen as an extension of the family of Ag-calculi (A~
calculi with explicit substitution). While the Ag-calculi treat the let-construct as a first-class citizen, our
calculi support the letrec, a feature that is essential to reason about time and space behavior of functional
languages.
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INTRODUCTION

It is important to base the activities of programming, of writing a compiler, and of imple-
menting the run-time support for a programming language on mathematical concepts. This
can be done, without introducing too much mathematical machinery, with a rewriting or cal-
culator approach that consists of mechanically applying a set of rewrite or simplification rules
to a program. This method provides a programmer, a compiler writer, and an implementor
with a sound basis to present, check, and try out their ideas. However, the usefulness of this
abstract framework relies on how faithfully it models reality. In that respect, note that while
cyclic structures are ubiquitous in a program development system [PJ87], current models of
computation, such as the A-calculus [Bar84] and term rewriting systems (Dershowitz et al.
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[DJ90); Klop [Klo92]), do not allow reasoning about them. As such, these models do not
constitute the right computational vehicle for reasoning about the time and space behavior
of a program.

Cycles occur in the representation of data structures. Consider the following data structure
definition written in the lenient language Id [Nik91):

{ones = 1: ones
in ones} .

(A note on syntax: the construct {-.-in --.} represents a block expression, which consists of
a group of unordered bindings and an expression which is written following the keyword in;
: is the Id list constructor.) This is usually expressed in the A-calculus using the fixed point
combinator Y, whose behavior is captured by the following rewrite rule:

YM — M(YM) .
Thus, the above data structure ones becomes:
Y(Az.1:2) ,

which leads to the following rewriting (— reads as “rewrites or reduces to”):
Y(Az.l:2)— (Az.l:z}Y(rz.l:2)) — 1:(Y(Azl:2)) .

The above sequence of rewritings suggests that ones is represented in terms of a cons cell,
with the head containing 1 and the tail pointing to the computation that delivers the rest of
the list. However, this is not what happens in practice, ones is represented in terms of a single
cons cell, with the tail pointing to the cons cell itself. Thus, access to any element of the list
will only involve unwinding the data structure and no further computation. As introduced by
Turner [Tur79], this representation can be captured in the following way: instead of the above
Y-rule, use its optimized version, which involves a cycle (see Figure 1, in which @ stands for

application).
~
® ® M)

Figure 1: Cyclic Y-rule.

Cyclic structures do not only occur in non-strict languages. In a strict language, one can
create them with side-effect operations. For example, in Standard ML [Har86] the data



Figure 2: Cyclic lambda graph for computing the sequence of Fibonacci numbers.
structure ones can be expressed as follows:
datatype reflist = CONS of int # reflist ref | NIL;

(* Values of reflist have the form Cons(i, j), for i, an integer value,
and j, a reference to a reflist value, or NIL. *)

let val x = ref(NIL); (¥ associates x with a reference to a location containing NIL *)

in
x := CONS(1,x); (* change the value x refers to *)
X; (* return the reference *)

end .

Cycles also occur in the data structure representing the run-time environment when im-
plementing recursive functions in either strict or non-strict languages. For example, the local
environment created by the following Scheme expression

(letrec
((fact (lambda(n)
(if (zero?n) 1

(*n (fact (-n 1)))))))
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contains a circularity, which is usually implemented using assignments, as described in the
Scheme report [CR90]'. Thus, dealing with cycles is desirable if one wants to discuss issues
of data representation, and it becomes necessary if one wants to provide a computational
model that supports reasoning about both functions and state. Moreover, capturing cycles is
not only important for reasoning about run-time issues, but it is also important for reasoning
about compilation and optimization of programs, as is discussed next.

Consider the sequence of Fibonacci numbers written in a lazy language (e.g., Haskell
[HPJW*92]) as follows:

let fibs =1 : sumfibs (0: fibs)

P
sum = \x y->(head x + head y) : sum (tail x) (tail y)

L]
in fibs

(The form “\ x y -> e” is Haskell's syntax for a lambda abstraction. As before, : is the
list constructor; sum fibs (0:fibs) performs the addition of the fibs sequence and the
sequence 0:fibs.) The corresponding cyclic graph is displayed in Figure 2. In order to
share the work among all invocations of a function and all accesses to a data structure, it
makes sense to perform computations that occur inside a function body or inside a data
structure at compile time. Specifically, we would like to reduce the redexes (i.e., reducible
expression) p; and p; in the Fibonacci program above. These redexes are indicated with
an arrow in Figure 2. Both redexes express the application of a function to the arguments;
their reduction corresponds to what in the literature has been referred to as inlining, §-
contraction or unfolding [App92]. However, they are not usual redexes, since they are in a
cycle. As such, their reduction is not at all obvious. In fact, as shown in this paper a naive
approach will lead to a non-confluence result, i.e., depending on how we apply the above
transformations we get different programs. The lack of confluence has both theoretical and
practical impacts. From a theoretical point of view, proofs that the above transformations
are correct might become harder. From a practical point of view, non-confluence means that
the order of application could ultimately have an impact on efficiency. Thus, a rigorous
study of the reasons that cause confluence to fail is beneficial for getting a better grasp on
how to apply program transformations, including Wadler’s deforestation technique [Wad90],
partial evaluation [JGS93], and the Burstall and Darlingtor unfold/fold [BD77). These last
transformations introduce new cycles by identifying previously encountered expressions. The
difficulties of reasoning about circular programs is reflected by the fact that, in general, these
transformations do not preserve total correctness.

In conclusion, while cyclic structures have been extensively used by implementors and
compiler writers, their theoretical study is new, and up to now, has been limited mostly to
first-order theories [SPvE93]. Typical results are confluence and correctness with respect to
either infinitary term rewriting [KKSdV95b] or with respect to finite approximations [Ari93,
AA95). An operational treatment of cycles in the context of lazy (i.e., call-by-need) languages

1Rosaz in [Ros92a] argued that the same efficiency can be gained by implementing recursion using suitable
versions of the Y combinator but at the expenses of more complex analysis.



Figure 3: Horizontal sharing.

is given by Purushothaman et al. [PS92] and Launchbury [Lau93). Purushothaman et al.
provide a restricted form of cyclic structures, namely, those that express ‘vertical sharing’.
(Informally, a graph has only vertical sharing if there are no two different acyclic paths
starting from the root to the same node.) For example, Purushothaman et al. does not deal
with the cyclic graph of I'igure 3, which expresses ‘horizontal sharing.” Thus, their treatment
of cycles is inadequate to describe the heap structure of a program execution. Launchbury
deals with both kinds of sharing. However, he does not provide an equational theory, as such
his work is not useful for expressing and reasoning about compiler transformations, or for
studying the effect of different run-time implementation strategies.

The paper is organized as follows. We start, in Section 1, by introducing our approach
to cycles that is based on systems of recursion equations. Until Section 8, we restrict our
attention to systems of recursion equations involving A-calculus extended with constants.
No nesting of equations is admitted. In Section 2, we informally show how to manipulate
such systems in an unrestricted manner, using equational logic, just as is possible for first-
order term rewriting [AK95]. This naive way of rewriting, called the A@-calculus, is formally
introduced in Section 3. Surprisingly, as shown in Section 4, the confluence property of A©®
breaks down in an essential way. We point out, in Section 5, that the same phenomenon
occurs in the infinitary lambda calculus developed by Kennaway et al. [KKSdV95a]. We
discuss, in Section 6, another source of non-confluence that does not arise in the infinitary
lambda calculus. In Section 7, we show soundness of A@ with respect to the infinitary lambda
calculus, and how to restore confluence by controlling or restricting the operations on the
recursion equations. We also point out that the Ag-calculus (i.e., the A-calculus extended
with the p-rule) which embodies much of cyclic A-graph rewriting is confluent. In Section
8, we extend our framework to include nesting of recursion equations. We discuss a family
of calculi, called A¢, that incorporate the A-calculus, the Ap-calculus, ordinary first-order
term rewriting, term graph rewriting, vertical and horizontal sharing. The A¢-calculi that
we discuss can be seen as an extension of the family of Ag-calculi (A-calculi with explicit
substitution) {HL89, ACCL91, Cur93, Les94]. While these concern acyclic expressions, our
systems support cyclic substitutions. A related system for ‘explicit cyclic substitutions’ has
been given by Rose [Ros92b]. The advantage, however, of the A-graph calculi proposed in
this paper is their proximity to the A-calculus. We conclude the paper with future directions
of research.
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1. SYSTEMS OF RECURSION EQUATIONS OVER THE A-CALCULUS
In the first part of the paper (Sections 1-7) we will consider systems of recursion equations
over the A-calculus. Thus we may write:

a=Ar.za .

This is an object whose unwinding is an ‘infinite normal form’, also known as a B6hm-tree
[Bar84]. We also may consider mutual recursion as in

a = (Az.dzz)a, § = (Ay.ay)d .

We will always use a, §, - - -, for recursion variables. For the time being, variables bound by A
are denoted by z,y, 2z, - Note that the infinite tree unwinding of the last recursion system
is not a Bohm-tree, as it contains many (-redexes.

These systems of recursion equations allow us to express ‘horizontal sharing’ - i.e., sharing
as in a ‘dag’, as opposed to the ‘vertical sharing’ shown in the examples above. The following
is an example of a system with horizontal sharing:

a =86, § = (Az.F(z))0 . (1.1)

Since the right-hand side of the equations is restricted to A-calculus terms, the horizontal
sharing cannot appear inside a lambda-abstraction. This restricts the class of A-graphs that
we consider. For example, the graph of Figure 4 is not expressible. This limitation will be
removed in the second part of the paper, Section &, in which we introduce a framework with
nested recursion equations. We restrict ourselves to systems without nesting since interesting
observations can already be made.

(D (D=

ONG

Figure 4: Lambda body with horizontal sharing.

Note that we admit in addition to pure A-terms extended with recursion variables, operators
from a first-order signature, like F and 0 above. We use a harmless mixture of applicative
notation (with the application operator @ usually suppressed, except in pictures of A-graphs)
and ‘functional’ notation where operators have some arity (like the unary F above).

In presenting a recursion system, it is understood that the first (or topmost) equation is
the leading equation, displaying the root of the A-graph. When we want to be more precise,
we will present the system displayed in (1.1) as

(| @ = 86, 6 = (Az.F(z))0) .
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The order of the equations in the ‘body’ of the { | } construct is not important. Furthermore,
we will consider recursion systems obtained from each other by 1-1 renaming of recursion
variables, as identical. Thus,

(618 =177, 1= (rz.F(z))0)
is the same expression as the previous one.

To summarize, until Section 8, we study systems of recursion equations of the form
oy =My, -0 =M, ,

where My, ---, M, are A-calculus terms extended with constants, and the recursion variables
a1, -+, 0y, are distinct from each other.

1.1 Correspondence with graphs

It is straightforward to assign actual graphs to the recursion systems as introduced above.
In the sequel there will be several examples. One feature should be mentioned explicitly:
the nodes of the graph contain first-order operators (F), or application (@), or Az, or a
variable z, %, z, .- Other than that, 2 node may have a name @, 6,7, ---. These correspond
to the recursion variables in the recursion system. Note that also unnamed nodes may be
present in the graph (corresponding to subterms in the system that have no name, like za
in {@ | @ = Az.za}). In the present setting, the root node of the A-graph will always have a
name.

i
@ ©
(F) 9
o
©

Figure 5: Cyclic lambda graph corresponding to 6§ = (Az.F(§,5z))(Sz).

1.2 Free and bound variables
The notion of a variable (z,y,---) bound by a lambda follows from A-calculus. For example,
in the system

a = (Az.F(Gz?,52%))5z!
the variable x superscripted with 1 is free, and the 2's superscripted with 2 and 3 are bound.
As another example, consider

§ = (Az.F(6,5z%))(Sa?) .
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The z superscripted with 1 is free, while z? is considered to be bound. The above term is
displayed in Figure 5. Our stipulation regarding free and bound variables points out a curious
phenomenon; even though there is a path from the Az-node to the variable node z!, z! is
not bound by the Az node. We call this phenomenon scope cut-off (see Figure 6). This is
consistent with other ways of presenting the cyclic A-graph of Figure 5. For example, using
the fixed point combinator Y, we would have Y (A6.(Az.F(8,52%))(Sz!)), in which 2! does
indeed occur free.

cut-off scope of Ax
scope of Ax

not bound by Ax

Figure 6: Scope cut-off phenomenon.

