Foundations of Programming Languages

Paul Downen

July 3-8, 2018






Contents

1 Static and Dynamic Semantics of a Little Language

1.1 Syntax . . . ... o
1.2 StaticScope . . . . . . ...
1.3 Substitution . . . . . .. ... L
1.4 Renaming: o equivalence . . ... ... ... ....
1.5 Static Semantics: Types . . . . . . ... .. .. ...
1.6 Dynamic Semantics: Behavior . . . . . . .. ... ..
1.7 Statics & Dynamics: Type Safety . . . . . .. .. ..
171 Progress . . . . ... ...
1.7.2 Preservation. . . .. ... ... ... .. ...
1.73 TypeSafety . . . . ... ... ... .. ....
2 Lambda Calculus
21 Syntax . . ...
2.2 Substitution and Scope . . . ... ...
23 Laws . . . . . . ..
231 Alpha . ... ...
232 Beta . ... ... .. ... ..
233 Eta . ...
2.4 Dynamic Semantics: Call-by-Name vs Call-by-Value
2.4.1 Call-by-Name . . . .. ... ... ... ....
2.4.2 Call-by-Value . . . .. ... ... .......
2.5 Some Encodings . . ... ... ... 0oL
2.6 Intermezzo: Russel’s Paradox . . .. .. .. ... ..
2.7 Untyped A-Calculus: Recursion . . . . .. ... ...
2.8 Static Semantics: “Simple” Types. . . . . . . .. ..
2.9 Simply-Typed A-Calculus: Termination . ... . ..
3 Products and Sums
3.1 Syntax . .. ...
32 Laws . . .. . .
321 Product Laws . . . . ... ... ... .....
322 SumLaws .. ... ...............
3.3 Static Semantics . . . . ... ...

0 ~1 =

co

11

15
17
17
19
20

21
21
21
22
22
22
22
22
22
23
23
23
24
25
25



CONTENTS

3.3.1 Product Types . . . . .. .. .. ... ... 29
332 Sum Types . . . . .. . 29
3.4 Dynamic Semantics . . . . . . . .. L Lo 29
3.4.1 Call-by-Name . . . .. .. ... .. 29
3.4.2 CQall-by-Value . . . .. ... ... o 29
Primitive Recursion 31
4.1 Syntax . . ... 31
4.2 Examples . . . . ... 31
4.3 Laws . . . . . oL 32
4.4 Static Semantics . . . .. ..o L o 32
4.5 Dynamic Semantics . . . . . . ... L oo 32
General Recursion 35
5.1 Untyped Recursion . . . . . .. ... ... ... ... ..., 35
5.2 Recursive Types . . . . . . .. . .. oo 35
5.3 Syntax . . ... 36
5.4 Laws . . . . . e 36
55 Encodings . . . . . ... e 36
5.6 Typed Recursion . . . . . ... .. ... .. ... .. ... . 37
Polymorphism 39
6.1 Polymorphic Types . . . . . . . . . ... o 39
6.2 Syntax . . . . ... 40
6.3 Laws . . . . . . e 40
6.4 Operational Semantics . . . . . .. .. .. ... 40
6.4.1 Call-by-Name . . . . .. ... .. ... ... 41
6.4.2 Call-by-Value . . . . . ... ... ... ... ... ... 41
Encodings 43
7.1 Untyped Encodings . . . . . .. .. ... .. ... . ... 43
7.1.1 Booleans . . . .. ... . . ... 43
7.1.2 Sums ... 43
7.1.3 Products . ... .. ... 43
7.1.4 Numbers . ... ... ... . ... 44
715 Lists . . . . oL 44
7.2 Typed Encodings . . . . . . . ... ... . . 44
7.2.1 Booleans . . .. ... ... . ... 44
722 Sums ... e 45
723 Products . ... ... ... 45
7.2.4 Existentials . . . . ... ..o oo 46
725 Numbers . ... ... ... . ... ... 47

7.2.6 Lists . . . . . . . 47



CONTENTS

8 Linear Logic

8.1 Connectives . . . . . . . . . ..
8.2 Classification . . . . .. .. . .. .. .. ... ..
8.3 Imference Rules . . . . . ... ... .. ... ... ...
8.3.1 Core Identity Rules. . . . . . ... ... ... .. .....
8.3.2 Additive Conjunction . . . . ... ... ... ... .. ..
8.3.3 Multiplicative Conjunction . . .. ... ... ... ....
8.3.4 Additive Disjunction . . . . . .. .. ..o
8.3.5  Multiplicative Disjunction . . . . . ... .. ... ... ..
8.3.6 Expomentials . . ... ... ... 0oL
8.4 Examples . . . . ...
8.5 Negation and Duality . . .. ... .. ... .. ... .. ...,
9 A Linear Lambda Calculus
9.1 Asymmetrical, Intuitionistic, Linear Logic . . . . . .. ... ...
9.2 A Resource-Sensitive Lambda Calculus . . . . . . ... ... ...
9.3 Operational Semantics . . . . . . .. ... ... ... .......
9.4 Type Safety: Resource Safety . . . . .. ... ... ... ... ...
10 Reducibility
10.1 A False Start on Termination . . . . .. .. ... ... ......
10.2 Reducibility Model of Types . . . . . . . . . . .. .. ... ....
10.3 Termination . . . . . . . . .. ... L Lo
11 Parametricity
11.1 Reducibility Candidates . . . . . . ... .. ... ... .. ....
11.2 Logical Relations . . . . . . .. . .. .. ... L.
11.3 Termination . . . . . . . . .. ... L Lo
12 Free Theorems
12.1 Logical Operators . . . . . . . . . .. . . ..
12.2 Polymorphic Absurdity (Void Type) . . . .. ... ... ... ..
12.3 Polymorphic Identity (Unit Type) . . . . . ... ... ... ...
12.4 Encodings . . . . . . ..o
12.4.1 Booleans . . . . .. ... ...
12.4.2 Sums . . . ..
12.4.3 Products . . . . .. .o
12.4.4 Numbers . . . . . . . . . ..
12.5 Relational parametricity . . . . . . . .. ... ... ...
125.1 RedvsBlue . . . . . ... .. ... .. ... .. ......



CONTENTS



Chapter 1

Static and Dynamic
Semantics of a Little
Language

1.1 Syntax

x,y,z € Variable := ...
A grammar for abstract syntax:
ne€Num==0]1|2]...
b € Bool ::= true | false
e € Ezpr = x | num[n] | bool[d] | plus(er;ez) | less(er;ea) | if (e15ea5€e3) | Let (eq;x.e2)
A more “user-friendly” presentation of the same syntax:
neNum:==0|1]2]...
b € Bool ::= true | false
e€ Expr=x|n|ble +ex|eg <es|ife;thenegelsees|letax =e;iney

The two grammars contain exactly the same information, but one is more
explicit and regular at the cost of being more verbose:

rT=x
n = num[n]
b = booll[b]

e1 + ea = plus(e;ez)
e1 < es = less(er;en)
if e; theneselsees = if (e1;e2;e3)

letz = e; iney = let (eg;x.€2)

7
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1.2 Static Scope

Static variables should obey the following two (for now informal) laws:

1. The names of local variables don’t matter (they can be renamed without
affecting the meaning of an expression).

2. The free variables of an expression remain the same after substitution
(they cannot be captured by local bindings).

BV(z) ={}
BV (nun[n]) = {}
BV (boolld]) ={}
BV (plus(ej;es)) = BV(e1) U BV (e2)
BV (1less(ey;e2)) = BV(e1) U BV (e2)
BV(lf (61, €o; e 3)) = BV(el) U BV(@Q) U BV(€3>
BV(let (e1;z.€2)) = BV(e1) U (BV(e2) U{z})
FV(x) = {x}
FV(nun[n]) = {}
FV(bool[b]) = {}
FV(plus(e;es)) = FV(e1) U FV(e2)
FV(less(e1;e2)) = FV(e1) U FV(eq)
FV(if (e1;ez;e3)) = FV(e1) U FV(e2) U FV(e3)
FV(let (e1;x.e2)) = FV(e1) U (FV(e2) \ {z})

1.3 Substitution

The capture-avoiding substitution operation ej[e/x] means to replace every free
occurence of x appearing inside e; with the expression e.
xle/z] =
yle/x] = (if y # )
um[n][e/x] = num{ ]
bool[b] [e/x] = boolld]
plus(er;es)e/x] = plus(erle/x]; e2le/x])
1ess(el, ea)le/x] = less(er[e/z]; eale/x])
3£ (ex; esie5)[e/a] = 1£ (e1[e/al; eale/al; esle/a))
)e/x] =
)e/x] =

let (eq;x.€2)[e/x] = Llet (e1e/x]; x.e3)
let (e1;y.ea)[e/x] = let (e1; y.eale/x]) (ify £z and y ¢ FV(e))
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Note that substitution is a partial function, because it might not be defined
when substituting into a let: if the replacement expression e for x happens to
contain a free variable y, then e cannot be substituted into a let-expression
that binds y because that would capture the free y found in e.

The partiality of capture-avoiding substitution is expressed in the above
equations by the following implicit convention: the particular case is only defined
when each recursive call is also defined. This implicit convention can be made
more explicit by the use of inference rules as an alternative definition of substi-
tution:

y#x
zle/z] =x yle/x] =y num[n]le/x] =num[n] boollb][e/x] = bool[d]
eile/z] =€) esle/x] =€) eile/z] =€) esle/x] =€)
plus(es;ez)[e/x] = plus(e);eh) less(ej;es)[e/x] = Less(e);eh)

eile/x] =€} eale/x] =€) esle/z] =ef

if (e e0;e3)[e/a] = if (€] €l; eh)

ele/z] =€ ale/el=e1 y#x y¢FVie) eefz]=e

let (eq;x.e2)[e/x] = let (e};x.€2) let (e1;y.e2)[e/x] = let (e;y.€5)

Both definitions should be seen as two different ways of expressing exactly the
same operation.

Lemma 1.1. For all expressions e’ and e and variables x, if BV (/)N FV(e) =
{} then €'[e/x] is defined.

Proof. By induction on the syntax of the expression e’.

e y: Note that BV (y) N FV(e) = {} N FV(e) = {}. By definition yle/z] is
defined for any variable y, with yle/x] = e when y = x and yle/z] = y
when y # x.

e num[n|: Note that BV (num[n]) N FV(e) = {} N FV(e) = {}. By definition,
num[n][e/z] = num[n|, which is defined.

e bool[b]: follows by definition similarly to the case for num[n].
e plus(ep;ez): The inductive hypothesis we get for e; and ey are

Inductive Hypothesis. For bothi =1 andi =2, if BV (e;)NFV(e) = {}
then e;le/x] is defined.

Now, note that BV (plus(ey;ez)) = BV (e1) U BV (ez2) by definition, so

BV (plus(ej;es)) N FV(e) = (BV(e1) UBV(e3)) N FV(e)
= (BV(e1) N FV(e)) U(BV(e2) N FV(e))
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It follows that BV (plus(ei;ez)) N FV(e) = {} exactly when BV (e;) N
FV(e) = {} for both i =1 and ¢ = 2. Similarly, the substitution

plus(er; es)e/x] = plus(er[e/x]; eale/x])

is defined exactly when e;[e/x] is defined for both i = 1 and ¢ = 2. By ap-
plying the inductive hypothesis to the assumption that BV (plus(ei;e2))N
FV(e) = {}, we learn that plus(e;;ez2)[e/x] is defined.

e less(ep;ez) and if (eg;eq;e3): follows from the inductive hypothesis sim-
ilarly to the case for plus(es;es).

e let (e1;y.e2): The inductive hypotheses we get for e; and es are

Inductive Hypothesis. For bothi =1 andi =2, if BV (e;)NFV(e) = {}
then e;le/x] is defined.

Note that BV (let (e1;y.e2)) = BV (e1) U ({y} U BV (e2)) by definition, so

BV (let (e1;y.€2)) N F'V(e)
= (BV(e1) U ({y} U BV (e2))) N FV(e)
= (BV(e1)NFV(e))U({y}NFV(e))U(BV(e2) N FV(e))

It follows that BV (let (e1;y.e2)) N FV(e) = {} exactly when y ¢ FV(e)
and BV (e;) N FV(e) = {} for both ¢ = 1 and ¢ = 2. There are now two
cases to consider, depending on whether or not x and y are equal.

