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Recap

• Roadmap and learning objectives

• Message-passing concurrent programming 
• pi-calculus as formal model 
• nondeterminism

• Session types as types of message-passing concurrency 
• challenge: preservation because type changes with protocol 
• strategies: (a) disallow aliasing or (b) control aliasing

• Intuitionistic linear logic as a foundation for session types

we’ll resume here
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Intuitionistic linear logic session types

Types:
A,B , A⌦B multiplicative conjunction “channel output”

A ( B multiplicative implication “channel input”

ANB additive conjunction “external choice”

A�B additive disjunction “internal choice”

1 unit for ⌦ “termination”

<latexit sha1_base64="IPhwKMM0bfVy3eKOXERGkR8u5Ds="></latexit>

Queue session type:

queueA = N{enq : A ( queueA,
deq : �{none : 1, some : A⌦ queueA}}

<latexit sha1_base64="Bas1SAwPE7ZRr1LZ/cvy3lecx88="></latexit>



Typing judgment and rules

Intuitionistic linear sequent:
x1 : A1, . . . , xn : An ` P :: (x : A)

<latexit sha1_base64="FVZf5g5XrQZyWq6q1tmIzj1GCB0="></latexit>

“Process P offers a session of type A along channel x using session A1, …, An 
provided along channels x1, …, xn.”

Inference rule:
�0 ` Q :: (x : A0)

� ` P ;Q :: (x : A)

<latexit sha1_base64="g+jK2xKNzcQhbDlSozR/4N3UPw4="></latexit>

Left and right rules:

�0 ` Q :: (x : B)

� ` P ;Q :: (x : A ⇧B)
⇧R

<latexit sha1_base64="dbpAodDyRb+9n7g+jLpWiDHSdSg="></latexit>

�0, x : B ` Q :: (z : C)

�, x : A ⇧B ` P ;Q :: (z : C)
⇧L

<latexit sha1_base64="5gTOtO5O9Edgb1teyOv/EUOHZUM="></latexit>

conclusion
premise

bottom-up reading



Connectives so far

� ` P :: (x : B)

�, y : A ` send x y;P :: (x : A⌦B)
⌦R

<latexit sha1_base64="4DcuEL0iKxMnMXJ5R3kop1yTzX0="></latexit>

�, x : B, y : A ` Qy :: (z : C)

�, x : A⌦B ` y  recv x;Qy :: (z : C)
⌦L

<latexit sha1_base64="Vimz8BhrB6MI6yP2t050k15HTpo="></latexit>

�, y : A ` Py :: (x : B)

� ` y  recv x;Py :: (x : A ( B)
(R

<latexit sha1_base64="S4FiVekhseWpWX2YGtI/8Bvichg="></latexit>

�, x : B ` Q :: (z : C)

�, x : A ( B, y : A ` send x y;Q :: (z : C)
(L

<latexit sha1_base64="OcG0YY+VR60ut9OLCFLc9Wx++nA="></latexit>

� ` P :: (x : A)

� ` x.inl;P :: (x : A�B)
�R1

<latexit sha1_base64="bDeXBFp9pEdgxKheUtz17fy76RY="></latexit>

� ` P :: (x : B)

� ` x.inr;P :: (x : A�B)
�R2

<latexit sha1_base64="Pk3Xu6+J6Hd5WlxembxpL0XRb9w="></latexit>

�, x : A ` Q1 :: (z : C) �, x : B ` Q2 :: (z : C)

�, x : A�B ` casex of(Q1, Q2) :: (z : C)
�L

<latexit sha1_base64="BxvdP3Aq1Nfkq0XmcsRAjeSGMkQ="></latexit>

� ` P1 :: (x : A) � ` P2 :: (x : B)

� ` casex of(P1, P2) :: (x : ANB)
NR

<latexit sha1_base64="Z92E16QWVZVay235zFiND7DVk1w="></latexit>

�, x : A ` Q :: (z : C)