The same scope cut-off phenomenon occurs in the following system
a=Azd, 6 =Fz ,

which is displayed in Figure 7; it is as if a name, in this case §, stops the scope of a A. As
expected, this has some nasty consequences. With respect to the above system, substituting
for 6 in the first equation yields the system

a = Az.Fz, 6§ = Fz |

in which the underlined z has been captured. In order to avoid this free variable capture
and still be able to use a naive version of substitution we adopt the convention that all free
and bound variables have to be distinct from each other. Thus, we would express the term
a=Mz.6, § =Fz as

a=yb §=Fz .

2. LAMBDA GRAPH REWRITING
We now turn to the issue of defining A-reduction on A-graphs or, equivalently, systems of
recursion equations. Due to the possible presence of cycles, it may not immediately be clear
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o

8

@ scope cul-off
(®)

Figure 7: Cyclic lambda graph corresponding to a = Az.6, 6 = Fz.

what the ‘right’ notion of A-reduction is. In order to decide what is a right notion, we will
compare, with respect to soundness, any notion of f-reduction for recursion systems with the
infinitary version of the A-calculus, as developed by Kennaway et al. [KKSdV95a). First, we
proceed in an intuitive fashion. We give some examples, where the redex being reduced is
underlined:

(a| o= (Aze.bzz)o, 6 = (Ay.ay)s) —p

(o | a = baa,b = (Ay.ay)d) —3

(¢| a=daa,d = af) .

Here, there is no problem. We call (Az.dzz)a an ezplicit 3-redex, since it is of the form
(Az.M)N. On the other hand, in a recursion system g, a subterm of the form oV is called
an implicit B-redex if g contains an equation of the form a = Az.M. Examples of implicit
B-redexes are §(Sz) and o(Sy) in the example below:

(o] a= A2.6(5z),6 = Ay.a(Sy)} .

An implicit redex aN must first be made explicit by substitution of Az.M for a, before it
can be contracted (i.e., B-reduced). The act of substitution will be denoted by — ¢ ; we will

occasionally underline the variable we substitute for. Thus:

(a | @ = Az.8(52), 6 = Ay.a(Sy)) — g
{a | @ = Az.(Ay.a(59))(5%), 8 = Ay.aSy)) —3
{a | a = Az.a(5(52)), 6 = Ay.aSy)) —gc

{a| & = Az.a(S5(5z))) .

In the last step, we have applied garbage collection (written as —— g ) since the definition
of é is inaccessible from o.

Our stipulation that #-reduction can only be performed on explicit F-redexes in a system
is a matter of choice; definitions of f-reduction directly on implicit 8-redexes are possible.
However, this stipulation makes it more clear, intuitively, what goes on. More importantly,
making f8-redexes explicit involves making a copy of part of the graph that is often necessary.
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An example is:
(a]| a = F(80,61), 6§ = Az.z) LI
(o | @ = F((A2.2)0,6(1)),6 = hz.z) —+g
(O! I a= F(O,&l),ﬁ = ,\m,m) .

The substitution step has performed a copy of Az.z, as is in this case anyway necessary.

2.1 The collapse problem

In orthogonal term graph rewriting (rewriting with an orthogonal first-order term rewriting
system, admitting cyclic term graphs) and infinitary term rewriting (admitting infinite trees)
it has been a matter of some discussion what to do with ‘collapsing operators’ such as a unary
operator | with the rule I(z) — z. Specifically, what should ‘cyclic-I’, that is, (& | @ = l{a)),
rewrite to? If this object rewrites to itself, then non-confluence arises. For, let J be another
collapsing operator with J(z) — 2. Then (a | a = I{J(a))} rewrites to both {a | a = I(a))
and (o | @ = J(a)). The simple solution is to proceed with rewriting; both of these last two
expressions rewrite to {a | @ = a) which is perceived as a new object, that we will call o
(black-hole), corresponding to the undefined p-expression pa.c. We have used a new symbol
to denote this result of a cyclic collapse, rather than use e.g., 1, as @ represents a very specific
and ‘very undefined’ kind of expression; it is a special case of expressions being undefined by
lack of a head normal form. For a comparison of notions of undefinedness in orthogonal term
(graph) rewriting see [AKK+94].

Figure 8: Reductions to black-hole.

Also in the present setting we need the introduction of the singularity point o. FE.g.,
consider the A-graph:
a = (Az.8)A,6 = (Az.a)B.
S — ——

p T
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f-rule :

(Az. M)N —g Mz :=N]

Substitution :

(@|y=Clé),§ = M,E) —s (a|y=C[M],é=M,E)
Black hole:

(a|7=c7,E) —  lafy=0eF)

Copying

{a| E) —c (| F} if 3 a variable mapping o,
(o' | F)* = {a| E)

Naming :

{a |y = C[M],E) —n  {a]y=Clé,6 = M,E) if the free variables of M do

not occur bound in C[0O] and
M is not a variable

Garbage collection:

{a| E,F) ——rge (| E) if F is non-empty and
orthogonal to £ and o

Table 1: Reduction rules of AO.

Contracting the p-redex yields
a=4§, 6 =(Az.a)B

which is equivalent to
a=(Az.a)B .

Contracting the r-redex yields
a=(Az.0)A, 6=«

which is equivalent to

a=(lr.a)A .

Both contracted graphs yield after one more reduction & = ¢, and this is equivalent to o = .
(See Figure 8). Note that also mutual vacuous dependencies of recursion variables have to
be replaced by e. E.g., {a | a = 6,6 = a} — ». Or, inside a system:

{a|a=F((Az.2)8),6 = (Ay.y)8) — (a| a=F(6),6 = 6) — {(a| a = F(»)) .

3. THE A©-CALCULUS

The naive way of reducing possibly cyclic redexes introduced so far, which we call the A©-
calculus, is given in Table 1. Notation: The metavariables E, F' range over unordered se-
quences (possibly empty) of recursion equations. M[z := N] denotes the substitution of N
for each free occurrence of z in M. C[O] represents a A-calculus context. The binding v =, 7
in the Black hole rule stands for the sequence of bindings ¥ = 91, -, . = 7. I" orthogonal
to a sequence of equations E or to a variable a means that the bound recursion variables of



12

F do not intersect with the free variables of E and a. In the Substifution rule, the equations
v = C[§] and § = M can overlap as in the following substitution step:

{a]|a=Az.za) —g (]| a = Az.z(Az.za)) ,

in which both é and - are mapped into @. The operation of copying differs from substitution
in the sense that copying never gets rid off recursion variables. Given two recursion systems
g and g;, g copies to gy if there exists a mapping o from recursion variables to recursion
variables (which is extended in the usual way to a system of recursion equations) such that
g5 = g, leaving the free recursion variables of g; unchanged. For example,

{a|a=F(7),7=G(a)) —c{aia=F(y),7=6(),a’ =F(y),7" = G(a')) ,

where the variable mapping ¢ is: @, o’ are mapped to «, and 7,7’ are mapped to . (See
[AK95] for a thorough discussion of copying and its properties.) The proviso for the operation
of naming, which is written as —p, , is to forbid reductions of the form

{a|a=Az.Fz) — (a|a = Arz.6,6=Fz) ,

in which the underlined z gets out of scope.

To understand why we admit, in addition to substitution, also the operations of copying
and naming, we make an excursion into the first-order case. Substitution by itself causes
already non-confluence in the first-order case. For, consider the recursion system without
any rewrite rule:

(o] & = S(6),6 = S(a)) .

By substitution and garbage collection this expression yields on the one hand
{a ] a =5(5(a))) (3.2)

on the other hand

(a | a = S(8),6 = S(5(6))) - (3.3)

These two results cannot be made convergent by further substitutions; at each point in time
system (3.2) will have an even number of $'s, while system (3.3) will contain an odd number
of §'s. However, by allowing re-introduction of names (i.e., Naming) we can restore

(er] & = 5(5(e)))

to

(a|a=5(8),6 = 5(a))

and converge again. As shown in [AK95], confluence of substitution and naming is guaranteed
if the system contains also the operation of copying. Thus, in analogy with the first-order
case, we consider next to substitution also the operations of naming and copying, hoping
to prove confluence of A®. However, as shown in the next section, there are some nasty
surprises.
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Remark 3.1 It is interesting to observe that Naming can cause a non-terminating compu-
tation to terminate. E.g.,

a=Ayp.a0 — a=Ay.a0 — a=Ay.al — --- .
Since a0 does not depend on the bound variable y it can be given a name. Then:
a=Ay.ad —, a=Ayd, —s a= Ayl —g a= Apd, — a=Aye .
§=al § = (Ay.6)0 §=14

The above term a = Ay.al can be seen as an infinite tower of collapsing contexts. As will
be discussed in Section 5, this constitutes a source of non-confluence in the infinitary calculi.
To solve the matter, in the infinitary setting such terms are reduced to Ay.e.

This example points out that an approach to cyclic cbjects based on labelled nodes and
edges is unsuitable to describe common program manipulations, as the one described above.
In other words, the graph should be given some structure which delimits the body of a
lambda, as naming a node does in this simple framework.

4. A COUNTEREXAMPLE TO CONFLUENCE OF AO
Consider the reductions (displayed in Figure 9) :

a = Az.b(Sz), —— a=Az.(Ay.a(Sy))Sz), - a= Az.a(S(Sz)),

6 = Ay.aSy) 6 = Ay.a(Sy) A § = Ay.a(Sy)
¥ '
a = Az.8(Sz), :
§ = Ay.(Az2.6(Sx))(Sy) :
lﬁ t
= G ) R e G EEEEEEEEEE L EELEEE > ?

& = Ay.6(5(sy))

By using the same parity argument as in the previous section one can see that the two
systems obtained are clearly out-of-synch. The situation is even more serious, less curable
than in the first-order case since also the operations of naming and copying do not help. The
two expressions

a = Az.a(5(Sz)) and a = Az.6(5z), 8 = Ay.0(5(5y))
are irreversibly separated with respect to any set of operations on A-graphs that is ‘sound’ in
a sense that we will elaborate in the next section.

The above counterexample corresponds to unfolding or inlining the redexes p; and po,
respectively, in the following mutually recursive definitions of CAML:

# let rec odd = fun x — if x = 0 then false else even(z - 1)
— ———

m
and even = fun x — if x = 0 then true else odd(z — 1) ;;
L R

P2
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Figure 9: Failure of confluence after reduction of spine-cyclic redexes.

The absence of a common reduct means that depending on how we apply these transforma-
tions we get different programs, which, even though they might produce the same observable
result, are different from an intensional point of view. As an example, unfolding p; first
triggers the application of the unused lambda ezpressions transformation [App92)], and thus
getting rid off the definition of even.

Analysis of the counterezample

The above counterexample not only is a counterexample to confluence, but even to weak
confluence. For ordinary A-calculus, weak confluence is simple to prove by an inspection of
‘elementary reduction diagrams’. Typical for these elementary reduction diagrams is that in
the converging sides, one has to contract the descendants (residuals) of the redexes contracted
in the diverging sides. So what goes wrong in the present case, when we try to prove weak
confluence? Let us review the counterexample:

o = Ae.[6(5z))h, 6 = Ay.ja(Sp))2 ,

where we have indicated the two redexes, 1 and 2, that play a role. Both are implicit redexes.
Reduction of redex 1 requires making it explicit:

a = Az.[(Ay.[a(5y))2)(52)]1, 6 = Ay.[a(Sy)): -

Garbage collection yields: a = Az.[(Ay.[a{Sy)}2)(5))1. The redex marked 1 can now be
contracted, with result (5% stands for S(5(z))):

o = Az.[a(5%z))2 -

In the other direction, we contract redex 2, after explicitation:

a = Az [6(52)]1, 6 = My [(Az[6(52)])(Sv)): -
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Contraction of the redex 2 yields:

a = Az.[6(52))1, 6 = My [6(S*W)]1 -

So, in analogy of pure A-calculus, we would expect that all we have to do is: complete the
following elementary reduction diagram, by contraction of the respective residuals.

a = Az.[6(52)h, 6 = Ay [a(Sy)l2  —1 e = Az[a(S%2)),
l
a = delbSh b= IS T

Now the reason of the failure of confluence comes to the surface: reduction of redexes 1 in
a = Az[8(5z)]1,6 = Ay.[6(5%))1, or rather a complete development of the set of 1-redexes, is
not possible. Likewise a complete development of the singleton set of 2-redexes in

a = Az[a(5%2))p ,

is not possible. We will show this for the latter case, the 2-redex; the other case of the 1-redex
is similar.