— y = x: By definition, let (e1;z.e2)[e/x] = let (e1]e/x]; x.e2), which
is defined only when ej[e/z] is defined. By applying the inductive
hypothesis to the fact that BV (e1) N FV(e) = {} as implied by the
assumption that BV (1let (ej;z.e2)) N FV(e), we learn that e;[e/z]
must be defined, so let (e1;x.ez2)[e/z] is defined, too.

— y # x: By definition, let (e1;z.e2)[e/z] = let (e1]e/x]; x.e2), which
is defined only when both e;[e/x] and es[e/x] are defined and when
the side condition y ¢ FV(e) is met. By applying the inductive
hypothesis to the facts that BV (e;)NFV(e) = {}, BV(e2)NFV(e) =
{} as implied by the assumption that BV (let (e1;y.e2)) N FV(e) =
{}, we learn that both e;j[e/z] and es[e/z] are defined. Furthermore,
the same assumption also implies that y ¢ FV (e), meeting the side
condition so that let (e1;y.es)[e/x] is defined. O

Lemma 1.2. For all expressions € and e and all variables x, if x ¢ FV(e')
then €'[e/x] = e when €'le/x] is defined.

Proof. By induction on the syntax of e’:

e y: Since FV(y) = {y}, the assumption that z ¢ FV(y) implies that z # y.
Therefore, yle/x] = y.



1.4. RENAMING: o« EQUIVALENCE 11

e num[n|: By definition, num[n|[e/z] = num[n].
e bool[b]: follows by definition similarly to the case for num[n).
e plus(eg;es): The inductive hypotheses we get for e; and ey are

Inductive Hypothesis. For bothi =1 and i =2, if x ¢ FV(e;) then
eile/x] = e when e;[e/x] is defined.

Now, note that FV(plus(ei;ez)) = FV(er) U FV(ez), so the assumption
that z ¢ FV (plus(ep;ez2)) implies that 2 ¢ FV(e;) and x ¢ FV(es). From
the inductive hypothesis, we then learn that ej[e/x] = e; and exle/x] = es
are defined. So by definition of substitution

plus(e;;es)e/x] = plus(er[e/x]; e2[e/z]) = plus(es;es)
when it is defined.

e less(ej;es) and if (eg;ez;e3): follows from the inductive hypothesis sim-
ilarly to the case for plus(es;es).

e let (e1;y.e2): The inductive hypotheses we get for e; and ey are

Inductive Hypothesis. For both i =1 and i = 2, if x ¢ FV(e;) then
e;le/x] = e when e;le/x] is defined.

Now, note that FV(let (e1;y.e2)) = FV(e1) U (FV(e2) \ {y}), so the
assumption that z ¢ FV(let (e1;y.e2)) implies that © ¢ FV(ey) and that
either x = y or ¢ FV(ez). By applying the inductive hypothesis to the
fact that © ¢ FV(e;), we learn that e;[e/x] = e; when it is defined. There
are now two cases, depending on whether or not x and y are equal.

— y = x: From the above fact that e;[e/z] = eq, we get
let (e1;z.e2)[e/x] = let (e1]e/x]; x.e2) = let (e1;x.e2)

when it is defined.

— y # x: It must be that ¢ FV(e3), so by applying the inductive
hypothesis we learn that es[e/x] = e3 when it is defined. Therefore,

let (e1;y.e2)e/x] = let (e1[e/x]; y.eale/x]) = let (e1;y.€2)

when it is defined. O

1.4 Renaming: o equivalence

The renaming operation—replacing all occurrences of a free variable with an-
other variable—can be derived from capture-avoiding substitution. That is, the
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renaming operation e[y/x] is just a special case of the more general substitution
operation e[e’/z] since the variable y is an instance of an expression.

In general, the particular choice of variable (i.e. name) of a bound variable
should not matter: two expressions where the bound variables have been re-
named should be the same. This idea is captured for the only binder in our
little language—1let -expressions—with the following « equivalence law

(@) let (e1;x.€2) =4 let (e1;y.e2[y/x]) (if y ¢ FV(eq))

If two expressions e and €’ can be related by any number of applications of
this a equivalence rule to any sub-expression, then those terms are considered
a-equivalent, which is written as e =, €’. This can be formalized with inference
rules. The main rule is

¢1=a ¢ elz/t] =a efz/y] z¢ FV(e)UFV(e)
let (e1;x.€2) =4 let (ef;y.€5)

And the other rules just apply a-equivalence within sub-expressions

T=u T num|[n] =, num|n] bool[b] =, bool[d]
€1 =a €] €2 =q € €1 =a €] €2 =q €
plus(er; ea) =4 plus(el;eh) less(ej;es) =4 less(e);eh)

— / _ ! _ /
€1 =a €1 €2 =q €y €3 = €3

if (e1;e2;e3) =4 if (€];€h;€5)

The importance of a equivalence is not just so that we can ignore the
superfluous choice of bound variable names. It means that capture-avoiding
substitution—which is technically a partial operation from a surface-level reading—
can always be done without restrictions so long as some convenient renaming is
done first.

Lemma 1.3. For any expression e and variables x and y, BV (ely/xz]) = BV (e)
if ely/x] is defined.

Proof. By induction on the syntax of the expression e. O

Lemma 1.4. For any expression e and set of variables X, there is an «-
equivalent expression €' such that e =, e’ and X N BV (e') = {}.

Proof. By induction on the syntax of e.

e y: Note that FV(y) = {}, so FV(y)N X = {} N X = {} already for any
set of variables X and no renaming is needed.

e num[n| and bool[b]: these expressions have no free variables so no renaming
is needed similar to the case for a variable y.

e plus(ep;ez): The inductive hypotheses for the sub-expressions e; and ey
are
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Inductive Hypothesis. For both i = 1 and i = 2, and for any set
of variables X, there is an a-equivalent e such that e; =4 €} and X N
BV (c}) = {}.

Now, since BV (plus(e};e))) = BV (e}) U BV (e}), it follows that for any
set of variables X,

BV (plus(e;eh)) N X = (BV(e)) UBV(ey))NX
= (BV(e))NX)U (BV(e5) N X)
={ju{t=1{

Furthermore, this expression is a-equivalent to the original one, by apply-
ing the a rule in both sub-expressions like so:

plus(ey;es) =4 plus(ef;es) =, plus(e];eh)

e less(ep;ez) and if (eg;eq;es): follows from the inductive hypothesis sim-
ilar to the case.

e let (e1;z.€2): The inductive hypotheses for the sub-expressions e; and es
are

Inductive Hypothesis. For both i = 1 and i = 2, and for any set
of variables X, there is an a-equivalent €} such that ey =4 €} and X N

BV(}) = {}.

By applying the inductive hypothesis to any set of variables X, we find a
new pair of sub-expressions e} and e, such that e; =, e, and XNBV(e}) =
{} for both ¢ = 1 and ¢ = 2. It may be possible that x € X, so that the
bound variable z would need to be renamed. We can handle this worst-case
scenario by choosing an arbitrary new variable y ¢ X U FV(e}) U BV (e})
for any set of variables X. Now, observe that we have the a-equivalent
let -expression

let (e1;m.€2) =4 let (e];7.2) =, let (e];2.¢5) =4 let (e];y.e5[y/x])

where the substitution e5[y/z] is defined because y ¢ BV (e}). Further-
more, the bound variables of this new expression are distinct from X
because

BV(let (e};y.e5[y/x])) = BV (e}) U (BV (esly/x]) U{y})
= BV (e}) U(BV(e5) U{y})
and so
BV(let (e};y.e5[y/x])) N X
= (BV(e1) N X) U (BV(er) N X)U ({y} N X)
={u{iu{t={} O
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Theorem 1.1. For any expressions e; and e and any variable x, there is an
a-equivalent es such that e; =, ea and esle/x] is defined.

Proof. We can find such an es by renaming e; so that BV (e3) U FV(e) = {},
which implies that es[e/z] is defined. O

Theorem 1.2. For any expressions e, e, and e and any variable x, if e; = es
then e1e/x] =, eale/x] whenever both e1[e/x] and exle/x] are both defined.

Proof. By induction on the derivation of derivation e; =, es. O

1.5 Static Semantics: Types

T € Type ::= num | bool

The type system for our little language consists of inference rules for con-
cluding hypothetical judgements of the form I' I e : 7, which can be read as “in
the environment I', e has type 7.” The environment I is a list of assumed types
for free variables as shown in the following grammar

I’ € Environment :=e | Tz : 7

Note that we will impose an extra side condition on valid I's so that a variable
can only appear at most once in I'. For example, x : 71,y : T,z : 73 is not
allowed. In contrast, a type may appear many times in I' if multiple variables
have the same type, like in this valid environment z : num, y : num, z : num. Fur-
thermore, the order of I does not matter, so that the following two environments
are considered equal:  : num,y : bool = ¥ : bool, x : num.

The inference rules for typing expressions of our little language are as follows:

Dz:rkax:T I'F num[n] : num T'F bool[d] : bool
I'Fe;:num I'F ey :num I'Fe;:num I'F ey :num
I' - plus(er;e2) : num I'F less(ep;es) : bool

I'Fejp:bool T'Fey:7m T'heg:T I'tey:7 Dyo:7'key:T
'k if (e1;eq;e3): 7 'k let(er;zea): T

Note that the typing rule for variables can be read as “x has type 7 in any
environment where z is assumed to have type 7.” Since the order of I' does not
matter, the assumption x : 7 can appear anywhere to the left of F to use this
rule.

Furthermore, the requirement that I' does not have multiple assumptions for
the same variable means that the typing rule for let -expressions only applies
when the bound variable = does not already appear in I'. This means that an
expression like

letz =2inletx=1linx
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which should be well-typed actually isn’t, because the inner let attempts to
“shadow” the binding of x given by the outer 1et . This problem can be avoided
by renaming away all shadowing, as in

letx =2inletzx =1linx =, letx =2in lety = 1iny

where there is a typing derivation of e - letx = 2in lety = liny : num.
And since we always consider a-equivalent expressions to be the “same” ex-
pression, that means that letx = 2in letx = linz is also well-typed up to
a-equivalence.

1.6 Dynamic Semantics: Behavior

Small-step, operational reduction relation e — ¢, “e steps to ¢/’ Multi-step
operational semantics is the smallest binary relation e —* e’ between terms
closed under the following:

e Inclusion: e —* € if e~ €,

o Reflexivity: e —* e, and

e Transitivity: e —* ¢” if e =* ¢’ and €’ —* ¢” for some €’
The basic steps for reducing an expression:

plus(num[n;|; num[ng)) — num[n; + ns)
less(num[nq]; num{ns]) — boollny = no]
if (bool[true];eq;es) — e

if (bool[false];eq;ea) — €9

let (e;z.€2) — eaxfer/x]

These are axioms; they apply exactly as-is to an expression. But they are not
enough to reduce expressions down to an answer (a number or boolean literal)!
What about

(14 2) + 3 = plus(plus(num(1]; num[2]); num[4])

You cannot yet add 1+ 2 to 4 because 1 + 2 is not a number literal. Rather,
you want to add 1 and 2 first, and then add that result to 4. Hence, the need
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to reduce sub-expressions, as expressed by the following inference rules:

num[n| val bool[b] val
e1— €} erval eg > €h
plus(es;ez) — plus(e];es) less(ej;es) — less(er;el)
el — €} erval eg > el
less(ep;ez) — less(e);es) less(eq;es) — less(er;es)
e1— €}

if (e1;eq;e3) — if (ef;e9;e3)

Combined with the above axioms, these rules are now enough to reduce expres-
sions. For example, we can take a step in

plus(num[l]; num[2]) — num[3]

plus(plus(num(l]; num(2]); num[4]) — plus(num|3]; num[4])
Chaining together multiple (zero or more) reduction steps is done by

e—*e e e ers e

e—*e e—*e” e—*e

But these inference rules are awfully repetitive. A more concise presenta-
tion of exactly the same thing is to define a grammar of values (a subset of
expressions) and evaluation contexts (a subset of expression contexts) like so:

V € Value ::= num[n] | bool[d]
E € EvalCxt := 0 | plus(E;e) | plus(V; E) | less(E;e) | less(V; E) | if (E;eq;e2)
Now, the judgement eval is derivable exactly when e € Value, and all of the

above inference rules for evaluating certain sub-expressions are expressed by the
one inference rule:

ers e
Ele] — E[¢/]

Where Ele] is the notation for plugging e in for the OJ inside the evaluation
context F, defined as:

Ole] =e
plus(E;€)[e] = plus(Ele];¢)
plus(V; E)[e] = plus(V; E[e))
less(E;e’)[e] = less(Elel;e’)
less(V; E)[e] = less(V; Ele])
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Note that, unlike with substitution, there is no issues involving capture when

plugging a term into a context. In fact, the convention is that plugging a term

into a more general kind of context (which might place the hole J under a binder

like let (e1;x.00)) will intentionally capture free variables of the expression

that’s replacing [J. For example, reducing the expression plus(plus(num[l1]; num[2]); num[4])
goes like

plus(plus(num|l]; num[2]); num[4])
— plus(num[3]; num[4]) (E = plus(J; num[4]), plus(num[1]; num[2]) — num[3])
— num[7] (E =0, plus(num(3]; num[4]) — num|7])

1.7 Statics & Dynamics: Type Safety
1.7.1 Progress

Lemma 1.5 (Canonical Forms).
o [f eV :num then there is an n such that V = num[n].
o If eV :bool then there is a b such that V = booll].

