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A probabilistic program

sigma ~ gamma(©.1, 0.1);
mu ~ normal(0, 1);

Parameters

y ~ normal(mu, sigma); Program
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Inference
y ~ normal(mu, sigma); Program
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A probabilistic program

sigma ~ gamma(@.1, 0.1); Parameters
mu ~ normal(9, 1);
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Inference
VERY HARD
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Stan

Stan’ is a state-of-the-art platform for statistical modeling and high-performance statistical
computation. Thousands of users rely on Stan for statistical modeling, data analysis, and

prediction in the social, biological, and physical sciences, engineering, and business.

Users specify log density functions in Stan’s probabilistic programming language and get:
o full Bayesian statistical inference with MCMC sampling (NUTS, HMC)
e approximate Bayesian inference with variational inference (ADVI)

e penalized maximum likelihood estimation with optimization (L-BFGS)
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data {

int N;
real y[N];
}
parameters {
real mu;
real sigma;
}
model {
sigma ~ gamma(0.1, 0.1);
mu ~ normal(Q, 1);
y ~ normal(mu, sigma);
}

generated quantities {
real varilance;
variance = sigma * sigma;

Fast, but has
unusual syntax



Goals: Understand the language
orinciples behind Stan’s efficient
black-box inference.

&
Make Stan more compositional.



Goal: Understand the principles behind Stan’s
inference and design a compositional alternative.

1. Stan programs are 2. Blocks correspond to different
deterministic. information-flow levels.

Density-Based
Semantics

Standard big-step
operational semantics

+
0 |= I, and D =T, Information  Performance

(D, 0, target — 0),5) || s’ Flow Ordering
[ logp* (0 | D) £ s'[target] SI iIcStan




1. A Stan program is deterministic.



data {

int N;
real y[N];
}
parameters {
real mu;
real sigma;
}
model {
sigma ~ gamma(0.1, 0.1);
mu ~ normal(@, 1);
y ~ normal(mu, sigma);
}

generated quantities {
real varilance;
variance = sigma * sigma;

*Data D ={N:2, y:|0,2]}

e Parameters 6

* Way of generating 6 and O

e Other variables



model {
sigma ~ gamma(0.1, 0.1);

mu ~ normal(e@, 1); » Way of generating 6 and D
y ~ normal(mu, sigma);



logp(D, 0)
= log Gamma(o,0.1,0.1)

+log V' (u,0,1)
+ logN(yl' KU, O-)
+ lOgN(yz, U, O-)

model {
target += gamma_lpdf(sigma | 0.1, 0.1);
target += normal lpdf(mu | 0, 1);
target += normal lpdf(y | mu, sigma);



data {

int N;
real yINTS D={N:2, y:[0,2]}
}
parameters {
real mu; 0
real sigma;
}
model {
target += gamma_lpdf(sigma | 0.1, 0.1);
target += normal lpdf(mu | 0, 1); logp(0,6)
target += normal lpdf(y | mu, sigma);
}

generated quantities {
real varilance;
variance = sigma * sigma;



data {

int N; _ : :
a1 VNS D={N:2, y:[0,2]}
}
parameters { —fy :
real mu; 6=u:0,0:1)
real sigma;
} _
nodel { logp(D,0) =0

target += gamma_lpdf(sigma | 0.1, 0.1);
target += normal lpdf(mu | 0, 1);
target += normal lpdf(y | mu, sigma);
} =-1.2
generated quantities {
real varilance;

: : : v=ox0o=1
variance = sigma * sigma;



Inference

e Observed variables: ©
* Parameters:
e f(0)=logp(0|D) + const

* Inference: evaluate f(0) repeatedly!



Inference

 Observed variables: © model {
target +=
e Parameters: & gamma_lpdf(sigma | 0.1, 0.1);
target +=
normal _lpdf(mu | @, 1);
* f(0) =logp(0|D) + consty target +=

normal lpdf(y | mu, sigma);
* Inference: evaluate f(0)! }

logp(0,D) =logp(0|D) + const

= f(0) =logp(0,D) =logp™(0]|D)



Stan: Density-Based Semantics

P = Standard big-step
data { Iy } operational semantics
transformed data { I;4,S:q }
parameters { [, } (S,S) U s’
transformed parameters { I3,,S;, }
model { S, }

generated quantities { I;;4,S,4 3}



Stan: Density-Based Semantics

P := Standard big-step
data { Iy } operational semantics
transformed data { I;4,S:;5 }
parameters { I, } +
transformed parameters { I},,S;, } S5 = S5td;Stp;Smi Sgq
model { S, }