Let us try to completely develop the singleton set of 2-redexes in & = Az.[a(5%z)];. This
requires first of all, making the implicit 2-redex explicit. Therefore we substitute for «, result:

a = Az.[(Az.[a(5%2)];)S5%2]; .

Now the original 2-redex has indeed become explicit, but in doing so we have created another
implicit 2-redex. Making this in turn explicit does not help:

a = Az.[(Az[(Az.[a(5%)]2)S%2]2)S%2)s .

So the reason of the fact that the diagram cannot be completed, is that the sets of residuals
cannot be made explicit, cannot be pre-developed. Hence they cannot be developed.

Another Analysis of the counterezample
Consider the following Abstract Reduction System, with as elements: singleton sets of natural
numbers n, pairs of natural numbers (n,m}, and alternative pairs of natural numbers [n, m].
There are the following reduction rules:

{r} — {20}

(n}  — (n,n)

{n} — [nn]

(n,m) — (n+m,m)
(n,m) — (n,2m)
[r,m)] — {n+m}
[n,m] — (n,n+4+m).
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We claim that these are not confiuent. Proof: [1,1] — {2} and [1,1] — (1,2). Any reduct
of {2} is of the form {e} or (e;, ez) or [e1, e;] with e, e;, e; even. Any reduct of (1,2) is of the
form (o, €) with o odd and e even.

Using this abstract non-confluent fact, we can give a sketch of the non-confluence of reduc-
tions of the system:

a = Az.6(5(z))
& = My.o(5(y))

Let us abbreviate:

{n} : a=Az.e(S"z)

a = Az.6(S™(x))
[na m] 6= Ay.a(sm(y))
R Az.6(S™(z))

b = Ay.6(5™(v))

Then indeed the abstract rewrite rules above are obtained by f-reduction on systems of
equations together with a limited form of copying. Hence the original system, which in
abbreviation is [1, 1], is not confluent. Actually this "proof’ is only giving the basic idea, it is
not complete since e.g., the system abbreviated as {2} gives rise by copying to other systems
than the ones above. For example:

a = Az.6(5%(z))
{2} —c § 6 =2y7(5%()
v = Az.6(5%(z))

But also now, all S’s ever appearing in reducts/expansions of the latter system will have even
exponents. On the other hand, the system (1,2) can be expanded e.g., as follows:

a = Az.6(5(z))

(1,2) —¢ § &= 2y.7(S%(y))
v = Az.6(5%(z))

And now in all reducts/expansions of the latter system, the S in the equation for a will
have odd exponent, and the S’s in all the other equations will have even exponents.

This phenomenon may be thought to be dependent of our particular choice of reduction
for cyclic redexes, consisting of a substitution step followed by a familiar G-step. However,
we claim that it is robust, in fact, as we are going to explain in the next section, the same
phenomenon occurs in the infinitary version of A-calculus [KKSdV95a).

5. INFINITARY LAMBDA CALCULUS

As semantics of A-graph rewriting we take the infinitary A-calculus, as introduced by Kenna-
way et al. [KKSdV95a). The infinitary A-calculus provides us with a notion of correctness of
proposed definitions of B-reduction of A-graphs, and explains the counterexamples for (fini-
tary) confluence of A-reduction of such graphs. In this section we will give a short exposition
of some of the concepts introduced in [KKSdV95a, KKSdV95b).
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AAMAAAA

Cuuchy converging reduction sequence; activity may occur evervwhere

AR ISR

Strongly converging reduction sequence, with descendunt relations

IMigure 10: Converging and strongly converging reduction sequences.

We first underline the difference between convergent and strongly convergent reductions. In
short, a strongly convergent reduction is such that the stable prefix of the term is increasing
(see Figure 10), that is, the depth of contracted redexes tends to infinity. There is an analogy
between the finitary and infinitary settings; a finite reduction corresponds to a strongly
convergent reduction, while an infinite reduction corresponds to a non strongly convergent
reduction.

In transfinite orthogonal term rewriting there is a single source of failure of infinitary
confluence: the presence of collapsing operators, such as the | or K combinators, enabling one
to build trees that consist of an infinite tower of collapsing operators, or rather collapsing
contexts. This is proved in [KKSdV95b]. In the infinitary A-calculus, that is also a source
of non-confluence. However, the matter is more complicated, there is another phenomenon
that causes infinitary non-confluence, not due to collapsing contexts. To explain this, we first
need the concepts of development and complete development, which are a generalization of
the classical notions of A-calculus.

Definition 5.1 Let M be a A-tree, and § be a possibly infinite set of redexes in M.

(i) A development of S is a reduction, possibly infinite, in which only descendants of members
of S are contracted.

(71) A complete development of S is a development which is strongly convergent and after
which no descendant of a redex of § is left.

A classical lemma in A-calculus is the Finite Developments Lemma, stating that any devel-
opment must terminate (see Barendregt [Bar84]). Of course, we cannot have that for the
infinitary A-calculus, since it admits infinitely many redexes to be developed. But there is
an analogous statement, bearing in mind the analogy that we hinted at before between fi-
nite A-reductions and strongly converging infinitary reductions on the one hand, and infinite
A-reductions and diverging infinitary reductions on the other hand. This would be that any
development strongly converges. This is however not the case, and this gives rise to a failure
of infinitary confluence, as shown in the next example.
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Figure 11: Complete development of the redexes marked as 1.

Figure 12: Complete development of the redexes marked as 2.



5. Infinitary lambda calculus 19

Consider the infinite unwinding of the term
{a| a = Az.6(5z),6 = Ay.a(Sy)) ,

which, as was discussed in the previous section, was leading to two non-converging reductions.
Let § and S5 be the two sets of redexes descending from the two redexes a(Sy), 6(Sz) in
that infinite term. The result of the complete development of S; and S; is shown in Figures
11 and 12, respectively. The two infinite terms so obtained do not have a common reduct.
We present a stylized version of the proof, for a formal exposition the reader can consult
[KKS8dV95a]. Consider the TRS with for every n > 0, a unary operator n. There are
infinitely many rewrite rules:

n(m(z)) — (rt+ m)z) .

This is a confluent and terminating TRS. It is not orthogonal. The infinitary version is not
confluent. For, consider the following infinite terms (where we have omitted brackets in the
convention of association to the right):

11111111111 —
2111111111 —
3 21 1%101%]1 1]l —

2 2 2 2 2

where we have ‘developed’ the underlined redexes, that is, the redexes at even positions. This
corresponds to the reduction of redexes marked with 1 in Figure 11, whose leftmost infinite
tree is represented as the infinite term 111.-. (i.e., at each level the tree contains one symbol
S). The complete development of the redexes marked with 2 in Figure 12 corresponds to the
reduction of the redexes at odd positions, yielding:

11111111111 —
1 211111111 .. —
1 2 2111111 —w
1 2 2 2 2 2

Now it is clear that the two infinite terms 2222 --- and 12222- .. have no common reduct. A
side result of this example is that for confluent and terminating TRSs the generalization to
infinitary rewriting does not work out well; apparently the orthogonality condition is needed.

Identifying the larger class of terms without head normal form does restore confluence for
the infinitary A-calculus. A term A has a head normal form if it reduces to some term of the
form Azq -+ -zn.yN1-- Ny, (n,m 2 0).

Theorem 5.2 The infinitary lambda calculus extended with the rule:
M — §} if M has no head normal form
is infinitary confluent.
Proof: See [KKSdV95a]. a

Remarkably, this is not the case in A-graph rewriting. Before presenting the counterexample,
we discuss our criterion of soundness.
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Soundness
Using the infinitary A-calculus we can now formulate a soundness criterion for transformations
of AO-expressions. (Also the various transformations in Section 8 satisfy this criterion.)

Definition 5.3 Let g,¢’ be two recursion systems. Let T'(¢) be the tree unwinding of g. We
will say that a transformation g — ¢’ is sound (with respect to the infinitary A-calculus) if

T(g) — <w T(g'). (Here — <., denotes possibly infinitary reduction, that is a sequence of
w or less (possibly 0) f-steps.)

The proof of soundness of the A®-calculus will be given after having introduced a notion
of substitution that captures the tree unwinding of a recursion system.

6. REGULAR DEVELOPMENTS AND ANOTHER COUNTEREXAMPLE

/N N, Nessx
ﬂu/ N, B ’i"/ \Ss,r
@/L\Sy C\Sy C\SSSSx
/N
¥
F F,

o’ \SSy Nssssx
y Ay/ \SSy
4 !\sy / c\sssss&

Figure 13: Infinite reduction yielding a non-regular tree.

It may be thought that non-confluence in the A®-calculus only arises because of expressions
that after unwinding to the corresponding infinite A-tree have no head normal form. Or,
equivalently, that confluence can be restored by equating all AO-expressions that have no head
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normal form as in the infinitary A-calculus. However, this is not the case: non-confluence in
AQ also may arise for expressions that have an infinitary normal form.

Before presenting the example, we remind the reader that a A-tree is regular if it contains
modulo isomorphism only finitely many different sub-trees. A development is regular, if it is
a development of a set of redexes in a regular A-tree, and the result of the development exists
and yields again a regular A-tree. Consider:

(a | @ = Az.F(y(52),52), v = Ay.G(a(Sy), Sy)) -

Unwinding these recursion equations yields the infinite A-tree in the leftmost corner of Figure
13. A development of the redexes with function part o yields a regular tree, as in the
figure. Likewise a development of the redexes with function part 7 yields a regular tree,
But developing both sets of redexes yields a non-regular tree, namely, the rightmost one of
Figure 13. Hence, we have another counterexample to confluence of A® analogous to the
counterexample in Section 4. This can be seen as follows: the first development of redexes
with function part a, corresponds in A® to S-reductions of a(Sy), after substituting for « to
make the redex explicit. Likewise, the second development of redexes with function part
corresponds to reducing ¥(5z). Due to the soundness of A@, the common reduct in A® must
give rise after unwinding to a regular tree, and not to the non-regular tree resulting from
executing both developments.

Summarizing, we have the situations as in Figure 14, where the lower plane is that of
A-trees and their infinite reductions, and the upper plane is that of A-graphs and their finite
reductions. The planes are related by tree unwinding. Figure 14(¢) displays the ‘normal’
situation. Figure 14(ii) refers to the counterexample in Section 4, that is, the loss of conflu-
ence in both A-graph rewriting and in the infinitary A-calculus. Figure 14(iii) refers to the
reduction of systems such as the following:

{a| &= Az.F(yz),7 = Ay.G(ay)) .