Proof. By inversion on the possible derivations of @ - V' : num and ¢ - V' :
bool. O

Lemma 1.6 (Progress). If e - e : 7 then either eval or there exists an €' such
that e — €.

Proof. By induction on the derivation D of e e : T,
D
ele:T
e The bottom inference cannot possibly be the axiom for variables
since there is no I' which makes I,z : 7 = eo.

e If the bottom inference is the axiom for numbers or booleans

e I num[n] : num e - bool[n] : bool

then the expression is a value since num[n]val and bool[b]val are both
axioms.

e If the bottom inference is the rule for plus

pin,
ee;:num ek ey:num

e I plus(e;;es) : num

then proceed by induction on the derivations D; of e - e; : num:
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Inductive Hypothesis. For i =1 and i = 2, either e; val or there is
an e} such that e; — €.

There are three cases to consider depending on the results of the inductive
hypothesis; whether e; is a value or takes a step:

— If e; — €} for some e}, then

e1— €}

plus(es;eq) — plus(e];ez)
— If e; val and ep — €} for some €, then

erval eg > €h

plus(e;es) — plus(eq;eh)

— If both e; val and e;val, then there must be numbers ny and no
such that e; = num[n;] (canonical forms). Therefore,

plus(es; es) = plus(num[n,]; num(ns]) — num[ng + no

e If the bottom inference is the rule for less, then progress follows similarly
to the above case for plus.

e If the bottom inference is the rule for if

p ip iD,
ok e :bool eley:T ebeg:T

o if (er;en;e3): T
then proceed by induction on the derivation Dy of e - e; : bool:

Inductive Hypothesis. Either ey val or there is an €| such that e; —
!
el

There are two cases depending on the result of the inductive hypothesis:
— If e; — €} for some €}, then

er — €}

if (e1;e9;e3) — if (e];ea;e3)

— If e; val, then there must be a boolean b such that e; = bool[b)
(canonical forms). Therefore,

if (e1;e0;€3) = if (bool[b];ez;e3) > €

where ¢/ = eo when b = true and ¢’ = e3 when b = false.
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e If the bottom inference is the rule for let

© Dy © Dy
!

ole 7 z:T' Feg:T

ot let(er;xeen) : T
then there is always the reduction step

let (e1;z.€2) — eafer/x] O

1.7.2 Preservation

Lemma 1.7 (Typed Substitution). If T,z : 7' F e : 7 and T' F € : 7' then
I'kele/x]:T.

Proof. By induction on the derivation D of T,z : 7' ke : 7. O
Lemma 1.8 (Preservation). IfT'Fe:7 andews e then Tk e : 7.

Proof. By induction on the derivation £ of e — ¢’ and inversion on the derivation
Dof I' - e : 7. First we have the cases where £ is one of the reduction step
axioms:

o If £ = plus(num[n;|;numns]) — num[ny + ng| , then it must be that 7 =

num, and observe that ' - num[n; + ng] : num .

o If £ = less(num[n;|;num[ns]) — bool[n; = ng] , then it must be that
7 = bool, and observe that I' - bool[n; = ng| : bool .

o If &£ = if (boollb];e1;eq) — €' , where ¢/ = e; or € = eq, then it must be
that the derivation D concludes with
o i,
I'Fbool[h):bool T'kFej:7 T'keg:7
Tk if (boollb];er;es): 7

In either case of € = e;, we get that

: D)
I'ke:7

o If £ = let (e1;x.e2) — eazfer/x] , then it must be that the derivation D
concludes with

o in
I'key:7 Dyo:7'kFexy:T
'k let(er;z.e2): 7

By typed substitution, it follows that T" I es[e; /] : 7.
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The remaining cases are for where a reduction step is applied to a sub-expression
(i.e. within an evaluation context). These cases all follow from the inductive
hypothesis. For example, in the case where

. &’
) /
61 — 61

€ = plus(ey;ez) — plus(e;ez)
then the derivation D must conclude with

o i,
I'e;:num T'F ey :num

D= Tt plus(es;ez) : num

By applying the induction hypothesis to the derivations £ and D;, we learn
that there is a derivation D] of I' F €} : num, and so

. D . Dy
'ke}:num TF e :num

'+ plus(ep;e2) : num
The other cases for evaluation inside of a plus, less, and if follow similarly. [
Corollary 1.1 (Preservation®). IfT'Fe: 7 and e —* ¢ thenT e’ : 7.

Proof. Follows from the single-step preservation lemma by induction on the
derivation of e —* ¢’. O

1.7.3 Type Safety

Definition 1.1 (Stuck). An expression e is stuck if eval is not derivable and
there is no e’ such that e — €’ is derivable.

Theorem 1.3 (Type Safety). If e e: 7 and e —* €' then €' is not stuck.

Proof. From preservation, we know that e = ¢’ : 7. Then from progress we
know that either ¢’ val or e’ — e” (for some e”) is derivable. So e’ cannot be
stuck. O



Chapter 2

Lambda Calculus

2.1 Syntax
e € Expr ::=z | lam(z.e) | app(e1; e2)
e € Expr i=x | Ax.e| ey ey
Az.e = lam(z.€) e1 eo = app(es;es)

Some syntactic sugar

letz =ejiney = (Ax.e2) €1
2.2 Substitution and Scope
BV (z) = {} FV(z) ={x}

BV (Az.e) = BV(e) U {x} FV(Az.e1) = FV(ep) \ {z}
BV (ey e3) = BV(e1) U BV (e3) FV(ey ea) = FV(er) U FV(es)

xle/x] =e

yle/z] == (= #y)
(\z.¢') [e/x] = A€/
() e/a] = M. (€' [e/2]) (o #y) and y ¢ FV(e)
(e1 e2) [e/x] = (ex [e/x]) (e2[e/x])

Lemma 2.1. For all terms €' e, if BV(e/)NFV (e) = {} then €’ [e/x] is defined.
Proof. By induction on the syntax of the term e’. O

21
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2.3 Laws
2.3.1 Alpha

(@) Az.e =o Ay-(e[y/a])

Lemma 2.2. For any term e and set of variables X, there exists a term e’ such
that e =, ¢’ and X N BV (¢') = {}.

Proof. By induction on the syntax of the term e. O

Theorem 2.1. For all terms ey, ea, there exists a term €} such that ey =, €}
and €} [ea/x] is defined.

Theorem 2.2. If e; =, es then e1e/z] =, eae/z] when both are defined.

2.3.2 Beta
) (Az.€1) ez =p e1 [e2/7]
2.3.3 Eta
() Moo @) =y e T = T i£2 ¢ FV(e)

2.4 Dynamic Semantics: Call-by-Name vs Call-
by-Value

2.4.1 Call-by-Name

Operational reduction rules (axioms):
(Ax.e1) ez — €1 [ea/x]
Evaluation context rules (inferences):

er— e}

€1 ea — €] eo

E € FvalCxt =0 | E e

e e
Ele] — E[€]



2.5. SOME ENCODINGS

2.4.2 Call-by-Value

V € Value =z | \x.e

(Ax.e) V= e[V/z]

E € FvalCaxt :==0|FEe|V E

e e
Ele] — E[¢]

/
€1 — €y ers ¢

el ex > €] eo Vers Ve

2.5 Some Encodings

if ethene; elsees = (e e1) ey
true = \z. \y.x
false = Az \y.y

if truethene; elsees = ((Az.\y.x) €1) e
— (Ay.e1)
— e

if falsethene; elsees = ((Ax.A\y.y) e1) ez

= (Ayy)
= €9

2.6 Intermezzo: Russel’s Paradox

An implementation of sets where
ece =ce
Example:

eUe = Az.or (e z) (¢ x)

ene = Azr.and (e x) (¢ x)

(E =0 62)
(B =0)
(E =04 62)
(B =0)

23
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Russel’s set
R={e|led¢e}
is then written as
R = \z.not (z x)
Is Russel’s set in Russel’s set? R € R?

R R~ (not (z x))[R/x] = not (R R)
— not (not (R R)) — ...
— not (not (not ...))

2.7 Untyped A-Calculus: Recursion

Unlike the little language from Chapter 1, not every expression reaches an an-
swer. For example:

Q=xxz) Az x)
Notice that
O=Mzzz) Mo z)— (z2)( e z)/z) = (Azx x) (Azx z) =Q
That means
Q= Q= Q...

In other words, not every expression in the A-calculus actually leads to an an-
swer; sometimes you might spin forever without getting any closer to a result.

Q isn’t very useful; a reduction step just regenerates the same €2 again. But
what happens if we have something like 2 that changes a bit every step.

Y f = 0a.f (@2) (S (@ 2))
Now what happens when Y f takes a step?
Y f=Qaf (z2)) (Ae.f (z 2))
= (f (@ 2)[(Ae.f (z x))/7]

= (Qa.f (z z)) Ae.f (x x)))
=f

That means

Y f=pf (Y f)

In other words, Y f is a fized point of the function f.
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Why is a the fixed-point generator Y useful? Because it can be used to
implement recursion, even though there is no recursion in the A-calculus to
begin with. For example, this recursive definition of multiplication

times = Ax.\y. if x < 0thenOelsey + (times (z — 1) y)
can instead be written non-recursively by using Y like so:

timesish = Anext. \x.\y.if x < OthenOelsey + (nezt (x — 1) y)

times =Y timesish
Now check that times does the same thing as the recursive definition above:

times 0 y =Y timesish 0 y

— timesish (Y timesish) 0 y
—*1f 0 < OthenOelsey + (Y timesish (0 —1) y)
— 0

times (x +1) y =Y timesish (x +1) y
— timesish (Y timesish) (x +1) y
—*if (x +1) < O0thenOelsey + (Y timesish (x+1—1) y)
=%y + (Y timesish (x +1—1) y)
—* y + (times z y)

2.8 Static Semantics: “Simple” Types

a, B € TypeVariable ::= . ..
T€E€ Type = | 11 = T2

e:mbke:n N I'kFei:mm—17 T'kFey:m

'FXre:mn —m I'Fejea:mn —F

2.9 Simply-Typed M-Calculus: Termination

Theorem 2.3 (Termination). If I' - e : 7 then there is an expression ¢’ such
that e —* €' v/

Corollary 2.1. If e ¢ : num then there is a number n such that e —* num[n].
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Products and Sums

