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Next 
• Extend SILL with persistent truth (of course!) 
• Then, switch gears and introduce shared session types



Follow-up on Slack



Follow-up on Slack

�1 ` P :: (x : A) �2, x : A ` Q :: (z : C)

�1,�2 ` x P ;Q :: (z : C)
Cut

<latexit sha1_base64="NWSN+9NdsFNo4Bd5z36NfSmUhpg="></latexit>



Follow-up on Slack

�1 ` P :: (x : A) �2, x : A ` Q :: (z : C)

�1,�2 ` x P ;Q :: (z : C)
Cut

<latexit sha1_base64="NWSN+9NdsFNo4Bd5z36NfSmUhpg="></latexit>

(D-Cut) proc(c, x Px;Qx)
�! proc(a, [a/x]Px), proc(c, [a/x]Qx) (a fresh)

<latexit sha1_base64="UAxJKSJ8MODrE1khGRbW9h4LdvM="></latexit>



Follow-up on Slack

�1 ` P :: (x : A) �2, x : A ` Q :: (z : C)

�1,�2 ` x P ;Q :: (z : C)
Cut

<latexit sha1_base64="NWSN+9NdsFNo4Bd5z36NfSmUhpg="></latexit>

(D-Cut) proc(c, x Px;Qx)
�! proc(a, [a/x]Px), proc(c, [a/x]Qx) (a fresh)

<latexit sha1_base64="UAxJKSJ8MODrE1khGRbW9h4LdvM="></latexit>

S
c S = x Px;Qx

<latexit sha1_base64="N/VxWWEo6jFuIy1uvwGV+oTNQ3s="></latexit>



Follow-up on Slack

�1 ` P :: (x : A) �2, x : A ` Q :: (z : C)

�1,�2 ` x P ;Q :: (z : C)
Cut

<latexit sha1_base64="NWSN+9NdsFNo4Bd5z36NfSmUhpg="></latexit>

(D-Cut) proc(c, x Px;Qx)
�! proc(a, [a/x]Px), proc(c, [a/x]Qx) (a fresh)

<latexit sha1_base64="UAxJKSJ8MODrE1khGRbW9h4LdvM="></latexit>

S
c S = x Px;Qx

<latexit sha1_base64="N/VxWWEo6jFuIy1uvwGV+oTNQ3s="></latexit>



Follow-up on Slack

�1 ` P :: (x : A) �2, x : A ` Q :: (z : C)

�1,�2 ` x P ;Q :: (z : C)
Cut

<latexit sha1_base64="NWSN+9NdsFNo4Bd5z36NfSmUhpg="></latexit>

(D-Cut) proc(c, x Px;Qx)
�! proc(a, [a/x]Px), proc(c, [a/x]Qx) (a fresh)

<latexit sha1_base64="UAxJKSJ8MODrE1khGRbW9h4LdvM="></latexit>

S’

T

c

a

S
c S = x Px;Qx

<latexit sha1_base64="N/VxWWEo6jFuIy1uvwGV+oTNQ3s="></latexit>

S0 = [a/x]Qx

<latexit sha1_base64="2HSgTNorkewJ0ZKSusBucSk28GM="></latexit>

T = [a/x]Px

<latexit sha1_base64="93ody7GTK7EoxVdYv+N1bk0jfJ0="></latexit>



Follow-up on Slack

�1 ` P :: (x : A) �2, x : A ` Q :: (z : C)

�1,�2 ` x P ;Q :: (z : C)
Cut

<latexit sha1_base64="NWSN+9NdsFNo4Bd5z36NfSmUhpg="></latexit>

(D-Cut) proc(c, x Px;Qx)
�! proc(a, [a/x]Px), proc(c, [a/x]Qx) (a fresh)

<latexit sha1_base64="UAxJKSJ8MODrE1khGRbW9h4LdvM="></latexit>

S’

T

c

a

S
c S = x Px;Qx

<latexit sha1_base64="N/VxWWEo6jFuIy1uvwGV+oTNQ3s="></latexit>

S0 = [a/x]Qx

<latexit sha1_base64="2HSgTNorkewJ0ZKSusBucSk28GM="></latexit>

T = [a/x]Px

<latexit sha1_base64="93ody7GTK7EoxVdYv+N1bk0jfJ0="></latexit>

homework: 
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Types:

a process of type !A can be used arbitrarily often, i.e., can have 
any number of clients
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* *
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keeps 
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i.e., permits weakening and 

contraction

persistent channels



Of course!