In A@ we obtain the same out-of-synch phenomenon as in Section 4. Instead, the correspond-
ing infinite term reduces to the infinitary normal form Az.(FG)¥, independently of the order
of reduction of the redexes of the form vz and ay. Figure 14(iv) refers to the counterexample
presented in this section. '

7. NOTIONS OF SUBSTITUTION

A way of avoiding the loss of confluence would be to forbid reduction of redexes whose root
is lying on a cycle. But that is hardly satisfactory. (See the Fibonacci graph displayed in
Figure 2.} Clearly, due to its computational content, we have an intuition of such a graph
as unproblematic, and not leading to non-confluence. Going back to the analysis of the first
counterexample, it is not hard to see what causes a set of redexes in a recursion system to
resist a complete pre-development. This occurs only if there is a cyclic configuration in the
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Figure 14: Relation between A-graph and A-tree reductions.

system as follows:
ap = f\:L'l.Cl[(alMl)]

a; = ATi41.Cipal{ @i Miga))

On = AZn41.Crga[(@oMo)] .
Here the a;M; are the implicit F-redexes that we want to pre-develop. If we underline all
the a; in the above system and apply substitution, it so happens that those underlines can
never disappear. This suggests looking for a new form of substitution that leads to finite
developments,

The new substitution, called acyclic substitution (written as — 55 ), consists of defining an

order on the nodes of a graph, or equivalently on the recursion variables (see Figure 15), and
then allowing substitution upwards only. More precisely: call two nodes cyclically equivalent
if they are lying on a common cycle. A plane is a cyclic equivalence class. If there is a path
from node s to node ¢, and s, are not in the same plane, we define s > ¢. Let v be the name
associated to node s, and § the name associated to node t, then ¥ > 8. Acyclic substitution
is then defined as follows:

(a|y=C[8),6 =M, E) —as {a| v = C[M],6 = M,E} ify>46.

In C[6) just one occurrence of § is displayed and replaced by M. So in Figure 15, displaying
the system
(a]| a=F(v,6 a),v=H(G(r),7),7 = H(C,6),6 = G(7))
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Y
= X
// 5

Figure 15: Ordering among recursion variables.

A-rule :

(Az.MN —3 M[z := N]

Acycelic substitution : .
{a|y=Cl8,6=M,EY —3,s {(a|y=C[M],6=M,E)} ify>6

Table 2: Reduction rules of A®.

the only — a5 -steps are from 6 in @, from v in @, from 7 in ». The new calculus, called A®,
that embodies acyclic substitution is given in Table 2,

Fact 7.1 Acyclic substitution is non terminating. L.g.,

a=Fy,y=G6y — a=FGy,y=06y — a=FGGy,y=Gy — .-

Referring to the above reduction note that the second step involves the reduction of a new
redex. If reduction is restricted to “old” redexes only then acyclic substitution becomes
terminating. To that end, let us introduce an underlined substitution calculus which we
call As. The terms of the new calculus are systems of recursion equations with underlined

recursion variables, with the proviso that the underlined variables have to belong to an acyclic
substitution redex. For example, the system

a=Fy,7=0y,
is a legal term. On the other hand, the system
a=Fy,7=0y
is not legal since v # 7. The rule of As is:
{a|7y=Cld),6 = M,E) — 35 (a | 7= C[M],6 = M, E) .

From now on, we will identify an acyclic substitution redex with the variable we are substi-
tuting for. L.g., given the system o = Fy,7 = 0, we will say that v is a redex.
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Lemma 7.2 Let g —as g1 by reducing redez § and g — 5 g2 by reducing redez 5, then a
common reduct g3 can be found by reducing in g1 all descendants of ¥ and in g; all descendants

of 8.
Proof: Let g — a5 g1 by substituting for § in «, and g — 35 g2 by substituting for  in 7.

The only interesting case is when é = 5 or ¥ = a. In other words, the two substitutions have
a cyclic plane in common (see Figure 15). Let us assume § = 1. We have:

g= a=Cl[f, — 0= a = C[Ci[7]],

6= C][l], - 6= cl[l]a
y=N 7=N
nd it
a = C[Cy[N]],
5= Cil),
v=N
x
g2 = a=C[é]a _6"935 a':C[Cl[N]]a
6 = Ci{N], ~ § = C4[N],
v=N T=N.

Lemma 7.3 —+as is strongly normalizing.

Proof: Due to the fact that the ordering > among recursion variables is well founded we can
use the multiset ordering [Klo]. The weight associated to a system of recursion equations g
is the multiset of all underlined recursion variables. E.g., to the system

a=Fé:6=Gls7=0 ’

we associate the multiset
{1833} -
Let
g=(a|y=Cl8, =M E) —as{a|7y=C[M,6=M,E)=g, .

Without loss of generality, let M be Cyfe]. Then, in the multiset associated to g, § will be
substituted by ¢. By definition, ¥ > § and § > ¢ and so the multiset is getting smaller. O

Theorem 7.4 Acyclic substitution is confluent.

Proof: As in [Bar84, Klo] confluence follows from Lemmas 7.2 and 7.3 by applying the
complete development method, which consists of defining a new reduction relation with the
same transitive closure as — 3¢ and prove that it satisfies the diamond property. a

Next, we prove that acyclic substitution combined with §-reduction is confluent. We thus
extend As by allowing underlining of A’s that constitute the operator part of a redex. The
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new f-rule becomes (Az.M)N — 3 M|z := N]. The combination of as and § is written as
—#asg . The new calculus is called A®.

We start by showing that — 354 is strongly normalizing. The proof follows the same

steps as in [Bar84]. We associate a positive integer to each variable (recursion variables and
lambda bound) occurring in the right-hand side of an equation of a system g. The weight of
g, written as |g|, is then the sum of the weights occurring in g. However, the initial weight
associated to variables has to obey some conditions.

Definition 7.5 Let g be a system of recursion equations in A®. g has decreasing weight
property (dwp) if
(i) for every f-redex (Az.P)Q in g :

Vz € P, |z| > |Q|
(it) for every as-redex 7, such that ¥ = M is an equation in g:
I>|M] .
For example,
a = (Az.2%0)(Gy"4®), 1 = 5%

has the dwp, while
a = (Az.z®)(Gy"7'),y = 6°6!

does not.

Proposition 7.8 For all systems of recursion equations g in A®, there ezxists an initial weight
assignment so that g has decreasing weight property.

Proof: We start by finding the strongly connected components of the graph associated to
g. We could see the dag so obtained as having as nodes the sequences of equations that
define a cyclic plane. These distinct sequences of equations are then topologically ordered,
obtaining a new system of equations ¢’. The equations corresponding to each cyclic plane
are not re-ordered. For example, the system

a=Fy,6 =Gn,v=HEn=Hé
is re-ordered as
a=Fy,y=Hb6 =Gn,n=Hb

or
a=Fy,y=Hén=Hbbé=Gn .

In other words, the order of the equations for § and » is immaterial. Now we enumerate
all the variables occurring in the right-hand side of the equations, following the right to left
order, and assign to the m®* variable occurrence the weight 2™. Since

2™ > amlgom2 241 (7.4)
M has the dwp. a
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Proposition 7.7 If g —asg g1, and g has dup then
lgl > lgal -
Proof: Follows from 7.4 above. m}
Proposition 7.8 Let g —asp g1, then if g has dwp so does ¢,.
Proof: If g reduces to ¢; by performing a 8-redex then the proof that the first condition

of the dwp holds is the same as in [Bar84]. To show that the second condition holds let us
assume:

§ = Cslal, —p 6 = Cilal,

a = C{(Az.Ci[7])Ca(7]), a = C[Cr[y)(= := C2[n]l],
T= Ma 7T= M,

n=~N n=N .

Since during §-reduction the weights of the recursion variables are not disturbed, we still
have |y|>|M| and |5|>|N|. Since the weight of the right-hand side of a decreases, we still
have |a|>|C[C1[7][z := C:[n]]]l-

Let us now assume that g reduces to ¢; by performing an underlined acyclic substitution
step. Let g be:

§ = C3[Q]1

a = C[(Az.Ci7])Calq],
v=M,

=N .

If we substitute for either n or v then the first condition is met because the weight of the
argument of the f-redex decreases and = cannot occur free in M. Moreover, |a| is still greater
than the weight of the right-hand side. Analogously, if we substitute for a we still have that
the weights of y and n are greater than |M| and |N]|, respectively. O

Lemma 7.9 —»asg is strongly normalizing.

Proof: From Propositions 7.7 and 7.8. a

Lemma 7.10 Acyclic substitution commutes with .

Proof: We show that —+ 35 commutes with — . Since —»asp is strongly normalizing
it is enough to show that — a5 commutes with — 5 . Let g be

6 - CS[Q_]?

a = (Az.C1[1])Ca[n),
v=M,

n=N.

By cases on where the substitution occurs:
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-Substitution for a.

7

6 = Cs[al, 5 6 = Cslal,

a = (Az.Ci[7])Calnl, - o = (Ci[1))[z := Ca[n]],

T = M, 7T=M,

n= N n= N

e =

§ = G3[(Az.Cr[y)Canll, - -= - -= 6= C3[(Cily))z = Calnl]),
a=(Az.Cil))Can), & £ a=(Cily))z:= Calnll,
v=M, T=M,
n= N n= N

-Substitution for 1.

&= C3[QI, T 6= 03[0 N
a=(Az.Cif])Celnl, = a=(Cifa))lz = Calnl],
v=M, 7=M,
T’l = N T’ = N

l‘E ‘ﬁ
6 = Cslal, - & = Cslal,
a=(22.Ci[M))Caln), £ a=(Ci[M])[z:= Calnl],
v=M, 7=M,
n=~N =N

-Substitution for 7.

& = Cslal, —~ §=0C4lal,
a=(Az.C1[7))Coln), ~ a=(Ci[a])[z := Ca[q]),
7= M, =M,
=N n=N

= =
6 = Csja], - &= Cyla],
a=(QAz.Cil1)ColN], & a=(Cila])l=:= Co[N]),
Y=M, =M,
n=N =N

Theorem 7.11 A® is confluent.

Proof: From the previous lemma and Hindley-Rosen’s Lemma.

g

Let us call a A-redex spine-cyclic when its root and the A-node lie on the same cycle (see
Figure 16). {The root of the f-redex and the A-node may be cyclic.) Otherwise, the redex
is spine-acyclic. Then, the above theorem says that reduction of spine-acyclic redexes is
confluent, since they involve acyclic substitution only. An example of a spine-acyclic redex is
the topmost redex of Figure 2. Confluence of A® guarantees also that the lack of confluence

of A@ does not impair its correctness, as shown next.
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Figure 16: Cycle through a spine.

Theorem 7.12 The A@-calculus is sound with respect to the infinitary lambda calculus.

Proof: As shown in [AK95),if ¢ — ¢ g1, § —n g1 Or § — s g1, then g and g, are
bisimilar graphs, and as such they have the same tree unwinding. We show next that -
reduction in AQ@ corresponds to a complete development of the residuals originating after
unwinding a recursion system. Notation: T™(g) denotes the n** approximation of T'(g);
— cdv(as+) denotes a complete development of all acyclic substitution redexes occuring in

the first equation. T™(g) is obtained as follows: let g be oy = My,--+,a,, = M, we first
create the new system ¢ = ay, a1 = My, ,an = M,,. fa=aoy,00 = My, -+,00y = M,
—>edv(ast) @ = M,a1 =My, +,am = My in n-steps, then the nt* approximation of T(g)
is Mia; := Q,---, ay, := Q]. The result then follows from the fact that acyclic substitution
commutes with § and the descendant of an as*-redex is still an as*-redex:

g —p g1 ==Y, T"(g) —5 T"(q1) -

c

The other redex pointed at in Figure 2 is an example of a spine-cyclic redex, since the root
of that redex and the A-node, named sum, are on the same cyclic plane, and thus needing
a substitution that is not acyclic to make it explicit. Implicit spine-cyclic redexes are made
explicit by first applying the operation of copying, which allows to unwind a cycle without
losing any name. For example, if we want to reduce the underlined implicit S-redex in the
system:

a = Az.6(5z),6 = Ay.a(Sy)
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we first perform a copy step:
a = Az.5(Sz),6 = Ay.¢(Sy) — ¢ @ = Ax.§(Sz),,8 = Ay.e/(Sy), &' = Az.8'(Sz),, 6" = Ay.a'(Sy) .

The system so obtained now contains an implicit spine-acyclic redex, i.e., the one subscripted
with 1. However, another copy of the implicit spine-cyclic redex is made, i.e., the one
subscripted with 2.

Remark 7.13 Another notion of substitution that guarantees confluence is the paraliel sub-
stitution (——+ps ), which consists of substituting at once for all the recursion variables.

ay =My, an= M, —*ps 1 = Af{l[a;/MnL Tt Qn = Mn[a-;z/Mn] .
For example, we have
a = Ar.5(5z),8 = Ay.a(Sy) —ps a = Az.(Ay.a(5y))(52),8 = Ay.(Az.6(52))(Sy) .