3.1 Syntax

e € Expr = ... | {e1,ea) | () | eem1 | emo

t1-€ | 1a-e | caseeof {11-x = €1 | Loy = €2} | caseeof {}

T € Type := ... | 71 X T2 | unit | 7y + 72 | void

BV(<61, €2>) = BV(el) U BV(@Q)

BV(() = {}
BV (e-m;) = BV(e)

FV(<€1, 62>) = FV(el) U FV(GQ)

FV(Q) ={}
FV(em;) = FV(e)

(e1, e2) e/a] = (e [e/a], ez [e/a])
(¢/-mi) [e/a] = (¢’ e/a]);

BV (i;-€) = BV (e)
BV(casee {t1:x = e1 | 12y = ea}) = BV(e) U (BV (e}) U{x}) U (BV(ey) U{y})
BV(casee {}) = BV(e)

27
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FV(i;-e) = FV(e)

CHAPTER 3. PRODUCTS AND SUMS

FV(casee {11z = e |ty =ex}) = FV(e)U (FV(er) \ {x}) U (FV(e2) \ {y})

FV(casee {}) = FV(e)

(tive’) [e/x] = vi-(€' [e/x])

casec’ of case (¢ [e/x]) o
1y = e | le/x] = 11y = €}
Lo-Yo = € L2 Yy2 = €

where €] = ¢;
ey =e1le/a]
ey = e

ey = ez [e/x]
(casee’ of {})[e/z] = casee[e/x] of {}

3.2 Laws

3.2.1 Product Laws

f

ife =19y
ifx #y and y1 ¢ FV(e)
ifz =y9
ifx # yo and yo ¢ FV (e)

B) (e1,€2)m =g €1 (e1,€2)my =5 €2
(n) (e-my, e-ma) =p €:T1 X T
(n) () =p e:unit

3.2.2 Sum Laws

caseeof
(c)

L1°T1 = €] =a

LTy = €9

casetj-eof

(B) 1T =e =geyle/x]
L2y = €2
caseeof
(n) 1T =0T
L2y = L1°T

caseeof {}

caseeof

t1y1 = (e1 [y1/1])
L2y2 = (e2 [y2/x2])

caselg-eof
1= e =g ez le/yl
L2y = €3

=p €e:T1+Te

=, e:void
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3.3 Static Semantics
T € Type := ... | 71 X T2 | unit | 71 + 72 | void

3.3.1 Product Types

F|—61:7'1 F|_6237'2

I
Ik (e1,e9) : 71 X T2 x
I'kFe:m X1 I'Fe:m X7
I'Fem :m x By I'kems:m x B
— 11
'k () :unit
3.3.2 Sum Types
I'te:m L I'ke:m ns

L'bo-e:m + 7o I'Fuwge:mi+7

F'rFe:m+mn Diezimbe 7 Tyyimbey:T

E
Ik caseeofty-x = ey |tay=ea:T +
I'e:void
0F
I'caseeof {}: 7
3.4 Dynamic Semantics
3.4.1 Call-by-Name
E € FvalCxt :=0|...| E-m; | case Eof {t1:x = €1 | 12y = €2}

<€1, 62>'7TZ‘ = €;

casel;eof {11 = €1 | 1oy = e} — e;le/x]
3.4.2 Call-by-Value

Ve Value = ... | (V1,Va) | () | ¢V
E € EvalCat :=0|... | Em; | (Eye2) | (V1,E) | case Eof {112 = €1 | Loy = €2} | 14+ E
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(V1,Va)-m; = Vi
case i Vof {11:x = e1 | 1oy = ea} — ¢;[V/x]



Chapter 4

Primitive Recursion

4.1 Syntax
e € Expr o= ... | Z|S(e) | rec(e;ep; 2, y.€1)
e€ Expr=...|Z|Se|receas{Z = ep |Swwithy = e}

4.2 Examples

add Z n=n
add (8m) n = 8(add m n)

add = Am:nat.An:nat.recmas
Z =>n
Sm/withr = Sr

mult Z n=12

mult (Sm) n = add n (mult m n)

mult = Am:nat.\n:nat.recmas
Z =7
Sm/withr = add n r

pred Z =12
pred (Sn) =n

31
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pred = An:nat.recnas
Z = Z
Sn'withr = n/

4.3 Laws
receas receas
(@) Z =€ =q Z = e
Szwithy = e; Sa'withy' = (eq [2'/z,y/y])
rec Zas
(B) Z =e =3 e
Szwithy = ¢
rec Seas receas
(8) Z =e =5 e1|e/z, Z =eo | /y
Szwithy = ¢ Szwithy = ¢
receas
(n) Z =1z =, e:nat
Srwithy =Sz
receas
(n) z =1z =, e:nat

Szwithy = Sy

4.4 Static Semantics

7 € Type ::=...nat
I'Fe:nat
I'+7Z:nat natl I'Se:nat natl,

'Fe:nat T'kFey:7 Tyx:nat,y:7hke 7
I'Freceas{Z= ¢y |Sxwithy=e1}:7

natF

4.5 Dynamic Semantics

E € EvalCat := ... |recEas{Z = ey | Szwithy = e}
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rec Zas
Z = eg — €
Szwithy = e;

rec Seas
A =ey) e |e/x,
Szwithy = e;

receas
Z = €
Szwithy = e;

[y

33
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Chapter 5

General Recursion

5.1 Untyped Recursion

Recall
Q=(z.(z z) Ax.(z x))

Y = MAQa(f (2 2)) Qa.(f (@ 2)))

Some syntactic sugar:

rect=e=Y (Az.e)

let recr = eine’ = (A\z.¢’) (Y (Az.e))

But remember, Y is not well-typed in the simply typed lambda calculus!
Solution: If you wanted recursion in the STLC, then add it explicitly as part

of your language.

e€ Expr = ...|recz=c¢
(@) (recz = ¢) =q (recy = e[y/z]) (y & FV(e))
(8) (recx =e) g e[(recz =¢)/x]

Tx:tke:T

I'Frecz=e¢e:7

5.2 Recursive Types
T € Type = ... | po.T
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Equi-recursive: pa.m = 7[(na.7)/al.
Iso-recursive: po.t ~ 7[(pa.7)/a). Need these rules.

Fke:7uar/a] I'ke:pa.r
wl wE
It folde: pa.t ' unfolde: 7 [pua.7/q]
5.3 Syntax
e € Ezpr :=...| folde | unfolde

BV(folde) = BV(e) = BV (unfolde)
FV(folde) = FV(e) = FV(unfolde)

(folde') [e/x] = fold (¢’ [e/x])
(unfolde’) [e/z] = unfold (¢ [e/x])

(B) unfold (folde) —g e
(n) fold (unfolde) =, e : pa.T

5.5 Encodings

nat ~ unit +nat
nat = po.unit +«
Z = fold(left ())
Se = fold(righte)

list 7 &~ unit +(7 x list )
list7 = po.unit +(7 X @)
nil = fold(left ())
conse ¢ = fold(right(e,e’))

treeT ~ T + (treeT X treerT)

treeT = pa.T + (@ X a)

leaf e = fold(lefte)
branche; e; = fold(right(ey,es))
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5.6 Typed Recursion

w:(pa(a—=71)) =71

w = Az.(unfoldx) x

Q:7
Q =w (foldw)

Var

T po.a = ARz poa — A

. A wE B - Var
z: po.ao — A unfoldz : (pa.a — A) — A T po.a— Az poa— A
—F
z: po.oe = A b (unfoldz) x: A ;
ol—)\x.(unfolda:)x:(pa.oz—)A)—>A_>
: ol—w:(ua.d—>A)—>A
etw:(uva—A)— A ek foldw: pa.a— A K
—F
o w (foldw) : A
Yi(r=1)—>71
Y =Af.(Az.f (unfoldz z)) (fold (Az.f (unfoldz x)))
I'ke:T F,x:TFe':T’Lt Tx:rhke:r F,x:TFe':T’LtR
I'kletz=cine : 7’ ¢ I'+1let recz =eine : 7/ etivec
Dx:rtke 7
; > =1
F'Fle:T—r1 F|—627_>E
'k (A\ze)e:7
: Mx:rtke:T
: —— —I
Dr:7keé: 7 rtY:(r—=7)—=7 I'Flze:7—71
; ; —1 —FE
'FXze:im—71 F'FY (Aze):T
—F

'k (Az.e) (Y (Az.e)): 7
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Chapter 6

Polymorphism

6.1 Polymorphic Types

T € Type == ... |Va.7 | Ja.1

Hypothetical judgements are generalized to also include an environment of
free type variables © = «, 3, ..., and are written as ©;T' e : 7. A is a set (an
unordered list, with at most one copy of any given type variable). We also have
a judgement for checking that types are well-formed, where ©;T" - 7 : x means
Fv(r) Ce.

OFT:%x OFm:x
—T

O,ak a:x Var OF T = mx
O,abT1:% O,abkT1:%
@l—Va.T:*VT @}—Ela.T:*ET
; : O;TFe:Var OFT:
O, Fe:T VI ; e OZ/T /T *VE
©;T F Aace: Vot O;T'Fer :7[r'/a]

OF7:%x O;Tke:7[r"/a]

=y
;T F (r',e) : Ja.T

O;TFe:Jar O a;Tz:7ke 7 OFT 1%

/

JE

I'Fopeneas (a,z) =€ : 7

39
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OFT,x:7
O:x:thx:7T

OFT OF71:%
Ok e OFT,z:7

Var

Lemma 6.1 (Scope of Types). If © - 7 : % is derivable, then FV(r) C ©. If
O;T' F e: 7 is derivable then both © F T and © - 7 : % are, too.

Lemma 6.2. By induction on the derivations of ;' e : 7 and © F 7 : %,
respectively.

6.2 Syntax
e € Expr = ...
| Ace | e T
| (r,e) | openeas (o, z) = €
6.3 Laws
() Va.r =4 VB.(7 [beta/a)) (B¢ FV(r))
(@) Jo.T =o BT [B/a]) (8¢ FV(r))

(@) Aa.e =, AB.(e[B/a]) (B¢ FV(e))
(8) (Aae) T =g e[T/q]
() Aa.(e a) =y e VT ifad¢ FV(e)

() opencas (o, z) = ¢’ =, openeas (o/,2') = (¢ [&/a] [z’ /z])
(B) open (T,e)as (a,x) =€ =g €' [r/a]le/z]
(n)  openeas (o, z) = (a,x) =, e: Ja.T

6.4 Operational Semantics

For functions, foralls, and exists.
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6.4.1 Call-by-Name

E € FvalCxt :==0 | Ee| E 7 |openFas(a,z) = ¢

(\z.e) € — ele/x]
(Aa.e) T — e[r/al

open (7,¢) as (o, z) = e — e[r/a][¢/ /]
6.4.2 Call-by-Value

V € Value =2z | Ax.e | Aa.e | (1, V)
E € EBvalCat :=0|FEe|V E|ET|openFEas(a,z)=e| (1, E)

(A\x.e) V — e[V/x]
(Aa.e) T = e[T/al
open (1,V)as (o, x) = e e[r/a][V/z]
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Chapter 7

Encodings

7.1 Untyped Encodings

7.1.1 Booleans

IfThenElse = Ax. At A\f.x t f

True = AMt.Af.t
False = M Af.f

And = Az \y.IfThenFElse x y Fualse
Or = Ax.\y.IfThenElse x True y
Not = \x.IfThenElse x False True

7.1.2 Sums
Case = M. ALAra L r
Inl = Xz Nl Arl x
Inr = Az Al Aror x
7.1.3 Products
Pair = Az \y. \p.p z y
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Fst = Az \y.x
Snd = A\x. \y.y

7.1.4 Numbers

Iter = An.\z.\s.n z s

Zero = Az.)\8.2
Suc = An.Az.As.s (n z s)

One = Suc Zero =g Az.As.5 2
Two = Suc One =g Az.As.5 (s 2)

Three = Suc Two =g Az.As.s (s (s 2))

Four = Suc Three =g Az.)s.s (s (s (s 2)))
Five = Suc Four =g Az.As.s (s (s (s (s 2))))

7.1.5 Lists
Fold = Xl.An.Xclnc

Nil = An.Xe.n
Cons = Ax. M. nde.cx (I nc)

