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Why Polymorphic A-calculus?
e Simple type theory A— is not very expressive

e In simple type theory, we can not ‘reuse’ a function.
Eg. \rv:a.x:a—aand \z:f.x 1 B—p0.

We want to define functions that can treat types polymorphically:
add types Va.o:
Examples

o Va.a—«
It M : Va.ao—«, then M can map any type to itself.

o Va.VB.a—f—«a
If M : VaV§.a—B—a, then M can take two inputs (of
arbitrary types) and return a value of the first input type.



Derivation rules of A2, two styles:

1. Weak (ML-style) polymorphism:

I'-M: o ' M :Vo.o
o ¢ FV(T for 7 a A—-type
' M : Voo ¢ FV(T) ['M:o[r/a

2. Full (system F-style) polymorphism:

I'M: o I'FM :Va.o
o ¢ FV(I' for
' Ma.M :Yoa.o gé (I’ Fl—MTIU[T/Oé]

NB: (1) is presented a la Curry, and (2) is presented a la Church
(but that could be done otherwise).

T any type
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T a A—-type

T any type

Examples valid in both (1) and (2):
e \2 ala Curry: \z.\y.x : Va.VE.a—B—a.
e \2 a la Church: Aa.\g A \zv:a.\y:f.x: VaVE.a—B—a.
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Derivation rules of A2, two styles:

1. Weak (ML-style) polymorphism:

I'-M: o ' M :Vo.o
o ¢ FV(T for 7 a A—-type
' M : Voo ¢ FV(T) ['M:o[r/a

2. Full (system F-style) polymorphism:

I'EM: o I'FM :Va.o
FV(T for
FI—)\oz.M:Voz.aagé (I’ Fl—MTIU[T/Oé]

Examples valid only in (2):

T any type

e \2 a la Curry: Az \y.z: (Va.a)—o—T.

e \2 a la Church: \z:(Va.a) \y:o.x7 : (Va.a)—o—T.



Recall: Important Properties

I'EM:0? TCP
I'=M:7 TSP
['F?: 0o TIP

Properties of \2
e TIP is undecidable, TCP and TSP are equivalent.

TCP a la Church a la Curry
e ML-style decidable  decidable
System F-style |decidable  undecidable

With full polymorphism (system F), untyped terms contain
too little information to compute the type.x

NB: we will only consider full (system F-style) A2 a la Church.



Formulas-as-types for \2:
There is a formulas-as-types isomorphism between A2 and sec-
ond order proposition logic, PROP2

Derivation rules of PROP2:

Fo ['FVa.o
FV(I'
[F Voo # V() ['Fo|r/al

NB This is constructive second order proposition logic:

Va.Vp.((a—B)—a)—« Peirce's law

Is not derivable.



Definability of the other connectives:

1 = VYoa.«

oAT = Va.(o—>T—a)—a

oVT = Va.(o—a)=>(T—a)—a

da.o = VB.(Va.o—[5)—p

and all the standard constructive derivation rules are derivable.

Example (A-elimination):




Definability of connectives and derivation rules:
1 = Va.«a

oAT = Va.(o—
oVT = Va.(o—a)=>(T—a)—a

da.o = VB.(Va.o—[5)—p

Example (A-elimination) with \-terms:

2 o)t

1= =

M Na.(c—=>T—a)—o ANY:T. X T—0 !
Mo : (c0=>T7—=0)=0 ANC.ONYT.T . O—=>T—0

Mo(Ax:o. y:T.x) - 0
So the following term is a ‘witness’ for the A-elimination.

Az:oNT.zo( Ao \y:T.x) : (0 ANT)—0



Data types in A2

Nat := Va.a—(a—a)—a

This type can be used as the type of natural numbers, using the
encoding of IN as Church numerals in the A-calculus.

n—= e f.f(...(fz)) n-times f
o ) := a. \t:a\f.a—a.x
e S = An:Nat d\a \x:a A f:a—a.f(naxf)

e |teration: if ¢ : 0 and g : 0—0, then ltcg : Nat—o is
defined as
An:Nat.nocg

Then
ltcgn =g(...(gc)) (n times g)

1N



Examples:

e Addition
Plus := An:Nat.Am:Nat.ltm Sn

or Plus := An:Nat.Am:Nat.n Natm S

e Multiplication
Mult := An:Nat.Am:Nat.It 0 (Az:Nat.Plusm x) n

e Predecessor is difficult!
This requires defining primitive recursion in terms of iteration.
As a consequence:

Pred(n +1) —gn

in a number of steps of O(n).
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Data types in A2 ctd.

List 4 := Va.a—(A—a—a)—a

represents the type of lists over the type A, using the following
encoding of lists in the untyped A-calculus.

a1, a9,...,ap] = Az Af. fai(fao(...(fanx))) n-times f
o Nil .= \a.\z:a\fA—wa—a.x
e Cons := Aa:AM\l:List g Aa ) \z:a \f:A—a—a.fa(l ax f)

e lteration: if c: 0 and g : A—o—0, then ltcg : Listy—0 is
defined as
A:Listg.locg

Then, for [ = |ay, a9, ..., an],

ltcgl=gai(gas(...(gapc))) (n times g)
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Example:

e Map, given f : o—7, Map [ : Listo—List; applies f to all
elements in a list.

Map := Af:o—7.It Nil(Ax:0.Al:List.Cons( f x)I).

Many data-types can be defined in A2:

e Product of two data-types: o X7 := Vra.(c—>7—a)—a
e Sum of two data-types: o+7 = Va.(c—a)—=(T—a)—a
e Unit type: Unit := Va.a—«

e Binary trees with nodes in A and leaves in B:
Treey p == Va.(B—a)—=(A—a—a)—a
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