This notion is interesting since it allows to remove the definition of §.

Since a notion of substitution is already present in the Ap-calculus, we are going to present
it next,

7.1 The Ap-calculus
An interesting calculus arises by extending ‘pure’ A-calculus with the p-rule:

e opx.Z(z) — Z(pz.Z(z)) .

Here we use the notation as used for ‘higher-order term rewriting’ by means of Combinatory
Reduction Systems (CRSs), as in [KvOvR93]. Usually this rewriting rule is presented as
pz.Z — Z[z := px.Z]. The Ap-calculus already offers a form of cyclic A-graph rewriting (see
Figure 17); it reduces ‘implicit’ S-redexes in a way similar to that discussed in Section 4, that
is, by first performing some unwinding. Thus, it seems puzzling that the Au-calculus, being an
orthogonal Combinatory Reduction System, is confluent. Translating the A©®-counterexample

Figure 17: Reduction of pa.ca.

to confluence of Section 4 into Ay is instructive. The uppermost cyclic graph of Figure 9 is
expressed in the Au-calculus as:

M = po.dz.(pb.Ay.a(Sy))(5z) .
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In order to reduce the (implicit) B-redex a(Sy), as we did in Section 4, we apply the p-rule
twice obtaining:

M —, Az (ub Ay M(5))Sz) — , Aa.(pd.Ay.(Az.(ud. Ay. M (5y))(52))(S¥))(Sz) .

The above reduction is displayed in I"igure 18. Note that the substitution operation embodied
in the g-rule is much more complex than the unrestricted version of A© (displayed in Figure
19) and not as restrictive as acyclic substitution. The first p-step has caused a copy of M.
Furthermore, instead of simply substituting for &, another copy of M is made. This avoids
the ‘out-of-synch’ phenomenon.

Figure 18: p-reduction of pa.Az.(ué.Ay.a{Sy)}(S<).

At this point we could restrict ourselves to the sub-calculus Ag, however, this is not satis-
factory because the Ap-calculus is limited in the form of sharing it can express. For example,
it is unable to directly capture the expression

a = F(y,7), 1= Az.G(7) .

In fact, by translating the above expression into the Ag-calculus we obtain

F(py.Az.G(7), 1. A2.G(7)) ,
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Figure 19: Display of a substitution step.

where a duplication or unsharing has occurred. In other words, the Au-calculus expresses
vertical sharing only. This gives rise to the following question: how can we extend Ap-
calculus, with its lack of horizontal sharing, to include this feature that is indispensable for
efficient graph rewriting, while retaining confluence and still properly extending well-known
term rewriting techniques. This leads to modular lambda graph rewriting, which is introduced
next.

8. MODULAR LAMBDA GRAPH REWRITING

We now in a sequence of extensions develop a series of calculi, called A¢, leading to a very
general and flexible calculus which incorporates the A-calculus, the Ap-calculus, ordinary
first-order term rewriting, vertical and horizontal sharing. The distinctive feature of this
family of calculi is the presence of nested recursion equations. For example, we will write:

(a|a=(Az.{6] 8 = F(a, S2)))S2)

where, as in Section 1, it is clear that the underlined z is free. To avoid free variable captures
we will still assume that both free and bound variables have to be distinct from each other.
So we will write the above term as

(| a=(Ay.(6]|6=F(e,5y)))5z) .
Moreover, the root of a term is not restricted to be a variable, e.g.,
{(Fa | a = GO) .

The general form of A¢-terms is
{t| E) ,

where t is a2 term and F is an unordered sequence of equations; ¢ stands for the empty
sequence. We refer to (¢ | E) as a box construct. We call ¢ the ezternal part of the box, and
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E the internal part. We can see E as the environment associated to t, or as a set of delayed
substitutions. The Ag-calculi can be seen as an extension of the Ao-calculi [ACCL91, Cur93);
the Ag-calculi treat the let-construct as a first class citizen, while the A¢-calculi support the
letrec. For example, in A¢ we can have

(a| a = A1.F(6,7),6 = An.Ga, 7)),
which corresponds to the letrec expression:
letrec o = Avy.F(6,7), 6 = An.G(a,n)in ccend .

We could also say that the Ac-calculi express acyclic lambda graph rewriting, while the
A¢-calculi deal with cyclic lambda graph rewriting. Since cycles are ubiquitous in the im-
plementation of programming languages, the A¢-calculi follow the tradition of providing ‘en-
riched A-calculi’ to capture more precisely the operational semantics of functional languages

[Ari92, PI8T).

Definition 8.1 Let T be a first-order signature. Then Tergz(A¢), the set of Ap-terms over
3, is given by:

(i) @7+ € TerS(Ad)
(ii) t1,++,2n € Terg(Ad) => F*(1y,-+-,1,) € Terg(Ae);
(iii) t € Terg(Ad) = Ae.t € Terg(Ad);
(iv) 10,1 € Terg(Ad) = toty € Terg(Ad);
(v) to,81,- *,8n € Terg(Ag) == (o | a1 = t1,- -+, an = 1) € Terg(Ag), with a; # a;,0<
it<j<n

Note that we have dropped the distinction between lambda bound variables and recursion
variables. a-equivalent A¢-terms are identified.

8.1 Graphical representation of modular A-graphs

(a) ) (b) 1 (c)
Q

Figure 20: Graphs associated to A¢-terms.

We graphically represent an expression (¢ | £) by a box divided in two parts, the upper part
corresponding to the external part ¢ and the lower part containing the internal part E. A
box can be thought of as a refined version of a node. We present a series of examples.
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Example 8.2 (i) The following terms

(a) (a|a=F(f),8=G(a))
(8) (H(e, 8) | « = F(), 8 = G(a))
() (H(H(e,8),7))| @ =H(B,a))

are displayed in Figure 20. Note that the free variables are drawn outside the box, as in

Figure 20(c).
(ii) The terms

(2) (H({e|a=F(a)),B) |8 =F({7|v=F(6),6=G(7)))
(6) (H(e,8)| &' ={a|a=F(a)),B=F(7),7" = {v[7=F(6),8 =G(7)))

are shown in Figure 21. Note the ‘external names’ ', v’ of the boxes in Figure 21(b).
T'
@ @

Figure 21: Graphs associated to A¢-terms.

(a} {b)

(iii) Boxes can also refer to each other. The term
(oo ={a|a=F(g),p = (8|8 =0G(a)))

is shown in Figure 22. Note that multiple references to a box are aiming straight at its
leading node.

G

5

Figure 22: Mutually dependent cyclic boxes.
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B-rule:
(Aa.t)s —g (tla=3)

Ezternal substitution:

(C[6}| 6 = s, E) —es (Clsl|§=s,E)

Acyclic substitution:

{t|la=C[8,6=5E) —3a (t|la=Cl[s],6=8,E) fa>§
Black hole:

(C[6]] 6 =, &, E) —+s  (C[e]| 6 =, 6, E)
(t|a=C[b),6=06,E) —+ (t|a=Clo],6=,8E) fa>é
Garbage collection rules:
f.E’F

() —rgc ¢

—+gc tF if F # ¢ and orthogonal to E and t

Table 3: Reduction rules of A¢qg.

8.2 Basic System

We start with the basic system A¢p. In order to simplify the reading of the reduction rules
we will denote by tZ the term (f | E). Here “F orthogonal to a sequence of equations E and
to a term ?” means that the bound recursion variables of F do not intersect with the free
variables of ¥ and ¢. Contexts C[0] are given as follows:

Clo] == 0| Clalt | Fit, -+, Clal, -+, 1) [1C[A] | AaClA] | (CIO] | B) | (t] « = €[, B) .

The rewrite rules of Agp are given in Table 3. In the S-rule notice the role change of the
bound variable, previously bound by A, afterwards bound by the recursion construct { | ).
The f-rule now becomes strongly normalizing. For example, (Aa.aa)(Aa.aa) — 8 {aa ]
o = Aa.aa), which does not contain any f§-redex. In order to proceed with the computation
external substitution has to be applied, yielding: {(Aa.ca)(ra.aa) | a = Aa.aa). Ezternal
substitution allows us to ‘extract’ a tree-like prefix without duplicating the environment E.
As for A@, the proviso o > § of the Acyclic substitution and Black hole rule indicates that
there is no cycle between them in the term matching the left-hand side of the rule. Tor
example, « is greater than § in the term indicated with a curly brace:

g=(7|7=SFa|a=G6,6=G7)) .

even though g contains a cycle between « and §. However, this cycle goes through v, which
is defined outside the internal box (see Figure 23). The binding § =, 6 in the Black hole
rule stands for the sequence of bindings é = 6;,---,8, = 6. The proviso “F # ¢" of the first
Garbage collection rule guarantees its strong normalization. Without that proviso we would
have t2 — gc tE, Note that internal substitution as allowed in A@ is now absent. The
system

{a| @ = Azy(Sz),7 = Ay.aSy))
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does not rewrite in Agp to
(e | o = Az.a(S%z).a(Sy)) -

Ti"‘—-\

Figure 23: Ordering among recursion variables.

Theorem 8.3 A¢yg is confluent.

Proof: Call the external and acyclic substitution rules s-reductions, and the remaining
rules o-reductions. o-reductions are confluent, as they do not cause any duplication and they
commute. As in Section 7, developments with respect to s-reductions are strongly normalizing
and weak confluent. From Newman’s Lemma, developments are thus confluent. Confluence
of s-reductions follows from the complete development method. Next, one s-step commutes
with a sequence of o-steps (Notation: — /! stands for a reduction of 0 or I steps.):

—

(=)
1

s o/1's
+

- - —r

=]

Then we have that s-reductions commute with o-reductions. The result thus follows from
Hindley-Rosen’s Lemma. a

Lemma 8.4 The A-calculus is directly definable in Adyp.
Proof: We have:
(Aat)s — g (tla=s) —ves (tfa:=s]|a=5) —gctfa:=4] .

The last step is justified by the fact that a cannot occur free in N. (]

Theorem 8.5 Let R be an orthogonal term rewriting system. Then Agg U R is confluent.

Proof: Since R-rewriting commutes with Agg. (|

As the following example suggests, rewriting with Ao U R is already quite interesting from
the point of view of term graph rewriting, as it can handle both horizontal and vertical
sharing,.
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Figure 24: Reduction in A¢g U R.

Example 8.6 Consider CL, Combinatory Logic. Then we have the following reduction in
Ago U R (see also Figure 24, where the lines dividing the graphs correspond to the division
in external and internal part):

(al‘I:ﬁﬂ’ﬂ:S'Y'h'T:I) —tes
(BA|B=3%1y, 7= l) —tes
(SyvB81B8=5yy, 7= —CL
(vB(vB)| B =577, v=1) —»es
(18(18) | B =Svv, v =) —CL
BOIB=Syy,v=1

8.8 Au with horizontal sharing
We translate the Au-terms into A¢g as follows:

¢le] = a

¢[F(t1, -+ ta)] = F(@[t], - o[t])
¢ [tat2] = ¢[ti1]o[t:]

o a.1] = Aa.¢[t]

¢ [pa.t] = {a|a=4¢[t}) .

Note however that the Au-calculus is not directly definable in A¢y. E.g., :

t = paF(pr.G(a, 7)) — 4 peF(Gla 7.6(e, M) = 5
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(Aa.t)E —qy Aaitf

Fi(ty, o o ta)? —gp FPE, - tE) ifn2>1

(ts)® —gg  tESE

(a] F)E —4o {a| FE) if @ occurs bound in F

Table 4: Distribution rules.
but
$[tl = (a|a=F({y[7=GCla,1))} ¢y {a | a =F(G(a, (7|7 = G(a, 7))} = & [s] -

To that end, we extend A¢g with the distribution rules of Table 4, whose job is to move a
box construct as far as possible down a term until a variable is reached. We call the result
A¢. Notation: FF means: if Fis oy = t1,+++,0p =1, then FE is oy = tf,---,an =t

Example 8.7 The following reduction
pov.F(c, uB.G(e, B)) — uee.F(a, G(a, 1B.G(a, )

is defined in A¢), as follows: .
(a|a=Fa {818 =G(a,B8))) —tes
(a|a = F(a,{G(a, 8) | B = G(a, H)})) —dF

{a| o =Fa,G({a] B =6(a,8)), (B 8 = G(a, F))))) —gc
(a| e =Fe,Gla, (3] 8 =G(a, F)))) -
{See Figure 25.)