�, x : ANB ` x.inl;Q :: (z : C)
NL1

<latexit sha1_base64="DYeMJEHn3k03dprTlOk5o1ph3eM="></latexit>

�, x : B ` Q :: (z : C)

�, x : ANB ` x.inr;Q :: (z : C)
NL2

<latexit sha1_base64="5bbGr1Y4qTtGb6aqfKD/G2xSk20="></latexit>
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Unit for multiplicative conjunction - 
termination

· ` close x :: (x : 1)
1R
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� ` Q :: (z : C)

�, x : 1 ` wait x;Q :: (z : C)
1L
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Unit for multiplicative conjunction - 
termination

· ` close x :: (x : 1)
1R

<latexit sha1_base64="b+C++eLDmhb/tSiNDU+D8Or3Gnw="></latexit>

� ` Q :: (z : C)

�, x : 1 ` wait x;Q :: (z : C)
1L

<latexit sha1_base64="7/4YVZRAVk6VXkbofYbJsizJ5ao="></latexit>

no unit for & and ⨁, since must consist of at least one label

we have lost x!



Judgmental rules



Judgmental rules

Cut - spawning new process:



Judgmental rules

Cut - spawning new process:

�1 ` P :: (x : A) �2, x : A ` Q :: (z : C)

�1,�2 ` x P ;Q :: (z : C)
Cut

<latexit sha1_base64="NWSN+9NdsFNo4Bd5z36NfSmUhpg="></latexit>



Judgmental rules

Cut - spawning new process:

�1 ` P :: (x : A) �2, x : A ` Q :: (z : C)

�1,�2 ` x P ;Q :: (z : C)
Cut

<latexit sha1_base64="NWSN+9NdsFNo4Bd5z36NfSmUhpg="></latexit>



Judgmental rules

Cut - spawning new process:

�1 ` P :: (x : A) �2, x : A ` Q :: (z : C)

�1,�2 ` x P ;Q :: (z : C)
Cut

<latexit sha1_base64="NWSN+9NdsFNo4Bd5z36NfSmUhpg="></latexit>



Judgmental rules

Cut - spawning new process:

�1 ` P :: (x : A) �2, x : A ` Q :: (z : C)

�1,�2 ` x P ;Q :: (z : C)
Cut

<latexit sha1_base64="NWSN+9NdsFNo4Bd5z36NfSmUhpg="></latexit>



Judgmental rules

Cut - spawning new process:

�1 ` P :: (x : A) �2, x : A ` Q :: (z : C)

�1,�2 ` x P ;Q :: (z : C)
Cut

<latexit sha1_base64="NWSN+9NdsFNo4Bd5z36NfSmUhpg="></latexit>



Judgmental rules

Cut - spawning new process:

�1 ` P :: (x : A) �2, x : A ` Q :: (z : C)

�1,�2 ` x P ;Q :: (z : C)
Cut
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Judgmental rules

Cut - spawning new process:

�1 ` P :: (x : A) �2, x : A ` Q :: (z : C)

�1,�2 ` x P ;Q :: (z : C)
Cut
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Judgmental rules

Cut - spawning new process:

Identity - forwarding:

�1 ` P :: (x : A) �2, x : A ` Q :: (z : C)

�1,�2 ` x P ;Q :: (z : C)
Cut
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�1,�2 ` x P ;Q :: (z : C)
Cut
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Id
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Judgmental rules

Cut - spawning new process:

Identity - forwarding:

�1 ` P :: (x : A) �2, x : A ` Q :: (z : C)

�1,�2 ` x P ;Q :: (z : C)
Cut

<latexit sha1_base64="NWSN+9NdsFNo4Bd5z36NfSmUhpg="></latexit>

y : A ` fwd x y :: (x : A)
Id

<latexit sha1_base64="x5IR5bNqGvyMe7Y0f438BJ6k5wo="></latexit>

process offering along x terminates, client henceforth interacts 
with process offering along y

no orphan 
providers



Let’s implement the queue!