0=T,and D |= Iy
(D, 0, target — 0),5) || s’

generated quantities { I;;4,S,4 3}

log p* (0 | D) = s'[target]



An Extended Stan Program

data { transformed parameters {
int N; real sigma;
real y[N]; sigma = pow(tau, -0.5);
} }
transformed data { model {
real alpha = 0.1; tau ~ gamma(alpha, beta);
real beta = 0.1; mu ~ normal(@, 1);
} y ~ normal(mu, sigma);
parameters { }
real mu; generated quantities {
real tau; real variance;
} variance = sigma * sigma;



2. Blocks correspond to different
information-flow levels



Information

data {
int N;
real y[N];

transformed data {
real alpha = 0.1;
real beta = 0.1;

}

parameters {
real mu;
real tau;

}

transformed parameters {
real sigma;
sigma =

}
model {

tau ~ gamma(alpha, beta);

mu ~ normal(@, 1);

y ~ normal(mu, sigma);
generated quantities {

real variance;

variance =

pow(tau, -0.5);

sigma * sigma;

Flow in Stan

J\

J\




SlicStan

real

real
real
real
real

data
data

real

mu ~ normal(@, 1);

alpha = 0.1;

beta = 0.1;

tau ~ gamma(alpha, beta);
sigma = pow(tau, -0.5);

int N;
real[N] y ~ normal(mu, sigma);

variance = sigma * sigma;

data {
int N;
real y[N];
}

transformed data {
real alpha = 0.1;
real beta = 0.1;

}

parameters {
real mu;
real tau;

}

transformed parameters {
real sigma;
sigma = pow(tau, -0.5);

}

model {
tau ~ gamma(alpha, beta);
mu ~ normal(Q, 1);
y ~ normal(mu, sigma);

}

generated quantities {
real variance;
variance = sigma * sigma;



Information Flow in SlicStan

real alpha = 0.1; Standard™ information

real beta = 0.1;
real tau ~ gamma(alpha, beta); flow type system

. (e 1): (ASSIGN)
real mu ~ normal(@, 1); ML) = (r.) TFrE:(r.¢)
I't(L=E):¢
real sigma = pow(tau, -0.5);
data int N; ;ESI;B? 0 f<f
data real[N] y; FE:(7,0) -
y ~ normal(mu, sigma); I'FE:(r,{)
(SEQ)
FI—Sltf FI-Sgtf S(S],Sg)

. _ . %2
real variance S18ma*sl1gma - (51;52) 0

Volpano, Irvine, and Smith. A sound type system for secure flow analysis. Journal of computer security 4, 2-3 (1996), 167-187.



Information Flow in SlicStan

real alpha = 0.1;
real beta = 0.1;
real tau ~ gamma(alpha, beta);

real mu ~ normal(0, 1);
real sigma = pow(tau, -0.5);
data int N;

data real[N] vy;
y ~ normal(mu, sigma);

real variance = sigma*sigma;

Standard* information
flow type system

+
target : (real, MODEL)

Derived rule:
I'tE:T TvE;:T; Viel.n

I'+E~ D dist(Eq,...E;): MODEL



Translation of SlicStan to Stan

In the paper:

* Formal semantics of SlicStan.

* Formal elaboration, slicing and translation procedures.
* Proof of semantic preservation.



Goal: Understand the principles behind Stan’s
inference and design a compositional alternative.

1. Stan programs are 2. Blocks correspond to different
deterministic. information-flow levels.

Density-Based
Semantics

Standard big-step
operational semantics

+
0 =T,and D =T, Information  Performance

(D, 0,target — 0),5) || s’ Flow Ordering
[ logp* (0 | D) = s'[target] SlicStan
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Comparison with sampling-based semantics

(EvAL MODEL)
,E)lV (s,E;))|V; Viel.n V’'=s(target)+d_ Ipdf(V,Vi,...,V,)

(s,E ~d(Eq,...,E,)) || s|target — V’|

(SAMPLING MODEL)
v eVal p = Dist(s(9))(v)
(s, x ~ Dist(0)) |*"1*! (s[x — v], p)