7.2 Typed Encodings
7.2.1 Booleans
Bool =V6.6 -6 — 9

IfThenFElse : V5.Bool -6 — 6 — ¢
IfThenElse = Ad.\x:Bool AMt:0.\f:0.x 0 t f
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True, False : Bool
True = Ad.At:0.Nf:0.t
False = AOMNESAf0.f

And, Or : Bool — Bool — Bool
And = Mx.Ay.IfThenElse Bool x y Fualse
Or = Ax.\y.IfThenElse Bool x True y

Not : Bool — Bool
Not = Mx.IfThenElse Bool x False True

7.2.2 Sums

Sum 11 7o =V.(11 = §) = (12 = 0) = 9§

Case : YaNB.N6.Sum o f — (. — 0) = (B — ) = 0
Case = Aa.AB.AS.Ni:Sum o B e — 6. B —= 006l r

Inl :VYa¥VB.ao — Sum o B
Inl = Aa. A v AON:ee — 6.3 — 6.l x

Inr :Va.VB.6 — Sum a 8
Inr = Aa. Az AN — . — dr @

7.2.3 Products

Prod 7 7 =VY0.(11 > T2 =) =6

Pair :Ya.VB.ao — 8 — Prod o 8
Pair = Aa.AS. A Ax:a \y:8. N0 \pa— B —=dpxy

Fst:VaVpB.a— — «a
Fst = \x:a. \y:f.x
Snd : VaVp.a—  — 0
Snd = Ax:a \y:8.y
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7.2.4 Existentials

To properly encode existential types with universal types, we should use type
functions which, which is like pushing a second level of A-calculus (As and ap-
plications) into types:

7€ Type = ... | Aa.T | 71 T2
k € Kind ::= % | k — k'

Note that this means we now have other kinds of “types” that do different things
that types did before. There are the old x kind of types that classify terms, but
also function (k — k') kinds of types. For example, a type A : x — x does
not classify a term, instead it transforms one x into another x, so that 71 m :
(when 71 : %) can classify terms but not just 7. This is the difference between
List Bool (a list of booleans) versus just List (the list type constructor).

Because there are different kinds of types serving different roles (like different
kinds of terms serving different roles), the well-formedness rules for types are
more serious, and look like “type-checking the types.” For type functions, we
have the inference rules:

Na:k-7:k 2 'tm:k—=k Trn:k e
TFaxar:k—k Thrm: K —

The addition of type-level As and applications makes deciding the equality
of to types (for the purpose of type-checking and unification) tricky. When we
just had simple types built from —, X, and +, type equality was strict syntactic
equality. When we added type variable binders like pa.7, Va.7 and Ja.7 then
type equality incorporates a-equivalence which is easily decidable. When Aa.m
and 71 7o then type equality should incorporate at least [-equivalence (and
possibly n-equivalence) which requires more care and effort than just a.

Because there are now several kinds of types, it makes sense to annotate the
bound type variables (introduced by the Vs) with their kind as in the following
encoding of existential types.

Ezists ax.7 = Vo (VarkT — §) — 6

Open : Vox — x¥ox.(Exists aux.gp §) = (Vax.p o — §) = 6
Open = Ap:x — x. Nd:x A\p:Exists o : *.¢p a. AfVa:xpa—dpd f

Pack : Vox = xNax.¢p a — FExists a*.¢
Pack = Apx = x ANax Ay:dp a. Ad*x AfVaxp a—d.f ay
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7.2.5 Numbers

Nat =¥0.0 — (6 = 6) = 9

Iter :V6.Nat - 6 — (§ = 0) = ¢
Tter = An:Nat.A6.\z:0.08:0 = 6.nd z s

Zero : Nat

Zero = AO.Xz:0.M8:0 — 0.2

Suc : Nat — Nat

Suc = An:Nat.A0.Nz:0.As:0 — 0.5 (n § 2 8)

7.2.6 Lists

List T=V60 = (1—=d—=0)—4

Fold :YaNé.List a =5 6 — (=6 = 0) = §
Fold = Aac. AO. Nl List a.dn:0. ccaa— 6 — 6.l dnc

Nil : Ya.List o
Nil = Aa.Ad. n:d.  cca — § — d.n
Cons : VYa.a — List o — List «
Cons = Ao Az Al:List a. Ao n:d.  ccae — 6 — d.cx (I dnc)
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Chapter 8

Linear Logic

8.1 Connectives

a, 8 € PropVariable ::= ...
T € Proposition :=11 Q@7 | @71 | 10| & | nBrn | T|L|!I7]|?r

8.2 Classification

The non-exponential connectives for building propositions can be divided into
two different ways.

e Additive vs. Multiplicative

— Additive connectives (@, 0, &, T) “share” their environment among
multiple premises.

— Multiplicative connectives (®, 1, %, L) “divide” their environment
between multiple premises.

e Positive vs. Negative

— Positive connectives (®, @, 0, 1) have reversible left rules.

— Negative connectives (&, %, T, L) have reversible right rules.

8.3 Inference Rules

The judgements are of the form 71, 72,...,7, - 71,74 ..., 7)., which can be read
as “if ALL of 7 AND 75 AND ..., are true then ONE of 7{ OR 75 OR ... 7},
is true”. Both lists to the left and right of F are unordered. I'll write I' to the

left of F and A to the right.

49
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8.3.1

8.3.2

8.3.3

8.3.4

8.3.5

8.3.6

CHAPTER 8. LINEAR LOGIC
Core Identity Rules

'tr,A TV, 7F A

Id rrraLa Ut

THT

Additive Conjunction

Fl—ThA F}_TQ,A F,Til—A (ie{1,2}) &L
'cn&m, A ''n&ntA
r=T1,A TR no TL rule

Multiplicative Conjunction

Fl FTl,Al Fg FTQ,AQ R F,Tl,TQ FA
Fl,FQF’ﬁ@TQ,Al,AQ ® F,T1®7'2FA®
'EA
T,1F A

L

1R 1L

o1
Additive Disjunction

FFTZ‘,A (16{1,2}) F"Tl,A F"TQ,A
OR oL
Fl—Tl@TQ,A F}—Tl&TQ,A

no OR rule IorF A 0L

Multiplicative Disjunction

F"Tl,TQ,A Fl "Tl,Al FQ "TQ,AQ

= x 3R XL

F}_Tl 7?7‘2,A F17F27T17?T2 F Al,AQ
A
TFLa+h TFe

1L
Exponentials

T+ 7, 7A DrFA
eyl —— =L (a-k.a. ! cti
T F 17, 7A 'R TirFA L (a.k.a. !Dereliction)

rirkA LInlrEA
— W _
'kA rIr-A
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I, 7 7A re-rA
= 7 ———— 7R (a.k.a. ?Derelicti
T 77 7A 'L TForA R (a.k.a. ?Dereliction)
FI—?T,A? LE2?r71,A 20
rea W TFomA

8.4 Examples

All great linear logic introductions talk about food, so here are some culinary
allegories for remembering the difference between linear connectives.

Suppose I'm a cook at a diner, and for lunch we’re making burgers and fries.
I know how to make a burger out of beef and a bun, written beef, bun - burger.
I know how to make fries out of potatoes and oil, written potato,oil - fries.
So, I can make a single burger and fries meal by cooking both and putting them
together on the same plate. Clearly, to make a burger and fries plate, I need all
the ingredients for both parts, so

beef,bun F burger potato,oil b fries

beef, bun, potato, oil - burger ® fries

A customer who orders a burger ® fries receives both a burger and a pile of
fries, and I expect them to eat it all or I will be very cross at the waste.

For the side, I'll make a soup of the day, which is usually either tomato or
chicken noodle soup. Tomato soup is made from tomatoes and cream, writ-
ten tomato, cream + tomato soup. Chicken noodle is made from chicken and
noodles, written chicken,noodle - chicken noodle soup. As the cook, I get
to pick which soup to make, depending on the ingredients at hand. Today, I
happen to have tomato and cream, so tomato soup it is

tomato, cream F tomato soup

tomato, cream = tomato soup @ chicken noodle soup

The customer doesn’t get any choice of the soup of the day, they just have to
take what they get and be happy with whichever one it happens to be that day.
For dessert, I can make one of two fruit-based treats. I can make a fruit salad
out of strawberries and bananas, written strawberry,banana & fruit salad. 1
can also make a smoothie out of the same ingredients, written strawberry, banana +
smoothie. As a flexible cook, I'll give the customer the choice of which of the
two desserts they want. But no matter which they choose, I use the same stock
of ingredients, so

strawberry, banana = fruit salad  strawberry, banana = smoothie

strawberry, banana - fruit salad & smoothie

I am offering the potential of a fruit salad and a smoothing, and the customer
has to choose only one of the two options. If they choose to get a fruit salad, then
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I've used all my ingredients and they pass up the opportunity of a smoothie,
and vice versa.

Cooking for a single customer, including a main dish, side, and desert, can
then be written all together with one big ®,

main = burger ® fries
soup = tomato soup ® chicken noodle soup
dessert = fruit salad & smoothie
lunch = main ® soup @ dessert
ingredients = bee f, bun, potato, 0il, tomato, cream, strawberry, banana

ingredients F lunch

What about par (%)? That represents a cook serving multiple customers at
once during the same lunch hour. In order to cook one lunch order, I need
a single set of the ingredients. If I need to cook up two, then I'd need two
sets of the same ingredients, and three for three, and so on. So, if I have two
customers both wanting a lunch, I can serve them “in parallel” with two sets of
the standard ingredients,

ingredienis F lunch ingredienis F lunch

ingredients, ingredients, ingredients = lunch, lunch Mix

ingredients, ingredients & lunch % lunch

That extra rule,

PEA T/ FA
T A M

is like a C'ut without the proposition being cut out. It lets us separate out two
independent derivations from each other, doing them both in parallel with one
another, within a single umbrella derivation. Whereas a C'ut corresponds to
connecting a lemma with a proof that uses that lemma, or connecting an imple-
mentation of a library function with a program that uses that library function,
a Mix just puts together two independent proofs into one common collection
of results, or runs two non-interacting/non-communicating subroutines in the
same program.

Some extra properties differentiating the two versions of conjunction and
disjunction:

e T T7&Thut T HFTRT.
o 7,74 7®7 (using Mix for r@7F7,7) but 7,7 H 7 & 7.
e 7T Thbhuwt T H T

o 774k 7,7 (using Mix for ,7H 7% 1) but T DT H 7.
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8.5 Negation and Duality

The negation operation (not connective!) in linear logic is defined by induction
on proposition, following familiar De Morgan-like rules:

(mnon)t =& (m&n)t = o
(mnen)t =72 (MBm)t=rtomn
0t=T Th=0
1+ =1 1t=1
()t =727t ()t =17t

Linear implication can be defined in terms of the negation operation and mul-
tiplicative disjunction:

T Ty =T{ BT

This negation operation is involutive by definition.

Theorem 8.1. For all propositions 7, 7+ = 7.

Proof. By induction on the syntax of 7. O
Combined with nice symmetries, this gives linear logic a deep sense of duality.

Corollary 8.1 (Logical duality). T' = A is provable if and only if A+ - T+ s
provable.

Duality means that the following two inversion rules should be included in
linear logic:

You need these inversion rules in order for the encoding of linear implication —o
in terms of multiplicative disjunction % to mean what you want it to mean. For
example, it should be the case that the identity map e - 7 —o 7 is derivable.
This is because the linear implication 7 —o 7 is defined as 7+ % 7, and the
following derivation proves this proposition using an inversion rule along with
the right rule for 2:

Id
_TET R

R

o7t 71
N e

Because of this duality, and to cut down on some of the extra repetition
caused by duplicating all the connectives, you sometimes see linear logic presen-
ted in a one-sided style. Instead of putting propositions on both sides of the
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turnstyle like I' - A, they can all be lumped together on the right like - I't, A
(or dually on the left like T', A+ I | but this is not common). Doing so means
you only need to write down half as many logical rules for the connectives by
only using the right-hand ones. The only thing that needs to change are the cut
and identity rules whose presentation was inherently two-sided. The one-sided
version of the cut and identity rules are:

Fr,T Frt A

1d ol 774
T B VN

FrT



Chapter 9

A Linear Lambda Calculus

9.1 Asymmetrical, Intuitionistic, Linear Logic

T € Proposition :=T |0|1| T |7 —on|n&n|ndn|nen|!lr

Judgements will have the asymmetric form 71,72, ... 7Tn; 71,75, ..., Ty = 7"
where the outer 7 ...7, are non-linear propositions and the inner 7 ... 7/ are
linear resources. We will write this judgement as I'; A - 7.