A,B , A⌦B multiplicative conjunction “channel output”

A ( B multiplicative implication “channel input”

ANB additive conjunction “external choice”

A�B additive disjunction “internal choice”

1 unit for ⌦ “termination”

!A ”of course”, persistent truth “replication”

<latexit sha1_base64="ednzXAyXyeuWgL+ja4HxcZu+JeQ="></latexit>

Types:

Typing judgment:

 ;� ` P :: (x : A)

<latexit sha1_base64="ek1Da3I2lpPQBbghaMRZUr4svYM="></latexit>



Of course!

A,B , A⌦B multiplicative conjunction “channel output”

A ( B multiplicative implication “channel input”

ANB additive conjunction “external choice”

A�B additive disjunction “internal choice”

1 unit for ⌦ “termination”

!A ”of course”, persistent truth “replication”

<latexit sha1_base64="ednzXAyXyeuWgL+ja4HxcZu+JeQ="></latexit>

Types:

Typing judgment:

 ;� ` P :: (x : A)

<latexit sha1_base64="ek1Da3I2lpPQBbghaMRZUr4svYM="></latexit>



Of course!

A,B , A⌦B multiplicative conjunction “channel output”

A ( B multiplicative implication “channel input”

ANB additive conjunction “external choice”

A�B additive disjunction “internal choice”

1 unit for ⌦ “termination”

!A ”of course”, persistent truth “replication”

<latexit sha1_base64="ednzXAyXyeuWgL+ja4HxcZu+JeQ="></latexit>

Types:

Typing judgment:

 ;� ` P :: (x : A)

<latexit sha1_base64="ek1Da3I2lpPQBbghaMRZUr4svYM="></latexit>

dyadic formulation



Of course!

A,B , A⌦B multiplicative conjunction “channel output”

A ( B multiplicative implication “channel input”

ANB additive conjunction “external choice”

A�B additive disjunction “internal choice”

1 unit for ⌦ “termination”

!A ”of course”, persistent truth “replication”

<latexit sha1_base64="ednzXAyXyeuWgL+ja4HxcZu+JeQ="></latexit>

Types:

Typing judgment:

 ;� ` P :: (x : A)

<latexit sha1_base64="ek1Da3I2lpPQBbghaMRZUr4svYM="></latexit>

dyadic formulation
 = u1 : B1, . . . , un : Bn

<latexit sha1_base64="YpX2QAyEHLSCjJmxAowWpQytfro="></latexit>



Of course!

A,B , A⌦B multiplicative conjunction “channel output”

A ( B multiplicative implication “channel input”

ANB additive conjunction “external choice”

A�B additive disjunction “internal choice”

1 unit for ⌦ “termination”

!A ”of course”, persistent truth “replication”

<latexit sha1_base64="ednzXAyXyeuWgL+ja4HxcZu+JeQ="></latexit>

Types:

Typing judgment:

 ;� ` P :: (x : A)

<latexit sha1_base64="ek1Da3I2lpPQBbghaMRZUr4svYM="></latexit>

dyadic formulation
 = u1 : B1, . . . , un : Bn

<latexit sha1_base64="YpX2QAyEHLSCjJmxAowWpQytfro="></latexit>

implicitly !-typed



Of course!