We use the formal language SILL used in research papers
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The connection to linear logic

if we erase process terms in typing rules, we get left and right 
rules of intuitionistic linear logic

� ` P :: (x : A)

� ` x.inl;P :: (x : A�B)
�R1

� ` P :: (x : B)

� ` x.inr;P :: (x : A�B)
�R2

�, x : A ` Q1 :: (z : C) �, x : B ` Q2 :: (z : C)

�, x : A�B ` casex of(Q1, Q2) :: (z : C)
�L

<latexit sha1_base64="Q2o/hm3zRUDsIlkmIpAw4Wi4mWQ="></latexit>



The connection to linear logic

if we erase process terms in typing rules, we get left and right 
rules of intuitionistic linear logic

� ` A

� ` A�B
�R1

� ` B

� ` A�B
�R2

�, A ` C �, B ` C

�, A�B ` C
�L

<latexit sha1_base64="092DH4UDm5Dy23rPd50g7VbkeBw="></latexit>

� ` P :: (x : A)

� ` x.inl;P :: (x : A�B)
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�R2
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�L
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if we erase process terms in typing rules, we get left and right 
rules of intuitionistic linear logic

rewrite higher-order channel output with spawn/forward:

� ` P :: (x : B)

�, y : A ` send x y;P :: (x : A⌦B)
⌦R
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The connection to linear logic

if we erase process terms in typing rules, we get left and right 
rules of intuitionistic linear logic

rewrite higher-order channel output with spawn/forward:

� ` P :: (x : B)

�, y : A ` send x y;P :: (x : A⌦B)
⌦R
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The connection to linear logic

if we erase process terms in typing rules, we get left and right 
rules of intuitionistic linear logic

rewrite higher-order channel output with spawn/forward:

� ` P :: (x : B)

�, y : A ` send x y;P :: (x : A⌦B)
⌦R

<latexit sha1_base64="3X+wyhak1AlCs3Cmw73oi6b0kXI="></latexit>

y : A ` fwd z y :: (z : A) � ` P :: (x : B)

�, y : A ` send x (z  fwd z y);P :: (x : A⌦B)
⌦R

<latexit sha1_base64="TyHRY3l99M3V3wRL+w2RIWPsfz8="></latexit>

A ` A � ` B

�, A ` A⌦B
⌦R

<latexit sha1_base64="Ahq5pDoHflthmJBsxJD1ue9ESzQ="></latexit>
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Luis Caires and Frank Pfenning.  Session types as intuitionistic linear 
propositions.  CONCUR, 2010.

Correspondence between linear logic and session-typed pi-calculus

Logic: Type theory:
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session types

programs
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Curry-Howard correspondence

Luis Caires and Frank Pfenning.  Session types as intuitionistic linear 
propositions.  CONCUR, 2010.

Philip Wadler.  Propositions as sessions.  ICFP, 2012.

Correspondence between linear logic and session-typed pi-calculus

Logic: Type theory:

linear propositions

proofs

cut reduction

session types

programs

communication
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Benefits of linear logic for programming

Linear logic is a substructural logic because it rejects the structural rules 
of weakening and contraction:

� ` C

�, A ` C
weaken

<latexit sha1_base64="ONXSCgmsG271HT36Y1irrNNPrbk="></latexit>

�, A,A ` C

�, A ` C
contract

<latexit sha1_base64="aEip1UG59XchgoMEsnBWLrnWHy8="></latexit>

“drop resource” “duplicate resource”

without weakening, every provider has at least one client

without contraction, every provider has at most one client

thus, every provider has exactly one client
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· ` close x :: (x : 1)
1R
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Benefits of linear logic for programming

Let’s identify absence of weakening and contraction in our rules:

· ` close x :: (x : 1)
1R
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�1 ` P :: (x : A) �2, x : A ` Q :: (z : C)

�1,�2 ` x P ;Q :: (z : C)
Cut

<latexit sha1_base64="NWSN+9NdsFNo4Bd5z36NfSmUhpg="></latexit>

no resources 
duplicated every provider has 

at most one client

no aliases 
created
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for intuitionistic linear logic session types, tree is directed

P

x : A

x1 : A1 xn : An
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