AR A 77

1 - *

F;TI—TId F,T;OI—TId ;A A =7 Cut
A Em A FET —1 ThAET
F;A"Tl—o’@;o P;A17A2|_7—2 -

AR AR AFR & GE
AR &7 AR
;AR . | BYAN S S o F;AIH?}_T/ | AN SN OF
AFT @ LA AT
LA R ;A - DAFT® DA 1,7 7
17T 17 T2 I T1 W T2 / /71 T2 T ®F

DAL A E T @7 DA A Fr

TARO ;AR A R 7/ \E
Tart 1 Tars %% rort Y LA A F 7

Tiel-7 ;AR I AT

= I \E

el I7 | EANWANG S o

Admissible rules:
D;ART L7, AFT

_ _ |
I ART W I ART ¢
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9.2 A Resource-Sensitive Lambda Calculus

e € Exzpr =1 | letx = eine’
| \x.e|ee
[ {m1 = e1 | m2= e} |em
| ;e | caseeof {u1-w = €] | 1oy = €h}
| (e1,e2) | caseeof (z,y) = ¢
| {} | casee {} | () | caseeof {) = ¢

| many (e) | case e of many (z) = €’

. . ;AbRe:T I‘;A,x:T}—e’:T’Ct
Id I’,x:T;o}—x:TId A A'Fletz =eine : 7/ Y

ie:r7hkax:7

'Az:mibe:m s AibFe:m —om T'iAsbker:n

F;A}—)\az.e:Tl—OTg_o AL Askeer i -
IAber:mn T;ARer T IAbFe:m &my “E
DAF{m=e|m=el:n&kn Al em:m
DiAFe:w; - iAbe:mon ;A z:mbel:7 T;Ay:mbe,: 7
AR e 71 DT ;A A" caseeof {11 =€) | 1oy = eh} i 7/
IAiFer:m ThAsbkes:m DiAFe:mm®@mn /A z:m,y: ke 7 oF
;A1 AxF (e1,e2) 1 11 @ Ty ;A A" ¢ caseeof (z,y) =€ 1 7/
4 IAFe:0 0E
AF{}:T I'AF caseeof {}: 7/
IARe:1 A Re 7
— I , L 1E
Tieb():1 IA A" caseeof ()= e 7
Tiebe:T " ARe:!lr Tyo:mAlke o7 B
I';e Fmany (e) : I7 I';A, A’ caseeof many (z) — € : 7'~

9.3 Operational Semantics

Ve Value:=x | Ax.e |{m = e1 | ma = ea} | -V | (V1,V2) | {} | () | many (V)
E € EvalCat =0 | letx = Eine |Ee |V E | E-7;
|case E{...} | ;-E | (E,e3) | (V4, E) | many (E)

Note that the instance of case stands for any of the possible case expressions
for the different positive types.

oF



9.4. TYPE SAFETY: RESOURCE SAFETY o7

letz =Vine— e[V/z]
(Az.e) V — e[V/z]
{m =e | M= ex}m— e
case ;' Vof {11-x = ey | Loy = ea} — €;[V/x]
case (V1,Va) of (z,y) = e e[Vi/z, Va/y]
case ()of () = e

@

case many (V) of many (z) ine — e[V/z]

e e
Ele] — E[¢]

9.4 Type Safety: Resource Safety

Lemma 9.1 (Structural rules). The following typing rules are admissible:

D;ARE 7 - Dx:ry:m;AkFe 7 I
Tex:mAbe 7 Toz:m AR ez/z,z/y] 7
Proof. By induction on the premise of both rules. O

Lemma 9.2 (Unique Use). If T A,z : 7+ Elx] : 7' is derivable, then z is not
a free variable of E.

Proof. By induction on the typing derivation of T'; A,z : 7+ Elx] : 7. O

Lemma 9.3 (Linear Substitution). If T;AFe: 7 and T; A,z :7F € : 7' then
A AR ele/x] 7.

Proof. By induction on the typing derivation of I A,z : 7 F ¢’ : 7. O

Lemma 9.4 (Non-linear substitution). IfT;eFe:7 and T,z : ;A e 7/
then T; At e'le/x] : 7/

Proof. By induction on the typing derivation of I'yz : 7;A F €’ : 7/, using
weakening and contraction as necessary. O

Lemma 9.5 (Progress). If e;@ & e : 7 then either e is an answer A or there
exists an ewpression € such that e — ¢€’.

Proof. By induction on the typing derivation of e;e e : 7. O
Lemma 9.6 (Preservation). IfT;AbFe:7 and e ¢ then ;A€ @ 7.

Proof. For e to take a step, it must be that e = Elei], ey — €} by one of
the operational rules, and E[e}] = ¢’. Preservation follows by induction on the
typing derivation of I'; A  Efeq] : 7, using the above two substitution lemmas
in the base case (F = ) where an operational rule applies. O
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Chapter 10

Reducibility

Definition 10.1 (Closed). An expression e is closed if FV(e) = {}.

Definition 10.2 (Well-typed). An expression e is well-typed if there exists an
environment I and type 7 such that I' e : 7 is derivable.

Definition 10.3 (Termination). An expression e is terminating if there exists
another expression ¢’ such that ¢ —* ¢’ and ¢’ +/. The set of all terminating
expressions is

Termin = {e € Expr | 3¢’ € Expr.e —* ' v/}

For this chapter, let’s take the simply typed A-calculus with booleans as our
language. That is, the language

T € Type ::=bool | 11 = T
b € Bool ::= true | false

e € Ezpr i=x | Ax.e | e; ea | b| if ethene; elsees
along with the associated static and dynamic semantics described above. The

goal is to show that all closed and well-typed expressions of this language are
terminating.

10.1 A False Start on Termination
Theorem 10.1. If e e : 7 then e is terminating.

Proof. By induction on the derivation D of e - ¢ : 7.

e D=eF b:bool

Then b —* b5, so b is terminating.

99
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ol Dy : Dy
elec:bool ekej:T ebeg:T
e D= et ifethenejelseey : T

Inductive Hypothesis. e, e, and ex are all terminating.

Since e is terminating, we know there is an ¢’ such that e —* ¢’ +4. By
type safety, we know that €’ is not stuck, so it must be that ¢’ is some
value, and furthermore by preservation and canonical forms, it must be
that e’ is some boolean b. In either case (b = true or b = false), we have

if ethene; elseey —* if bthene; elseey — ¢

where e; is one of e; or es. Since both e; and ey are terminating, then
there must be some ¢’ such that e; —* ¢’ /. Therefore,

if ethene; elseey —* if bthenejelsees — e; =% ¢ v
. D’

rz:TFe:m
e D=ekAxe:m =7

Note that there is no useful inductive hypothesis, because in the premise,
the environment used to type check e is not empty.

But that’s fine, since A-abstractions are already results,
Ar.e =" Ax.e v

S0 Az.e is terminating already.

ebej i —T elbex:imy

e D= elejen: Ty

Inductive Hypothesis. e; and ey are both terminating.

Since e; is terminating, there must be some €} such that e; —* ¢} 4.
By type safety, we know that e is not stuck so it must be some value,
and furthermore by preservation and canonical forms, it must be that e}
is some A-abstraction Az.¢’. So we have

e1 ex =% (\z.e’) eg > €'[ea/1]

But neither inductive hypothesis says anything about €’[es/z]! So we are
stuck. %4

We can’t complete the proof because the inductive hypothesis is too weak to
say anything useful about function application. So lets try again by strengthen-
ing the inductive hypothesis to make application the easy case.
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10.2 Reducibility Model of Types

Trick: define an interpretation of type as a set of expressions (i.e. a unary
relation on expressions) that they describe. Make sure that each such set only
contains terminating expressions by definition. Then show that all well-typed
expressions are in the appropriate set based on their type.

For describing booleans, it’s not just enough to say that bool = {true, false}.
Why? Because you might have other expressions that are not simple boolean
values yet like

if truethen falseelse true — false

e - if truethen falseelse true : bool, so it should be considered a bool
too! So we’ll need to consider the expansion of some set of values to include
expressions which reduce to one of those values.

C*={e€ Expr|3e € C,e—~" €'}

In other words, for a set C, C* is the closure of C under expansion. Some
properties about this closure:

o O — (C*
e CCC
e If C C Termin then C* C Termin
We can now interpret each type as a set of terms:
[bool] = {true, false}” = {e € Expr | Ib.e —* b}
[11 — 2] = {e € Termin | Ve; € [r1].e e1 € [12]}

Lemma 10.1. For all types 7, if e € [T] then e is terminating. That is to say,
[7] € Termin for any .

Proof. By cases on 7. [bool] C Termin because {true,false} C Termin.
[r1 — 72] € Termin by definition. O

10.3 Termination

Now, we must extend the interpretation of types to the interpretation of hypo-
thetical judgements. That way, we won’t get stuck in a rule that extends the
environment.

[T] = {o € Subst |V(z:7) € T.z[o] € [7] }
[CFe:7] =Vo e [I.eo] €[]

Lemma 10.2 (Adequacy, a.k.a. the Fundamental Lemma). If T F e : 7 is
derivable, then [I' & e : 7] is true.
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Proof. By induction on the derivation D of ' Fe: 7.

e D=Tz:7Fx:7T
We must show [[',z : 7 F x: 7] is true, i.e. , for all o € [,z : 7], z[o] €
[7]. This follows by definition of [I',z : 7] since (z : 7) € (I',z : 7).

e D=TFb:bool

We must show [t b: bool] is true, i.e. , for all o € [I'], blo] = b €
[bool]. Note that b € {true, false}, so b € [bool] = {true,false}”
since b —* b.

I'Fe:bool T'kFej:7 I'keg:7
e D= I'ifethene;elseey : 7

Inductive Hypothesis. [I'F e :bool], [T+ ey : 7], and [T+ es : 7] are
both true.

We must show [I' F if ethene; elsees : 7] is true, ie. , for all o € [I'],
(if ethene elseey)[o] = if e[o] thene;[o] elseesa] € [7]
Suppose ¢ € [I']. From the inductive hypothesis, we learn that
elo] € [bool] eilo] € [7] eslo] € [7]

Because e[o] € [bool], then by definition of [bool], there must be some
b such that e[o] —* b. Therefore,

if e[o] thene;[o] elsees[o] —* if bthene[o] elseex[o] — e;o]

where e; is either e; (when b = true) or ep (when b = false). In either
case, ¢;[o] € [r]. So, since [7] is closed under expansion (PENDING), it
must be that

if e[o] theneq[o] elseez[o] € [7]

o ip
I'te:mm =1 I'ker:m
e D= I'Fee:m

Inductive Hypothesis. Both [I'Fe: 71 — 1] and [I' F ey : 71]] are true.
We must show that [T e e; : 73] is true, i.e. , for all o € [I'],
(e e1)[o] = e[o] e1[o] € [72]

Suppose o € [I']. From the inductive hypothesis, we learn that e[o] €
[r1 — 7] and e1[o] € [71]. So by definition of [1; — 2], e[o] e1]o] € [72]-
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: D
I‘,m:ﬁ.l—e:Tg
e D=TtFtXre:11 =57

Inductive Hypothesis. [,z : 7 Fe: m] is true.