A,B , A⌦B multiplicative conjunction “channel output”

A ( B multiplicative implication “channel input”

ANB additive conjunction “external choice”

A�B additive disjunction “internal choice”

1 unit for ⌦ “termination”

!A ”of course”, persistent truth “replication”

<latexit sha1_base64="ednzXAyXyeuWgL+ja4HxcZu+JeQ="></latexit>

Types:

Typing judgment:

 ;� ` P :: (x : A)

<latexit sha1_base64="ek1Da3I2lpPQBbghaMRZUr4svYM="></latexit>

dyadic formulation
 = u1 : B1, . . . , un : Bn

<latexit sha1_base64="YpX2QAyEHLSCjJmxAowWpQytfro="></latexit>

implicitly !-typed

persistent 
channels in Δ are of 

type !A



Judgmental rule copy



Judgmental rule copy

 , u : A;�, x : A ` Qx :: (z : C)

 , u : A;� ` sendu (new x);Qx :: (z : C)
copy

<latexit sha1_base64="u7GVi+s+qxDrvkaO7Ajdm0RZMuA="></latexit>

Typing rule:



Judgmental rule copy

obtain a linear copy of a persistent server

 , u : A;�, x : A ` Qx :: (z : C)

 , u : A;� ` sendu (new x);Qx :: (z : C)
copy

<latexit sha1_base64="u7GVi+s+qxDrvkaO7Ajdm0RZMuA="></latexit>

Typing rule:



Judgmental rule copy

obtain a linear copy of a persistent server

 , u : A;�, x : A ` Qx :: (z : C)

 , u : A;� ` sendu (new x);Qx :: (z : C)
copy

<latexit sha1_base64="u7GVi+s+qxDrvkaO7Ajdm0RZMuA="></latexit>

Typing rule: contraction!



Judgmental rule copy

obtain a linear copy of a persistent server

 , u : A;�, x : A ` Qx :: (z : C)

 , u : A;� ` sendu (new x);Qx :: (z : C)
copy

<latexit sha1_base64="u7GVi+s+qxDrvkaO7Ajdm0RZMuA="></latexit>

Typing rule:



Judgmental rule copy

obtain a linear copy of a persistent server

 , u : A;�, x : A ` Qx :: (z : C)

 , u : A;� ` sendu (new x);Qx :: (z : C)
copy

<latexit sha1_base64="u7GVi+s+qxDrvkaO7Ajdm0RZMuA="></latexit>

Typing rule:

Dynamics:

(D-copy) !proc(u, x recv u;Px), proc(c, sendu (new x);Qx)
�! proc(a, [a/x]Px), proc(c, [a/x]Qx) (a fresh)

<latexit sha1_base64="LdJMnBH5Q2azlHmL3DLjX8SEGCg="></latexit>



Judgmental rule copy

obtain a linear copy of a persistent server

 , u : A;�, x : A ` Qx :: (z : C)

 , u : A;� ` sendu (new x);Qx :: (z : C)
copy

<latexit sha1_base64="u7GVi+s+qxDrvkaO7Ajdm0RZMuA="></latexit>

Typing rule:

Dynamics:

(D-copy) !proc(u, x recv u;Px), proc(c, sendu (new x);Qx)
�! proc(a, [a/x]Px), proc(c, [a/x]Qx) (a fresh)

<latexit sha1_base64="LdJMnBH5Q2azlHmL3DLjX8SEGCg="></latexit>

persistent!



Judgmental rule copy

obtain a linear copy of a persistent server

 , u : A;�, x : A ` Qx :: (z : C)

 , u : A;� ` sendu (new x);Qx :: (z : C)
copy

<latexit sha1_base64="u7GVi+s+qxDrvkaO7Ajdm0RZMuA="></latexit>

Typing rule:

Dynamics:

(D-copy) !proc(u, x recv u;Px), proc(c, sendu (new x);Qx)
�! proc(a, [a/x]Px), proc(c, [a/x]Qx) (a fresh)

<latexit sha1_base64="LdJMnBH5Q2azlHmL3DLjX8SEGCg="></latexit>

persistent! remains 
available in post-state



Judgmental rule cut!



Judgmental rule cut!

Typing rule:

 ; · ` Px :: (x : A)  , u : A;� ` Qu :: (z : C)

 ;� ` u !(x recv u;Px);Qu :: (z : C)
cut !

<latexit sha1_base64="KCsXXeszFWhld7qLdX/9JFvkB/Q="></latexit>



Judgmental rule cut!

spawning a persistent server

Typing rule:

 ; · ` Px :: (x : A)  , u : A;� ` Qu :: (z : C)

 ;� ` u !(x recv u;Px);Qu :: (z : C)
cut !