H R
Yod

Figure 25: Analysis of u-step.

In order to prove that Ay is definable in A¢; we need some properties of the distribution
and garbage collection rules. Specifically, that the distribution and garbage collection rules
unfold the system by pushing the box constructs next to the variables. Notation: — dge
is the reduction relation induced by the distribution and garbage collection rules. We show
next that —+ g, is strongly normalizing and confluent.
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Lemma 8.8 —dge is strongly normalizing.
Proof: We associate to each box construct (¢ | £} a positive number n, called the index of

(t | E). This index, written as d(t), indicates the depth of the external part ¢ of a box, that
is, how much a box has to travel until it reaches a variable.

d(a) = 0

d(constant) =0

d(st) = 14+ maz{d(s),d(t)}
d(F*(t1,+,1n)) = 1+maz{d(t1),---,d(ta)},n 21
d(Aa.t) = 144d(1)

d({t| ey =11, -+, an = ty)) 1+ d(t) + maz{d(t;),---,d(t,)} -

(We assume maz @ to be 0.) The index of each box appears as a superscript in the system
below:

9= ((MpoB o= (F§|6=Gn))? | n= (G| =0 .

The weight associated with a system of recursion equations g, written as jg¢|, is then the
multiset of sequences of indexes associated with all possible nesting of boxes. For example:

lg|=4621,61} .

The multiset ordering is then induced by the lexicographic order on sequences. If a system
of recursion equations g does not contain any box construct we let |g| be {0}. The multiset
ordering takes care of the duplication of boxes, e.g., :

(i) If

9= (H(m,a) |a=(FF3| 8 =1)*}! —4f

H(a|a=(FF8 |8 =1} (a|a=(FF| 8 =1)*)) =g ,
then
lg|= 412} >|g1|= {02,002} ;

(ii) If

g = {{a|a=H(FB,F8),8 = H(Fa,F8))? | 6 = (Fe | e = 1}1}° — 4o

(a| = (H(FB,F6) | 6 = (Fe| e = )2, 8 = (H(Fa, F6) | 6 = (Fe|e= D)0 = gy ,

then
lgl={31,30} >|s1|= {021,021} .

We first restrict our attention to the distribution rules only. We show the following fact:
Fact: C[R] — 4 C[R)] = d(C[R]) = d(C[R4]) .
By induction on the structure of C{0O].

-C[0] = 0. By cases on R. Notation: if F is the sequence of equations a; = t1,-+,a, = I,
then d(E) stands for maz{d(t1), -+, d(.)}.
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- d((Aat)B) = 1+ d(Aeut) + d(E)
= 14 (1+d(t) +d(E))
= 1+ d(tE)
= d()a.tf) .

- d((st)B) = 1+d(st) +d(E)

141+ maz{d(s),d(t)}+ d(E)

1+ meaz{l +d(s),1+d(1)} + d(E)

1+ maz{l + d(s) + d(F),1+ d(t) + d( E)}
1+ maz{d(sF),d(1E)} = d(sFtF) .

’d(Fn(tlﬁ""tﬂ)E) 1+d(Fn(t1a"'$tﬂ))+d(E)

1+1+ mam{d(tl)s Tty d(tn)} + d(E)

1 + maz{l +d(E)+ d(t1), -, 1 + d(E)+ d(t,)} since n > 1
1+ maz{d(if),- -, d(i7)}

d(F"(tF, M) tf)) i

Note that it is important for n to be greater than one, otherwise the depth would
decrease in the reduction (0| ) —4p 0.

Cd(({alar =ty o=t | E) = 14d((afon =ty -y a0 = ta)) + d(E)

1+ 1+ maz{d(t1),--,d(ta)} + d(E)

1+ maz{l+d(t,) + d(E),---,14+d(t,) + d(E)} sincen > ]
1+ mam{d(t{sL Tty d(tf)}

d({a| a1 =tf, - an = 17)) .

The proviso of the — y -rule guarantees that n is greater than one.

| T | IV

-Inductive case. If C[O] is Cy[Q]¢ then
d(C1[Rit) 1 + maz{d(C1{R]),d(t)} Induction hypothesis
1+ maz{d(C1[R1]),d(1)}
d(C1[R4]t) -
The same for the other forms of C[O].

We are now ready to show that
9 = C[R] —q C[Ri] = 1 =9[> .
The proof is by induction on C[0O].

-C[0] = O. By cases on the rule being applied.

-(Aat | E) — 4, Aa.{t | E). The index of the outside box is 1+ d(t) and it is replaced
by d(t). Any other box contained in ¢ and in E is left unchanged.
-{st | EY —s4q (s | E){t| E). The index of the outside box is 1+ maz{d(s), d(t}} and

it is replaced by d(s) and d(?), respectively. The index of any other box contained
in t, s and E is left unchanged.

“{F(t1,+ "y tn) | E) —¢4F F({t1 | E},---,(tn | £)). Same as the case above.
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fa|oy =t an=1tp) | B) —yg (@] ey = {t1 | E),+++,an = (i, | E)). The
index of the outside box is 1 + maz{d(t;),---,d(t,)} and it is replaced by 0.

- Inductive case. The only interesting case is when C[0] is (C;[0) | E), then according to
the previous fact the index of the outside box does not increase. In other words, an
internal reduction does not increase the index of the outside box.

Since a system of recursion equations g contains a finite number of equations and boxes, the
garbage collection rules can be easily shown to be strongly normalizing. Let us assume there
is an infinite sequence over the union of the distribution and garbage collection rules. This
sequence can only have finitely many distribution steps. If not, since the garbage collection
rules do not increase the weight of g, it means that the infinite sequence corresponds to an
infinite descending chain. This is not possible. Thus, it must be that we have an infinite
number of consecutive garbage collection steps, which contradicts the strong normalization
of the garbage collection rules. a

Remark 8.9 If we change the current distribution rule over a box construct to
(t| EYf — (F | ET)
then the distribution rules will no longer be strongly normalizing. E.g., :

((Fly6)la=0)|6=1) —g ((Fla,8)| §=1)|a={0]d=1)) —¢4
((Fla,6) |la=(0]6=1)[6=(1]a=(0]8=1}}} —+q {(F(a,é)|a=0}[6=1}.-- .

Lemma 8.10 —» dge is confluent.

Proof: The distribution rules define an orthogonal system, and thus are confluent. The
garbage collection rules are themselves confluent. Since distribution and garbage collection
rules commute, the result follows from Hindley-Rosen’s Lemma. o

Notation: ¢[a; := (@1 | E},++,an = (@ | E)] denotes a simultaneous substitution. nfyz.(t)
is the normal form with respect to the distribution and garbage collection rules.

Lemma 8.11 (Unfolding Lemma) Lett be a term and E be oy = 51, +,0n = 8. Then
(| E) —dge "fdgc(t)[al =({a1 | E}),-+,0n = (an | E}] .

Proof: Trivial if E is empty. Otherwise, without loss of generality let us assume n = 1.
Since —+qg. is strongly normalizing we can conduct the proof by noetherian induction.

-1 is a normal form. By structural induction on t.

-1 is a variable. For ¢t equal to a; the result follows trivially. Otherwise, let ¢ be 7:

(v o1 =s) i (7|)—*gc75‘![0‘1 = (| a1 =4a)] .
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-t is t1t3. We have:
(titz | o1 = 1) —da
{ty | on = 81 ){t2 | o1 = 31) —»dge Induction hypothesis
i][al = (Cl!j | a; = 51)112[6!1 = (01 | a) = 81)] =
(tat2)far == {01 | a1 = 31)] .
-t is F(2y,--+,tn). Same as the case above.
-t is Aa.t;. We have:
(Aa.t: | a1 = s1) —da
Aa{ty | g = 81) —+dge Induction hypothesis
Aau(tfag == {my |y = 8)]) =
(Metr)[er = (a1 [ a1 = 5)] -
-t is (a2 | az = s3). We have:
{{oa| @z =32} | &1 = 31) —do
{az | az = (32 | a1 = 51)) —+dge Induction hypothesis
(052 I gy = 82[0.’1 = (01 I o] = 81)]) =
(az | @2 = s2)[ar i= {01 | @1 = s1)] .
-1 is not a normal form. Then:
(t| E) —dge (‘| E) .
By induction hypothesis:

(' E) —dge nfdgc(t’)[al ={a1 | E),---,an = {an | E)] .

From confluence of —+ ;. follows that nfagc(t') = nfage(?).

a
Theorem 8.12 Au is directly definable in A¢;.
Proof: We show that
¢ [po.t] —ag, S[t[a := pad]] .

¢ [pa.t] = Definition of ¢

(a|a=¢ft]) —es

(o[t] | = o [t]) —#dge By the Unfolding Lemma

fage(¢[D)e := (| a=[t])] = Since nfyg (¢ [1]) = ¢ [1]

¢[t] [a = {a | a = ¢[t])] = Structural induction on ¢

o [i[a := pa.t]] .
Same for the S-rule. O

Next we want to show confluence of A¢;. To that respect, we first need two propositions.
Notation: =4z, denotes the convertibility relation induced by the distribution and garbage
collection rules.
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Proposition 8.13 Lett be a term, and E, F' sequences of equations. Then,
((t] BY | F)=gge{(t| F) ) EF) .
Proof: By noetherian induction on t with respect to the ordering induced by —» dge -

- t is a normal form. By structural induction on 1.

- tis a variable a.
If @ is bound in F:

(| E)| F) — 4a (@ | EF) =g ((«| F)| ET) .

Otherwise:
(| B)| F)  —ge
(a | F) =gc
((e] Fy | EF) .
-tis tltg.
{(tit2 | E} | F) —*da
((ta | BY | FY{{t2 | E} | F =dgc  Induction hypothesis
((t | FY | EF)Y{(t2 | F) | EF) =4q
((hta | F) | EF) .

- tis F*(t,---,t,). Same as the case above.

- tis {a | I). Without loss of generality, let us assume E to be a = s.
(({ala=8)[E)|F)  —+ 4
{a|a={{(s| E}| F}} =ggc  Induction hypothesis

(a|a=((s| F}| EF)  =4g
(({a]a=s)| F)| EF) .

- ¢ is not a normal form. Follows immediately from the induction hypothesis.

a
Proposition 8.14 Let s be a term and E a sequence of equations. Then,
(Clsl E) =4gc {Cl(s | E)]| E) .
Proof: By structural induction on C[0] and Proposition 8.13. 0

Intermezzo 8.15 In the proof of confluence of A¢; we will use the decreasing diagram
method proposed by Vincent [vO94). The method consists of associating a label to each re-
duction step and giving a well-founded order on these labels. If all weakly confluent diagrams
turn out to be of a specific kind, namely decreasing, then confluence is guaranteed.
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Definition 8.16 Let |.| be a measure from strings of labels to multisets of labels. If a,,...,a,
are labels:

|ay...a,| = {a;| there is no j < ¢ with a; > a;} .
Then, the diagram

is decreasing if {a,b} > |aby...by| and fa,bF > |bay...a,].

Theorem 8.17 If a labelled reduction system is weakly confluent and all weakly confluent
diagrams are decreasing with respect to a well founded order on labels then the system is
confluent.

Proof: See [vO94]. O

Theorem 8.18 A¢; is confluent.

Proof: We call the external and acyclic substitution s-reductions, and the remaining re-
ductions, except (-reduction, o-reductions (written as —o ). Since the black-hole rule is

strongly normalizing, and does not change the depth of a box, it follows that o-reductions
are strongly normalizing. Their weak confluence thus implies confluence.

Let us study the new system, called A}, which contains the following rewrite rules:
t —pf, 8¢ il s is the normal form of ¢ with respect to the o-rules;

t —s 8¢ if s is obtained from ¢ by a complete development of a set, possibly empty, of
substitution redexes;

t — || 8¢ if s is obtained from ¢ by a complete development of a set, possibly empty, of

B redexes. Since (-reduction does not create new J-redexes, ¢ — s s if and only if
t—»gs.