We must show that [I' - Az.e : 7y — 72] is true, i.e. , for all o € [I'],?
(A\x.e)[o] = Az.(e[o]) € [T1 — 72]

By definition of [1y — 7], Az.e[o] € [ — 2] exactly when (Az.e[o]) e; €
[r2] for all e; € [71], so suppose some arbitrary e; € [71]. Observe that

(A\x.e[o]) e1 — e[o, e1/x]

Since e; € [n1] and o € [I'], 0,e1/z € [I',z : 71]. And from the inductive
hypothesis, we learn that e[o,e;/x] € [2], which means that by closure
under expansion (PENDING), (Az.e[o]) e1 € [72] as well. Therefore,
Az.elo] € [ — 72] for any o. O

Lemma 10.3 (Closure under expansion). For all types 7, if e =»* €' and e’ €
[7] then e € [7] as well. That is to say, [7]" C [r] for any 7.

Proof. By induction on the syntax of the type 7.
e 7 =bool: [bool] = {true,false}” = {true,false}*" = [bool]*

e 7 =71 — To: We must show that if e —»* ¢’ and ¢’ € [r; — 2], then
e c [[Tl — 7'2]].

Inductive Hypothesis. [r] = [n1]" and [r2] = [r]".

Suppose e and €’ are arbitrary expressions such that e —=* ¢’ € [11 — 72].
Showing that e € [r; — 72] is the same as showing that for all e; €
[11 — 72], e ex € [r2]. So also let e; be an arbitrary expression in [71].
Now observe that

eep—*e e €]
because €’ € [1; — 72]. Therefore, we learn from the inductive hypothesis
[r2] = [r=]” that e e; € [2] as well, and so e € [r; — 73] by definition.

O

Corollary 10.1 (Closed Reducibility). If e - e: 7 is derivable then e € [7].

1Up to « equivalence, we may assume that this substitution is defined, meaning that x
does not appear in the domain of o (there is no z/e’ € o) and is not free in any of the
expressions in the codomain of o (for every y/e’ € o, x ¢ FV(e')). This is because we can
always pick a fresh name that does not appear anywhere else to rename the bound variable
of the A-abstraction if either of these conditions is not met.
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Corollary 10.2 (Termination). If e F e : 7 is derivable then e is terminating.
Proof. From the above, we know that e € [7] C Termin. O

Corollary 10.3 (Boolean Evaluation). If e F e : bool is derivable, then there
is a boolean b such that e —* b.

Proof. From the above, we know that e € [bool] = {true, false}". O



Chapter 11

Parametricity

What happens if we want to generalize the reducibility relation to quantifiers
(universal and existential polymorphism)? This

Va.r] = {e € Termin | V7' € Type.e 7' € [7[r'/a]]}

doesn’t make sense! The definition doesn’t follow by induction on the type in
[-] because 7[7’/a] is not a sub-term of the type Va.7. Consider [Va.a]. One of
the types that 7’ ranges over is again Va.a! That means to understand [Va.o],
we must first understand [o[(Va.«)/a]] = [Va.a], so we've gotten nowhere.

11.1 Reducibility Candidates

We'll need to say what to do for a type variable . What’s the meaning of a
type variable? Substitution!

[a]y = 0(c)

The “substitution environment” 6 is a function from type variables to...what?
Something that looks like the interpretation of a type. That is, a candidate for
a sensible reducibility predicate.

Definition 11.1 (Reducibility Candidate). A reducibility candidate C is a set
of expressions (i.e. a unary predicate on expressions) satisfying the following
two properties:

e termination: all expressions in C are terminating.
e expansion: if e —* ¢/ € C then e € C.
In other words, a reducibility candidate is any set of expressions C such that
C* C C C Termin
The set of all reducibility candidates is
CR = {C € p(Termin) | C* C C}

65
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Lemma 11.1. For any A C Termin, A* is a reducibility candidate.

Proof. First, note that from A C Termin we know that A* C Termin. Further-
more, A** = A* so

A*" C A* C Termin O

So the substitution environment 6 in [a], is a function TypeVar — CR.

11.2 Logical Relations

We can now define the interpretation of the quantifiers by deception! For uni-
versal quantifier, pick whatever reducibility candidate you want (the domain of
reducibility candidates are now a fully-defined entity, independent of this inter-
pretation), and then completely lie by telling the polymorphic expression you're
using it at some other unrelated type. For existential quantifier, the packing
operation can completely lie to its client by saying it used one abstract type,
but actually used any arbitrary candidate of its liking.

[ely = 6(a)
[r1 = ], = {e € Termin | Ve' € [11],. e €' € [12],}
[Va.r]y = {e € Termin | V7 € Type,C € CR. e 7 € [7]yc/0}

[Ba.r], = {(1,e) | IC € CR. e € [[T]]eﬁc/a}*

This deception makes the definition well-formed by induction on the syntax of
types. But also is a strong model of parametricity: the program cannot rely
on the type annotations (in packing and specialization) to decide what to do,
because those annotations are allowed to be completely bogus nonsense.

11.3 Termination

Now, we must extend the interpretation of types to the interpretation of hypo-
thetical judgements. That way, we won’t get stuck in a rule that extends the
environment.

[©] ={©} = CR
[©;T], = {o € Subst | (V(z : 7) € T.z[o] € [7],) A (Vo € A.afo] € Type)}
[OFT:x] =V0 € [O].[7], € CR
[O;TFe:7] =V0 € [O].0 € [0;T],.c[0] €[],

Lemma 11.2 (Semantic substitution). [7[7'/a]], = [[T]]e,[[r']]g/a

Proof. By induction on the syntax of the type 7 (assume renaming so that the
bound type variables of 7 are distinct from « and the free variables of 7').
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a: falr'/dlly = [7']y = (0. [7']y/@)() = [y 11, a

B where 5 # a: [Bl7'/ally = [8], = 0(8) = (0, [7']o/)(B) = [Blo, 11, /o
m = 72 [( = )7 /a]ly = [nlr'/a] = 727 /ally =10 11 = T2lg (119, /a
va.r: [(VB.7) 7 [ally = IVB.(r17' /o))y =10 [VB.7Dg 11, /e

38.7: (3B /el = BB-( I /ad)]y =11t 13871 oy, /e -

Lemma 11.3 (Semantic weakening). If a ¢ FV(71) then for any C € CR,
[[T]]e,c/a = [,
Proof. By induction on the syntax of the type 7. O

Lemma 11.4 (Adequacy of Types). If © F 7 : % is derivable then [OF 7 : ]
1s true.

Proof. By induction on the derivation of © F 7 :

O,atka:x
Suppose 0 € [©,a]. Then [a], = 6(a) € CR

OF7m:%x OF7m:x
OF7m > 1mix

Inductive Hypothesis. Both [OF 71 : %] and [O & 72 : %] are true.

Suppose 0 € [©]. We must then show that [, — 7], € CR, i.e. the set
of expressions has the termination and expansion properties. First, every
expression in [1; — 73], is terminating by definition. Second, suppose that
e —* e € [r — 1], and some arbitrary e; € [1], so that ¢’ e; € [2],
by definition. Observe that

eer =" € e €n],

We learn from the inductive hypothesis that [72], € CR, so e e; € [12],
by expansion. Therefore, e € [11 — 72],.

O,ab 1%

O FVa.r

Inductive Hypothesis. [©,aF 7: %] is true.
Suppose 0 € [O]. We must show that [Va.7], € CR. First, every ex-
pression in [Va.7], is terminating by definition. Second, suppose that

e —=* ¢ € [Va.7],, and suppose some arbitrary type 7 and candidate C
so that €’ 7 € [r]y ¢/, by definition. Observe that

et e T¢€ [[Tﬂg’c/a

Since ¢, C/a € [O], we learn from the inductive hypothesis that [7], ¢, €
CR,so e T € [r]yc/q Py expansion. Therefore, e € [Vo.7],.
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O,akT1:%
e OF Jda.T: %

Inductive Hypothesis. [O,at 7 : ] is true.

Suppose 6 € [O]. We must show that [Ja.7], € CR. Since [3a.7], is
defined as the -*-closure of a set of non-reducing expressions, it has the
termination and expansion properties by definition. O

Lemma 11.5 (Adequacy of Programs). If ©;T + e : 7 is derivable, then
[©;TFe: 7] is true.

Proof. By induction on the derivation of ©;I' - e : 7. In each case, note
that since ©;I' F e : 7 is derivable, so too is © F 7 : x, which means that
[© F 7 : %] by adequacy of types. The cases for variables (x), functions (Az.e),
and applications (e; e3) are analogous to the proof for the simply typed lambda
calculus. The new cases for the quantifiers are:

O;TkFe:Var OF7T :%
. O;TFet :7[1"/a]

Inductive Hypothesis. Both [O;T F e : Va.7] and [© F 7/ : %] are true.

VE

Suppose that 6 € [O] and o € [©;T],. We must show that
(e 7)lo] = elo] lo] € [7[7'/ally = [71o 171, /o

But from the inductive hypothesis, we learn that e[o] € [Va.r], and
[7']y € CR. So e[o] 7" € [y 117, o Py definition of e[o] € [Va.7],.

O,a;T'Fe:T

e O;T'F Aa.e: Va.r Vi

Inductive Hypothesis. [©,a;T F e : 7] is true.
Suppose that 6 € [©] and ¢ € [©;T],. We must show that
(Aace)[o] = Aa.(elo]) € [Va.T],
i.e. , that for an arbitrary type 7 € Type and candidate C € CR,
(Aace[o]) 7 € [7]pc/a
Since #,C/a € {0,a} — CR and 0,7"/a € [0, ;T],, we learn from the
inductive hypothesis that
(Aavelo]) 7" = elo, 7' /a] € [T]y ¢/

Furthermore, since [7], ¢ o € CR (derived from adequacy of types and the
fact that ©,«a b 7 : %), the expansion property ensures that (Aa.elo]) 7/ €
[716,c/o as well. Therefore, Aa.e[o] € [Va.7],.
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OF7:x ©;Tke:7[r'/a]

a7
° ;T F (r',e): Ja.T
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Inductive Hypothesis. Both [O F 7' : ] and [©;T Fe:7[r'/a]] are

true.

Suppose that 6 € [©] and o € [©;I'],. We must show that
(r',€) [o] = (T'[o],e[o]) € [Ba.T],
We learn from the inductive hypothesis that [7'], € CR and
elo] € [r[7'/elly = 1o 11, /a
Therefore, (7'[c], elo]) € [Fa.7], by definition.
O:'re:Jar O,auT,z:7ke:7 OF7T %
. O;T'F openeas (a,z) = ¢ : 7/

Inductive Hypothesis. [O;T'Fe:Ja.7], [0,a;T,z:7F¢€ : 7],
[©F 7" : %] are all true.

JE

Suppose that 6 € [0] and o € [©;I'],. We must show that

(openeas (a,z) = €')[o] = openelo|as (o, z) = €'[o] € [7'],

and

From the inductive hypothesis, we learn that e[c] € [3a.7],, which means

that

elo] =" (11,e1)

for some arbitrary type m € Type, candidate C € CR, and expression
e1 € [r]y.c/o- And because the extended ,C € {©,a} and o, 71 /v, €1/ €

[0,0;T, x: T]]Q‘C/a, we learn again from the inductive hypothesis that

lom/a er/zl € [Ty c/a
Now observe that
openelo]as (o, z) = €'[o] —* open (11, e1)as (a,x) = €[o]

> e'lo, T /a, er /]
€ [[T']]e’c/a =[], € CR

by semantic weakening because o ¢ FV(7') which is a consequence of
the premise © = 7/ : 7. Therefore, by the expansion property of [7'],
(derived from © F 7' : x and the adequacy of types), it must be that

openelo]as (a,z) = €'[o] € [1'],.

O

Corollary 11.1 (Closed Reducibility). Ife;e \ e : 7 is derivable, then e € [7],.

Corollary 11.2 (Termination). Ife;e - e : 7 is derivable, then e is terminating.

Proof. From the above, we know that e € [7], C Termin.