<latexit sha1_base64="KCsXXeszFWhld7qLdX/9JFvkB/Q="></latexit>



Judgmental rule cut!

spawning a persistent server

Typing rule:

 ; · ` Px :: (x : A)  , u : A;� ` Qu :: (z : C)

 ;� ` u !(x recv u;Px);Qu :: (z : C)
cut !

<latexit sha1_base64="KCsXXeszFWhld7qLdX/9JFvkB/Q="></latexit>

(D-cut !) proc(c, u !(x recv u;Px);Qu)
�! !proc(a, x recv a;Px), proc(c, [a/u]Qu) (a fresh)

<latexit sha1_base64="NhLdOcmY+aaTQVz2XSy/Jt4D0uI="></latexit>

Dynamics:



Rules for of course



Rules for of course

Typing rule:
 ; · ` Py :: (y : A)

 ; · ` sendx (new u); !(y  recv u;Py) :: (x :!A)
!R

<latexit sha1_base64="GW8EEF1kEh8qQk1puvjCgb1XjIk="></latexit>

 , u : A;� ` Qu :: (z : C)

 ;�, x :!A ` u recv x;Qu :: (z : C)
!L

<latexit sha1_base64="gvOpHoVEbbimxPpAwfEGm891EL8="></latexit>



Rules for of course

spawning a persistent server

Typing rule:
 ; · ` Py :: (y : A)

 ; · ` sendx (new u); !(y  recv u;Py) :: (x :!A)
!R

<latexit sha1_base64="GW8EEF1kEh8qQk1puvjCgb1XjIk="></latexit>

 , u : A;� ` Qu :: (z : C)

 ;�, x :!A ` u recv x;Qu :: (z : C)
!L

<latexit sha1_base64="gvOpHoVEbbimxPpAwfEGm891EL8="></latexit>



Rules for of course

spawning a persistent server

Typing rule:
 ; · ` Py :: (y : A)

 ; · ` sendx (new u); !(y  recv u;Py) :: (x :!A)
!R

<latexit sha1_base64="GW8EEF1kEh8qQk1puvjCgb1XjIk="></latexit>

 , u : A;� ` Qu :: (z : C)

 ;�, x :!A ` u recv x;Qu :: (z : C)
!L

<latexit sha1_base64="gvOpHoVEbbimxPpAwfEGm891EL8="></latexit>

Dynamics:

(D-!) proc(a, send a (new u); !(y  recv u;Py)), proc(c, u recv a;Qu)
�! !proc(b, y  recv b;Py), proc(c, [b/u]Qu) (b fresh)

<latexit sha1_base64="40UkDkIy8vAhEk0gfjJ7UJYgAu0="></latexit>



Taking stock



Taking stock

Replication — clients are shielded from each others effects



Taking stock

Replication — clients are shielded from each others effects

P
Q1

u:!A

<latexit sha1_base64="+EyV71Mgs6WL2fYVLf+ok5bnE+A="></latexit>

Q2



Taking stock

Replication — clients are shielded from each others effects

P
Q1

u:!A

<latexit sha1_base64="+EyV71Mgs6WL2fYVLf+ok5bnE+A="></latexit>

Q2

P’



Taking stock

Replication — clients are shielded from each others effects

P
Q1

u:!A

<latexit sha1_base64="+EyV71Mgs6WL2fYVLf+ok5bnE+A="></latexit>

Q2

P’

P’’



Taking stock

Replication — clients are shielded from each others effects

P
Q1

u:!A

<latexit sha1_base64="+EyV71Mgs6WL2fYVLf+ok5bnE+A="></latexit>

Q2

P’

P’’

any communication of one client with its copy of P will not affect 
the private copies of P of other clients



Taking stock

Replication — clients are shielded from each others effects

P
Q1

u:!A

<latexit sha1_base64="+EyV71Mgs6WL2fYVLf+ok5bnE+A="></latexit>

Q2

P’