Let us first show the weak confluence diagrams.

-3-reduction and o-reductions. The goal is to show the following commuting diagram:

I ,

I'Ifo 'I'Ifo (8.5)
t
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Let us first point out that the only obstacle to # commuting with o-reductions is caused
by the distribution of an environment over an application:

(Ma.s)t)f —s 4q (Ar.8)ELE

The right-hand side of the reduction is no longer a g-redex. We call this distribution-
step an interfering d@*-reduction. The distribution over lambda that restores the -
redex is denoted by dA*:

(Aa.8)t)E — da* (Ae.s)EtE — da (Ae.s®)E |

If there is no interference, then a single o-reduction step commutes with 8-reductions:

e
\o 10 (8.6)

(Note that B-reduction does not cause any duplication.) Otherwise, we show the fol-
lowing:

e,
\d@* 'nfo (8.7)
t
o e e
For a single 3-step:
((Aev.t)s)® ) (t]|a=s)E
d@*l =dgc (8.8)

(Aa.t)BsP pive (Ae.t?)sP ' (% | a = sF)

((t | e = .s)E=dgc(tE | « = 5%} follows from Proposition 8.13.) Since — dge IS

confiuent, (t | @ = )% and (t¥ | « = sF) have the same normal form. For the number
of B-steps greater than one we first re-order the f-reduction such that the interfering
step is the last step. We then have:

n-1
ﬁ [}
40 (8.6) 'dex  (8.8)
'

nfo

- - = e

1 ﬁ ]
Wh (8.6) rdax
' '

===
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We are now ready to prove our result (i.e., diagram (8.5)). Since o-reductions are
strongly normalizing, the proof is by noetherian induction. The result holds trivially
for a normal form. Otherwise, we have the following two cases:

I | W |
Io (8.6) ‘o ld@* (8.7) info
t
s . v, e . nfo
|nfo I.H 'nfo \nfo 'I'Ifo I.H. 'nfo
t + ¥
e el I R

B ,
I‘lfol nfg (8.9)

We remind the reader that the bottom — |5 -reduction of the above diagram might
correspond to an empty reduction. E.g., :

(t|a=C[6],6=61,61=6)E—(t|a=C[61],6=61,61=6)
(t|a=Clo),6 = 8,6, =68) = (t|a=C’[o],6i= 61,6, = 6) .

The bottom — ¢ -step is due to the interference between external substitution and
the distribution of an environment over a box construct:

{la| = s)| F) {{s|a=s}|F)
do

es

=dgc
(@la=(s|F) = (o] F) |a=(s] FY) .

The right-hand side of the top es-reduction is no longer a dO-redex. We call this external
substitution an interfering es*-reduction. Analogously, we call this distribution over the
box construct a dO0*-reduction. A similar situation is caused by acyclic substitution:

({a|a=Clb),é =) | F) ({a| @ =Cls],6=3s) | F)

do :du
¥

((a]a=(C[s}| F),6=(s] F))

=dge
{ala=(Cl}| F),6=(s| F)} -~ {a]e=(Cs| F)]| F),6 = (s} F)) .
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Thus, the distribution of an environment F over a box construct of the form (« | F') is
interfering if (o | F) is either an es or an as-redex.

By associating to each variable a a weight, say n, as in the proof of strong normalization
of —+a¢s , and to a variable a™ a depth of n instead of 0, we can show, following the

steps of the proof of Lemma 8.8, that s-reductions (i.e., developments with respect to
the s-rules) combined with o-reductions are strongly normalizing. Then, by noetherian
induction follows that, in case of non-interference, —s commutes with —¢ :

10 'o (8.10)

[« 9
=]
*
Itn
g.h_
=]

where the s-reductions stand for complete developments. Let the dO*-redex be {{a | F) |
E}. We first re-order the s-reduction, such that, the external and acyclic substitution
redexes that interfere with ({a | F) | E) are pushed at the end of the reduction. We
then perform the descendants of the dO0*-redex with respect to the non-interfering part
of the s-reduction. We have:

s , &

do (8.10) ndox
T

Note that the n dO*-redexes are disjoint from each other, that is, the corresponding
boxes are not contained into each other. We show by induction on n that we can close
the above diagram.

- n = 1: Without loss of generality, let F be ay = C1{ag], ag = Cs[as], a3 = 5. We
have:

(1| er=Cilag)y, —— (Gi[Cals]]| a1 = Ci[Cols]],

az = Colas), ag = Cyfs],
az = s)¢ az = s)F
d':'*l =dgc
(a1 | a1 =Cileg)B, - (Ci[C2Is®IFIE | a1 = C1[Co[sE]E)E,
az = Cylag)®, ¢ az = Co[sF]E,

as = &) as = s%) .



8. Modular lambda graph rewriting 47

(Gi[Cals]] | a1 = Ci[Cals]], =gge (CHICaUEIFIE | en = Cu[Cafs®)F)E,
ag = Cofs], az = C2[~9E]E,
as = s)E as = sF)
follows from Proposition 8.14.
- n > 1: We re-order the s*-reduction, such that, the interfering steps with the first
dO*-step are pushed at the end of the s*-reduction. Note that this re-ordering
does not cause a duplication of the dO0*-redex. We thus have:

]
th
*

do ido rdo T.H. wfg

i
v
*

Diagram (8.9) follows by noetherian induction with respect to sUo-reductions.

Summarizing, we have shown the following commuting diagrams:

Moreover, we also know the following ones:

18 s e | nfo
lns s lns s ‘II.@ 18 "fo‘ =
) [ ¥
8 ils 18 -

According to the ordering || # > nfs < || s, the above diagrams are decreasing, and thus by
Theorem 8.17 A} is confluent. Confluence of Ag, then follows from the following two points:

(1) Each rewrite rule of A¢, is a derived rule in A@{. That is,

i — Ay tl = Bs,t —'r‘\‘f,; s and tl _”’\éi 5 .
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(2) Each reduction in A¢] is contained in Ag;:
t—rag =t —wag b1
a
Intermezzo 8.19 A¢; extends the Ao-calculus with names of Abadi et al. [ACCL91] with

vertical sharing. We translate Ao into A¢; as follows:

Tlz] ==

T [ab} = T [a] T [8]

T [Mz.a] = Az.T [a]

T [els]] = (7 [a] | Sing(s)} | Soute(s))

Siny, [id] = €
Sinyar [(a/2).5] = {
Souty,, [id] = €

_ | Soutyer(s) T € var
Soutyer [(a/z).5] = { 2 = T [a], Soutyeru(z)(3) @ & var .

Sinygr(S) T € var
z =2, 8inyruiz)(s) = ¢ var

The above translation indicates how to map a let construct into a letrec. Namely, in order to
avoid variable capture, each binding has to be split in two. For example, the term

letz=conslzinz

is translated as
letrecz’ =conslzinletrecz=z'inz .

The binding = = 2’ is generated by Sin,,, and the binding =’ = cons 1 z is generated by
Soutyg,.

The substitution rules and garbage collection rules of A¢; simulate the lookup of a variable
in a substitution, which is expressed in Ao by the following rules:

Vary:

z[(afz).s] = a
Vars:

zl(a/y).s] = =[s] fz#y
Vars:

z|[id) SR

Var, entails that the Ao-calculus does not deal with cyclic substitutions. The distribution
rules simulate the following rules:

Abs:

(Az.a)[s] = Ay.a[(y/z).s] if y occurs in neither a nor s
App:

(ab)ls] = (afs])dls]) -
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8.4 A calculus for modular lambda graph rewriting
Yet, from the point of view of efficiency, A¢g; is not quite satisfactory. Consider the following
reduction:

((03) + (cd) |a = My + 8|6 =1)) — (348 |6=t)+{4+6]6=1) .

An unnecessary copy of ¢ has been performed; no occurrence of the bound variable 4 can
occur in ¢ and thus its computation can be shared. In fact, this is the essence of lazy and fully
lazy interpreters [HM76, Wad71, Tur79, AKP84]. This leads to the desire of eliminating the
internal boxes. To that respect, we need to distinguish between two kind of boxes, acyclic
and cyclic. The boxes of Figure 25 that are drawn with heavy lines are examples of cyclic
boxes. On the other hand, the boxes of Figure 26 are acyclic. The reason is that the cyclic
path is required to go through the internal part of the box and to be within the parent boz.
(A parent box of a box is the smallest box properly containing it.) The distinction between
cyclic and acyclic boxes is important since only acyclic boxes can be removed safely. The
reason is that once a cyclic box is removed then operations on that cycle will no longer be
allowed, as shown below:

(717 =(Fa|a=0G86=Gy)) — (7|7 = (Fa |l a = GGY)) —== (v |7 = FGGY)

asugc esugc

(Y]|7=Fa,a=G86 =Gy) -------cmmcmmmmie e -

We have removed the internal box of {y | y = (Fo | &« = Gé,8 = Gv)) which, as deplcted in
Figure 23, is on a cycle. Once this cyclic box is removed the substitutions for a and é will
no longer be acyclic substitutions. Note that boxes of the form (¢ |) can always be safely
removed. What about the internal box in the following term

(ala=dy(f+6]6=7%7)) .

It cannot be removed since 4 will get out of scope. In fact, we can see that internal box
as a cyclic box by representing each reference to a bound variable as a link back to the
corresponding A-node, as in [Wad71].

o)

\ﬂG

Figure 26: Graph of (| @ = (e, (G(a, (8] 8 = G(e B))) ))).

The box removal procedure at the graphical representation is simple: a box is physically
erased in one act. At the textual level, let us first propose the following rules:

(f,E)F —om tE"F
{tla=s8F) —g, (t|a=sEF) if sfis acyclic .
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Aa.tBuE —oy (AatB)E if E#eand By,a> E
F(tl,...,tlﬁ',...,tn) —aF F(tl,"',ti,“‘,in)E

tEs —ae, (ts)E

tsf ~—nog, (ts)F

(tE)F —om 1E.F

{t|la=sE1E FY —pg, (t|a=sB,E,F) if E#eand By,a> F

Table 5: Box elimination rules.

We then face a problem if in the example below s®

(t]a= (sF)) o (t] a = sBF)

is cyclic:

Og
{tla=sf F) -ccu--u -

Thus, in order for confluence not to fail we need to be able to move out from a box the
equations that are not on a cycle, as shown in the rule:

(t|a=sBV"E F) g, (t|a=s",E,F) HE#ecand B,a>E

where a > E means that a and the bound recursion variables of £ do not lie on the same
cyclic plane; E; > E means that the recursion variables of E; do not occur free in E.
Equipped with this rule we can now close the above diagram:

(t)a= (5 —— (1] & = 5T

om
'

Op '0Op
\

(tla= (1), F) - (ta= o5 F)

The box elimination rules are displayed in Table 5. The proviso F # ¢ is to guarantee
strong normalization. Since box elimination causes more sharing, it means that if we want
confluence to hold we need to introduce an operation that unshares the system. We thus
admit the operation of copying. The new system is called A¢;. We give all the reduction
rules of A¢ in Table 6. The horizontal line suggests that the rules below the line can be
considered as part of a canonicalization procedure. Since A¢, turns out to be confluent, we
can do rewriting on terms that do not contain any syntactic noise, such as the presence of
garbage and acyclic boxes.

Proposition 8.20 The boz elimination rules, garbage collection and black hole are strongly
normalizing.

Proof: We first show that the box elimination rules are strongly normalizing. To each term
t we associate the following measure:

ftl=w(?) ,
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where w(t) is the multiset of weights associated to each equation and box in z. w(t) is defined
as follows:

w(Aa.t) = ine(w(l))
w(F*(ty,- -, 1)) = ine(w(t;)U---Uw(t,))
w%st)) = inc(w(s)U w(t))

w{t|ag =, a, =1,))

¢
w(t) U 0, -, 0} Uinc(w(ta), -, w(tn)) -
n+1

inc adds one to each element of the multiset, i.e., inc({ny, -+, nm}) = {1 +1,---,nn+1}.
For example, |{{a | a = FF) | = (6 | § = G&))|= {0,0,0,0,1,1}. Is then routine to check
that this measure decreases at each box elimination step, and does not increase with garbage
collection and black hole. It thus follows that their union is strongly normalizing. 0

Proposition 8.21 The boz elimination rules with garbage collection and black hole are con-
Auent.