O
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Free Theorems

12.1 Logical Operators
As useful shorthand, define some “logical” operations on reducibility candidates.

(c=_):CRx CR— CR
A=B={ee Termin |Ve' € A. e ¢’ € B}
Y:(CR— CR) — CR
Y(F) = {e € Termin | V1 € Type,C € CR. e 7 € F(C)}
3:(CR— CR) — CR
I(F) = {(r,e) | IC € CR. e € F(C)}"

And notice that these operators are the essential meaning of the reducibility
interpretation of types:

[a]y = 6(a)
[r1 = 7]y = 1]y = [,
[Va.r], = V(C. [[Tﬂo,c/a)
[Ha.r]y = 3(C. [t]yc/a)

12.2 Polymorphic Absurdity (Void Type)

Theorem 12.1. There is no expression e such that e;e - e : Va.a is derivable.

Proof. Suppose that we had some e and a derivation of e F e : Va.a. From
Corollary 11.1, we would know that e € [Va.a] = ¥(C. C). In other words, for
any type 7 and reducibility candidate C € CR, it must be that e 7 € C. So let’s
choose the empty reducibility candidate

C={

71
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which vacuously has the termination and expansion properties. It follows that
e 7 € C = {} which is a contradiction. Therefore, there is no such e - e :
Va.a. O

12.3 Polymorphic Identity (Unit Type)

Theorem 12.2. Ife;e e :Va.ao = a then e =g, Ao x:onx.

Proof. From Corollary 11.1, we know that e € [Va.a — o] = ¥(C. C = C)
In other words, for any type 7, reducibility candidate C € CR, and expression
e1 € C, it must be that e 7 e; € C. So let’s choose the reducibility candidate

C={x}"

where the variable x is in C by definition. It follows that e a x € C as well,
meaning e o & —* x which implies e o © =g . Therefore

e =y Aa.e a =, Ao \z:ae a v =g Aa dziaw O

12.4 Encodings

12.4.1 Booleans
Recall that

Bool =V6.6 - 6 —
True : Bool

True = Ad. x:6.\y:0.x
False : Bool

False = Ad.dx:0. \y:d.y

Theorem 12.3 (Canonicity). If e;e - e : Bool then e =g, True or e =g, False.

Proof. From Corollary 11.1, we know that
e € [Bool] = V6.0 -6 =] =¥(C.C=C=C)

In other words, for any type 7, reducibility candidate C € CR, and terms
e1,eo € C, it must be that e 7 e; e; € C. So let’s choose the reducibility
candidate

C={z,y}"
where the variables x and y are in C. It follows that e § z y € C as well, meaning
that either e § z y —* z or e § x y —* y. Therefore, we have the two possible
cases:

e=p Ao Xz:0.\y:b.e 0 x y =5 Ad.Ax:0.\y:6.x = True
e =y Ao Az:0.\y:6.e 0 x y =g Ad.Ax:0.\y:0.y = False O



12.4. ENCODINGS 73

12.4.2 Sums
Recall that
Sum T1 T2 :Vd(ﬁ — 6) — (T2 — 5) — 0
Left :Ya.¥VB.aa — Sum «
Left = Aa. A Az:a. A0 N:ae — 6.8 — 0.0 x

Right : Ya.NB.0 — Sum o 8
Right = Aa. AB.Ax:B. A0 N0 — S. M3 — 0.r x

Theorem 12.4 (Canonicity). If e;e & e : Sum 71 7o then either e =g,
Left 71 12 €1 for some e € [11] ore =gy Right 1 T ey for some ey € [=].

Proof. From Corollary 11.1, we know that
e € [Sum 1 ]| [Vd.(11 = ) = (12 = &) — 6] =VY(C.([r1], = C) = ([r=], = C) = C)

In other words, for any type 7, reducibility candidate C € CR, and expressions
e1 € [r1], = C and ez € [r2], = C, it must be that e 7 e; e5 € C. So let’s
choose the reducibility candidate

C={lerlere[n]U{res]ese[r]})

where [ and r are variables so that [ € [r1], = C and r € [r=], = C by
definition. It follows that e § [ r € C as well, meaning that either e § [ r —* [ €1
for some ey € [11] or e § I r —* 1 eg for some ey € [12]. Therefore, we have the
two possible cases:

e=p AOXN:Ty = 0. Army = 0.e 6l r =g ASAliTy — 8.Amim — 0.l ey =g Left 1 2 1
e=p AON:T = 0. Arimy = 0.e 6 L r =g AOAN:Ty — 8. A0 — 0.1 ea =g Right 11 T2 ea

where e; € [11] and ey € [72]. O

12.4.3 Products
Recall that

Prod T T2 :V(S.(Tl — T2 4)5) — 0
Pair : YaVB.a — 8 — Prod o 8
Pair = Aa.AB ) z:a\y:B.AN0 ) \p:a — B — dpxy

Theorem 12.5 (Canonicity). Ife;e - e : Prod 7 o then e =g, Pair 71 T2 e1 ez
for some e1 € [11] and eq € [12].

Proof. From Corollary 11.1, we know that

e € [Prod 1 2] = [Vo.(1 = 72 = §) — ] = ¥Y(C.([m1], = [r2], = C) = C)



74 CHAPTER 12. FREE THEOREMS

In other words, for any type 7, reducibility candidate C € CR, and expression
e € (], = [r], = C), it must be that e 7 ¢/ € C. So let’s choose the
reducibility candidate

C={perex|er€[n], ez €[]}

where p is a variable so that p € ([71], = [m2], = C) by definition. It follows
that e 7 p € C as well, meaning that e 7 p —* p e; ez for some e; € [r1], and
ez € [m2],. Therefore

e=y AOAp:T1 = 7o = 0.6 6 p=p AO.Ap:Ty — To — 0.p e1 ea =g Pair 71 72 €1 ez

where e; € [11], and ez € [72],. =

12.4.4 Numbers
Recall that

Nat =¥0.0 — (6 = 6) = ¢

Zero : Nat

Zero = N0.Az:0.As:60 — 6.2

Suce : Nat — Nat

Succ = An:Nat.Ad.\z:0.0s8:0 — .5 (n 6 z s)

Define the nt" iteration of s as:

SOZ:Z

n+1

s z=s5(s" 2)

Theorem 12.6 (Numericity). If o;e - e : Nat then e § z s =g s™ z for some
n € N.
Proof. From Corollary 11.1, we know that

e € [Nat] =[Vé.6 —» (6 = 0) = ] =V¥(C.C= (C=C)=C)

In other words, for any type 7, reducibility candidate C € CR, and terms eg € C
and e; € C = C, it must be that e 7 eg e; € C. So let’s choose the inductively
defined reducibility candidate

C=({z}u{se | eC)”

where z and s are variables so that z € C and s € C = C by definition. Note
that, for every e € C, e =g s" z for some n € N by induction on the definition of
C. It follows that e 6 s z € C, meaning that e § s z =g s™ z forsomen € N. [

Corollary 12.1 (Canonicity). If e;e e : Nat then either e =g, Zero or
e =gy Succ € for some o;0 - €' : Nat.

Proof. From numericity, we know that e =g, Ad.Az.As.5" 2 for some n € N. It
follows that either e =g, Zero or e =g, Succ €’ for some e’ for some o; @ - ¢’ : Nat
by induction on n. O
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12.5 Relational parametricity

Notation: Ea:pr2 = Expr x Fxpr is the cartesian product containing every pair
of expressions, which is also the maximal relation in which all expressions are
related.

We can generalize the closure under expansion to work on a binary relation
C C Exzpr? as well as follows:

C* ={(e1,€}) | Fea,eh) € C.ey =" ea Nej =" eh}

This has analogous properties as the similar closure operation on sets of expres-
sions (i.e. unary relations).

Definition 12.1 (Relation candidates). A binary relation on expressions C is
a relation candidate when the following condition is met

o cxpansion: if e —* es and e} —* e}, and (eq,eh) € C then (e, ¢}) € C.
In other words, C is a relation candidate exactly when
C*ccCcc Ea:prQ
We write the set of all relation candidates as
CR? = {C € p(Expr?®) | C* C C}

Likewise, lets generalize the logical operators to work over binary relation
candidates.
(L=2_): CR* x CR* - CR*
A=2B={(e1,¢)) € Expr? | Y(ea, €h) € A. (e1 ea,¢€) €h) € B}
(_x%_): CR* x CR* - CR?
Ax2B={(e,e) € Expr? | (emy, e/ -m) € AN (emy, e -m) € B}
¥?: (CR* — CR*) — CR?
Y3(F) = {(e, ') € Expr® | ¥1,7' € Type,C € CR?. (e 7,¢' 7') € F(C)}
3 : (CR* — CR?*) — CR?
P(F) = {((r,e), (r',€')) | IC € CR>. (e,e') e F(C)}"

Adding strings to the language.
s € String == ...

e € Expr = ... | “s”
T € Type := ... | String
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I'F“s”: String

Using these binary versions of the logical operations, it is easy to define the

interpretation of types as binary relation candidates, where now 6 : TypeVar —
CR®.

[ (@)
(s,5)}

0
{
ks 1]]9 =2 HTQ]]Q
[~ 1]]9 [[TQHQ
v2
32

[String

[[7’1 X To

]
I
[r1 — 2]
I
I

Vet
[Ba.7]

(C. [[T]]e (C/a)
(C. [[7']]9 (C/a)

The interpretation of environments and judgements are generalized to binary
relations accordingly.

[0]° = {©} — CR?
[©; I‘ﬂz = {(0,0) € Subst x Subst
| (V(z : 7) € T.(xo],2[0"]) € [7]5)
A (Va € A.alo], afo’] € Type)}
[OF 7:%]* =v0 e [6]°.[r]; € CR?
[0;TFe:7]* =V0 € [O]°.(0,0") € [6;T];-(elo], elo’]) € [7];

2
2
2
6
2
(4
2
(4
2
0
2
0

Theorem 12.7 (Parametricity). If ©;T F e : 7 is derivable then [©;T F e : 7]°
is true. In other words, for any

e cxpression e such that I' e : 7 is derivable,
o mapping 0 : {©} — CR?, and

o related substitutions (o,0') such that a o], a[0’] € Type for all a € © and
(x]o],z[o]) € [[7"]]3 forall (x:7") €T,

it follows that (e[o],e[c’]) € [[THZ.
Corollary 12.2. If e;e b ¢ : 7 is derivable then (e, e) € [r]?.

12.5.1 Red vs Blue

red_v_blue; o : Ja.(o X @ X (@ — String))
red_v_blue; = (String, (“red”, “blue”, Az.x))

W

red_v_bluep = (String+ String, (11-“”,12-“”7, Ax. casex of 11-2 = “red” | 13-z = “blue”))

Want to show that red_v_blue; = red_v_blues in some appropriate sense.
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Theorem 12.8. (red_v_blue;, red_v_blues) € [Fov.(a X o x (o — String))]?

Proof. By Corollary 12.2. We must choose some relation A such that red_v_blue;
and red_v_bluey are related when « is instantiated with A. So consider the fol-
lowing relation A:

A — {(“red”’ Ll‘“”)7 (Lé't)]-_u.e”7 L2_LL77)}*
To show

(red_v_blue;, red_v_blueg) € [Fa.(a x a X (o — String))]
= 3*(C.C %2 C %2 (C = [String]?))

it suffices to show that

((“red”, “blue”,e), (11-“7, 1-“7,¢')) € A x? A %2 (A =? [String]?)
wheree = A\z.x

e’ = A\x.casexof 11-2 = “red” | to:z = “blue”

In other words, we may show that (“red” ¢1-“”) € A, (“blue”,15-“”) € A,
and (e ey, e’ ¢€}) € [String]® for all (e1,e}) € A. The first two facts follow
immediately from the definition of A. For the third fact, consider an arbitrary
(e1,€}) € A, where it must be that either e; —* “red” and ej —* 11-“” or
e1 —* “blue” and €] —* 1-“”. In the first case, we have the reduction

eep e —" “red”
e e} — casee] of 11-2 = “red” | 13-z = “blue”

(394

—" case1-“7of 11-2 = “red” | 13-z = “blue”

H “red77
and in the second case we have the reduction

e e — e =" “blue”
AN / « i «“ ”
e e} — casee] of 13-z = “red” | 19z = “blue

“wn

—* case o “"of 11-2 = “red” | 13-z = “blue”

— “blue”

so in either case, (e ey, ¢’ €}) € [String]®. O
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