P’’

any communication of one client with its copy of P will not affect 
the private copies of P of other clients

for some applications this copying semantics is appropriate



Taking stock

Replication — clients are shielded from each others effects

P
Q1

u:!A

<latexit sha1_base64="+EyV71Mgs6WL2fYVLf+ok5bnE+A="></latexit>

Q2

P’

P’’

any communication of one client with its copy of P will not affect 
the private copies of P of other clients

for some applications this copying semantics is appropriate

other applications need a true sharing semantics



Taking stock

Replication — clients are shielded from each others effects

P
Q1

u:!A

<latexit sha1_base64="+EyV71Mgs6WL2fYVLf+ok5bnE+A="></latexit>

Q2

P’

P’’

any communication of one client with its copy of P will not affect 
the private copies of P of other clients

for some applications this copying semantics is appropriate

other applications need a true sharing semantics

let’s explore next!
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permit aliases, rather than ruling them out

to guarantee preservation

exclusive access required prior any communication

relinquish exclusive access in consistent state

manifest these ideas in type structure

Stephanie Balzer and Frank Pfenning.  Manifest Sharing with Session Types.  
ICFP, 2017.
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Is mutual exclusion enough for restoring preservation?

queue AS = ↑SL N{enq ∶ ⇧x∶AS. ↓SL queue AS,
deq ∶ ⊕{none ∶ ↓SL queue AS, some ∶ ∃x∶AS. ↓SL queue AS}}

queue AS = ↑SL N{enq ∶ ⇧x∶AS. ↓SL queue AS,
deq ∶ ⊕{none ∶ ↓SL↑SL 1, some ∶ ∃x∶AS. ↓SL queue AS}}

equi-synchronizing: type wellformedness condition guaranteeing 
that any release is back to type at which previously acquired

acquire-release and equi-synchronizing guarantee preservation
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Acquire

�, xS ∶↑SL AL; �, xL ∶ AL �⌃ QxL ∶∶ (zL ∶ CL)
�, xS ∶↑SL AL; � �⌃ xL ← acquire xS ;QxL ∶∶ (zL ∶ CL) (T-↑SLL)

�; ⋅ �⌃ PxL ∶∶ (xL ∶ AL)
� �⌃ xL ← accept xS ;PxL ∶∶ (xS ∶↑SL AL) (T-↑SLR)

(D-"SL) proc(aS, xL  accept aS ;PxL), proc(cL, xL  acquire aS ;QxL)
�! unvail(aS), proc(aL, [aL/xL]PxL), proc(cL, [aL/xL]QxL)

<latexit sha1_base64="73cGapEWJF+gFjKjxfxmoBnVJV4="></latexit>
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Release

�, xS ∶ AS; � �⌃ QxS ∶∶ (zL ∶ CL)
�; �, xL ∶↓SL AS �⌃ xS ← release xL ;QxS ∶∶ (zL ∶ CL) (T-↓SLL)

� �⌃ PxS ∶∶ (xS ∶ AS)
�; ⋅ �⌃ xS ← detach xL ;PxS ∶∶ (xL ∶↓SL AS) (T-↓SLR)



Release

�, xS ∶ AS; � �⌃ QxS ∶∶ (zL ∶ CL)
�; �, xL ∶↓SL AS �⌃ xS ← release xL ;QxS ∶∶ (zL ∶ CL) (T-↓SLL)

� �⌃ PxS ∶∶ (xS ∶ AS)
�; ⋅ �⌃ xS ← detach xL ;PxS ∶∶ (xL ∶↓SL AS) (T-↓SLR)

(D-#SL) proc(aL, xS  detach aL ;PxS), proc(cL, xS  release aL ;QxS),
unvail(aS)
�! proc(aS, [aS/xS]PxS), proc(cL, [aS/xS]QxS)

<latexit sha1_base64="akTToi606EJ1oAxReV8HBAcmfFQ="></latexit>
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We have a session type system that allows shared and linear 
channels to coexist and guarantees:

data-race-freedom (low-level and high-level)

protocol adherence

What about deadlock-freedom?

unfortunately we have lost deadlock-freedom

next time!