Proof: Follows from the fact that all critical pairs converge and from strong normalization.
O

Theorem 8.22 A¢, is confluent.

Proof: As in the proof of confluence of A¢;, we first prove confluence of a new system, called
A¢h, which contains the following rewrite rules:

t — nfge $¢ if 8 is the normal form of ¢ with respect to the box elimination rules, black hole
and garbage collection rules;

t —+qnf, ¢ if s is the normal form of ¢ with respect to the distribution rules, black hole and
garbage collection rules;

t —+cgc ¢ if s is obtained from ¢ by performing a copy step followed by the reduction to
normal form with respect to garbage collection;

t — s ¢ if s is obtained from ¢ by a complete development of a set, possibly empty, of
[
substitution redexes;

t — g 3¢ if s is obtained from ¢ by a complete development of a set, possibly empty, of 8
redexes,

We show next the weak confluence diagrams.
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G-rule:

(Aa.t)s —p (t|a=s)

Ezternal substitution:

(C[é]]| 6 = s, E) —es (C[s]| 6 =3,E)

Acyclic substitution:

(t|la=Cl§,6=5E) —ja (t|la=C[s],6=3E) ifa>$

Distribution rules:

(Aa.t)E —gy Aatf

Fr(t1,- -+, n)E —aF FPE, 1) ifn>1

(ts)® —dg  15SF

(a | FYE —go (| FB) if « occurs bound in F
Copying

t —c s if 3 a variable mapping 0,8 =1
Black hole:

(Cl6]] 6 =, 6, E) e {Clo]| & =, 6, E)

(t|a=Cl8l,6 =0 6, E) —, (t|la=Cle),d=06,E) Hfa>é

Garbage collection rules:

JEF

(|}
Boz elimination rules:
Aa.tEvE

F(tls"'at;'E,"'stn)
tfs

tsf

(t®)F
(t| a = s50E F)

—gc
=0}

_’D@l
_}D@r

—am

1E
t

(Aa.tB1)E

F(tlv' segliyee '7tn)E
(ts)®

(ts)®

tE'F

{t|a=s5,E,F)

if F' # ¢ and orthogonal to E and t

if E#¢and Ej,a> E

ifE#¢and Ey,a> E

Table 6: Reduction rules of Ag,.
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—cgc and the other rules:

—— rlfag ] —_— — —
cgc cgc ;cgc nfo e, s
cgce 'cge cge 'cge cge 'cgc cge ‘cge
¥ nfge ¥ ¥ ¥
----- ] ¥ - = ---- e -_—— - =
cge ... = nfe 18 IIs
nfne

The confluence of copying is shown in [AK95]. Copy does not commute with —
because a copy step can turn some cyclic boxes into acyclic boxes, as shown next.

nfoe

t={a|la=(F§|§=Ga)) —c(a|a=(F§|§=Ga),a'=(F6|6=Ga'))=s .
—————

t is in normal form with respect to the box elimination rules. On the other hand, s
contains one box, the one underbraced, that can be eliminated.

~—+ nfge @nd — s . Theobstacle to — ;= commuting with — )5 is due to the following
interference (¢’ indicates a renamed version of s.):

(Cl8]16 = s5F) — (BT | 8 = BF)

Co Znfoe

(Cl6]1 6 =%, F) o (Cls®11 6 = 55, F) e (C(sF116 = o5, F, F')

The same happens in case ol acyclic substitution. In other words, — g, interferes

with substitution if s&F is involved in the substitution. Following a similar argument
as in the study of the interaction between — 45 and the substitution rules, and from

the interaction between cgc and nfg, we have the following commuting diagram:

lls

I"Ifge 'I‘Ifge

— and —

nfo + Let us first analyze each distribution rule.

I'lfue
“—dx -

(Aa.t)F - Aa.tE

= 'o
*.\

(Aa.t)E ";; (Aa.t‘)E
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o

—da -

((t's)5)¥

om
) )

(trs)E.E’ = (tfs)E,E‘
—4F - Same as the case above.

—4g - Let I contain n-equations. Then:

F
(| BF)
1om ;De
' Y
{a| E, F) e (a| E' F,-- - Fy)

{{e| £} F)

where —+ g, stands for the reduction relation induced by the box elimination
rules and garbage collection.

Summarizing, we have:

=P 'De (8. 11)

nfoaucge

where —* nfaguge stands for the reduction relation induced by — nfa, and —-cgc -

and — 3 . The only interference is caused by —pj :
l‘l'fne 12
(Ac.tBrB)s : (tE1E | o = s)
(w3}

=nf|:|e

(Aa.lE)Es iy (Aa.tEy)s)E e (B | a = 5)F .
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Following a similar argument as in the study of the interaction between — 4, and
B-reduction we then have the following commuting diagram:

Summarizing, we have the diagrams used in the proof of confluence of A¢, and the following
ones:

S nfoe . - . -
cge cge 'cgc nfo L s, nfoe
\cgc lege g lcgc 'cge lcgc Iege \cgc vege  nfpe
+ nfoe ¢ i '
----- - ¥ —-_—— - - - = m e i =
CBC .. . nfo 1z lis
nfne
lIs 1 nfo ' e |
nfne‘ 'ﬂfue lnfue 'ﬂfue lﬂfﬂe 'nfne
¥
IIs cge nfge nfo,Ucge [} nfo,

According to the ordering nfp, < cge < nfg < || # < || 5, the above diagrams are decreasing,
and thus by Theorem 8.17 A¢) is confluent. As in the proof of confluence of A¢,, confluence
of Ag; follows from the fact that a reduction of Ag; is a derived reduction in Ag}, and each
reduction in A@h is contained in Ags. o

Remark 8.23 If we start from a A-calculus term such that each A-abstraction does not have
trivial marimal free expressions (mfe’s), than the Agq-calculus is able to simulate Wadsworth’s
interpreter. The trick is played by the 8-rule and the box elimination rules: a redex (Aa.M)A
will be reduced to {M | a = A), that is, A is put in the environment, as in [HM76] or,
following the terminology of [AKP84], A is “flagged” so that it will not be copied in case
the redex is shared. This suggests that in order to avoid the extra complication of detecting
mfe’s at run time, as in {Wad71], a term can be first pre-processed by well-known techniques
[Hug82, Joh85]. Then doing sharing of arguments is enough to capture the amount of sharing
offered by Wadsworth'’s interpreter.

Intermezzo 8.24 We present the system introduced by Rose [Ros92b] in our framework.
Rose calls his system Ap, not to be confused with the system of Section 7.1. The set of
Ap-terms is defined as follows:

S = M*
M = a|(Xa.5)](ST)
M = @ =25, ,0r= 5.
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§ stands for a Ap-term; M, P stand for the A-component stripped of the substitution; u, p, vy
and 7 range over a sequence of equations. The reduction rules are given in Table 7. B, po,
43 and gy can be simulated in A¢y as follows:

B
(M. M*)YPSYT = (M| pypy = 5,7)
' i
dA 'Om
' ]
((:\O{.M’m)S)'Y T (M“p I o= 8)1
Hat
es =
¥
(M{? | on = M{" a2 = My®)—vom (M1 | i, 00 = MY, a0 = M3?)
Hat
(Aa. M#)P - ((Aa. M"Y |}
:d,\ :gc
t t
Ao MPP s N M
om
Hqt

(M#PTF)P _u., ((MI-"PP“"P) | )
4
:d® :gc
4 ¥
(M”)p(P" )l’ e eee MR DT
om

Thus, the main difference between A¢, and Rose’s calculus concerns g, which is absent in
A¢z. Since in a box construct {o; | @y = {1,---,an = 1) the order of the equations is
irrelevant there is no need of copying equations in order to bring the equation a; = i; in first
position. The reason that prevents p; to be simulated in A¢- is that g; introduces new cyclic
boxes. For example, p; allows the following reduction:

(61 6 = Ae.61(Sa),8; = My.6(S7)) —p, (61 | 61 = (A1.6(57) | & = Ae.d1(Sa))) -

The internal box of the right-hand side term is on a cycle and thus cannot be removed.
We can now extend A¢, with term rewriting rules.

Theorem 8.25 Let R be an orthogonal term rewriting system. Then, A¢, U R is confluent.
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By :

((Aa.M#)PS)'Y — (Mlp”pia= S:'T)

p : .

(oo =MP,-os o= M*Y — (a|ag= M;‘"m:Mxl,...,ak: M’t‘k-al=M;‘1)
faZarandk>1

M2t

(a1 | ) = Miul,"',ak = lek) — (M1 |[J,1,C21 = M{”,"',O’k = M’:‘k)
with the recursion variables defined in u; not
occurring free in M*,i > 2,

B3t
(Ao M#)? —  (Aa.M# |)
if p is non-empty
Bt
(M#PT)e — (Mme P )

if p is non-empty

Table 7: Rose’s Au-calculus.

Proof: Following the proof of confluence of A¢, we can show the following commuting
diagrams:

IR . IR .
nf, 'l'lfo nfu 'nfu
© ' ] ‘ e
IR nfe IR cg  nfo,
Where — (R stands for a complete development of a set of R-redexes. a

We can also extend A¢, with orthogonal term graph rewriting. With respect to the term
rewriting rules:

F(a) — G(a, a)
H{a) — 1
instead of reducing the term F(H(%)) as:
F(H()) — G(H(7), H(m))

thus duplicating the redex H(7n), we would like to keep the substitution in the environment,
as in the reduction below:

F(H(7)) — (6(x, @} | a = H(n)) .

One possibility is to introduce a new notion of reduction. If I — r is a first-order term
rewriting rule, and /7 a redex, then we can say:

e _"(rlml =t1"‘°$xn=tn) 3
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where o is the mapping z; — t1,---, 2, — #,. The alternative we pursue instead is to require
the right-hand side of a first-order term rewriting rule to be a A¢-term, which is linear in its
free variables. For example, we express the rule F(a) — G{a,a) as

Fla) — (G(5,6) |6 = a) .

Now rewriting can proceed as in first-order term rewriting.

Theorem 8.26 Let R be an orthogonal term graph rewriting system. Then, Ay U R is
confluent.

Proof: Since term graph rewriting does not cause a duplication we now have the following
commuting diagrams:

IR IR

CONCLUSIONS AND FUTURE DIRECTIONS

The motivation for this work came from the desire of providing a unifying framework for
reasoning about execution, compilation, and optimization of programs. To that respect, the
goal of this paper is to provide a formal basis that allow one to compute and reason about
cyclic structures. This is important since cycles occur at the source level, after parsing, in the
intermediate program representation (language), and during program execution. Qur next
step is to study the effect of different strategies on the time behavior of a program, and to
relate them to current optimizations, including loop transformations. We also plan to restrict
our calculi so that only values are substitutable (i.e., variables and abstractions), and define
call-by-value, call-by-need, and lenient calculi. Show their soundness and completeness.

We perceive our calculi as a first step towards providing a formal tool for reasoning about
space, issue of particular importance for lazy languages [Wad87, Spa93], and for reasoning
about side-effects operations. More specifically, side-effects operations can be expressed with-
out switching to a new model of computation, such as, the environment model as described
by Abelson et al. [AS85]. In fact, there is no need of a new model, by capturing space directly
in the program, as also suggested by Meyer [Mey94] and Felleisen [FH92], one can introduce
assignment with the substitution model.

Moreover, in order to formalize the compilation and optimization of a program as a rewrit-
ing process, we intend to enhance current rewriting technology to cover rules with conditions
and priorities. Priorities are associated to the rules in order to impose a certain order, with
the intention that a rule which is higher in the order will be the preferred one to apply in
case of choice. We will also consider rewriting of disconnected graphs, which, as shown by
Pinter et al. [PP94), is useful for detecting parallelizable program structures in sequential
programs.
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