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Lecture 1



Context
while a & b do

    p;

od;

while a do

    q ;

    while a & b do

        p;

    od

od

while a do

    if b then

         p;

    else

    q;

od

≡
?



Context
while a & b do

    p;

od;

while a do

    q ;

    while a & b do

        p;

    od

od

while a do

    if b then

         p;

    else

    q;

od

≡
?

Example

I1

I2

C D

E1

E2

Suppose the network operator wants to configure the switches to forward
tra�c on the two left-to-right paths from I1 to E1 and I2 to E2.

We can specify this in ProbNetKAT as follows:

p , (sw = I1 ; dup ; sw  C ; dup ; sw  D ; dup ; sw  E1) &

(sw = I2 ; dup ; sw  C ; dup ; sw  D ; dup ; sw  E2)

<latexit sha1_base64="g2ccR2o6+usMr+66BuTHn5HSbOw=">AAACKXicbVDLSgMxFM3UV62vUZdugkUQhDIjooKbogi6q2Af0A5DJs20oZnMmGSKwzAf4Xf4AW71E9ypWxf+hpm2C9t6IHByzr03N8eLGJXKsj6NwsLi0vJKcbW0tr6xuWVu7zRkGAtM6jhkoWh5SBJGOakrqhhpRYKgwGOk6Q2ucr85JELSkN+rJCJOgHqc+hQjpSXXPLp1bdgJkOp7lKcXGYymbte5Sx5iOoRWyTXLVsUaAc4Te0LKYIKaa/50uiGOA8IVZkjKtm1FykmRUBQzkpU6sSQRwgPUI21NOQqIdNLRpzJ4oJUu9EOhD1dwpP7tSFEgZRJ4ujJfWM56ufif146Vf+6klEexIhyPH/JjBlUI84RglwqCFUs0QVhQvSvEfSQQVjrHqUmIMSd9TLI8GXs2h3nSOK7YpxX77qRcvZxkVAR7YB8cAhucgSq4ATVQBxg8gRfwCt6MZ+Pd+DC+xqUFY9KzC6ZgfP8C+BmluA==</latexit>

I1 ; p ; E1 ⌘ 0



Context
while a & b do

    p;

od;

while a do

    q ;

    while a & b do

        p;

    od

od

while a do

    if b then

         p;

    else

    q;

od

≡
?

Example

I1

I2

C D

E1

E2

Suppose the network operator wants to configure the switches to forward
tra�c on the two left-to-right paths from I1 to E1 and I2 to E2.

We can specify this in ProbNetKAT as follows:

p , (sw = I1 ; dup ; sw  C ; dup ; sw  D ; dup ; sw  E1) &

(sw = I2 ; dup ; sw  C ; dup ; sw  D ; dup ; sw  E2)

<latexit sha1_base64="g2ccR2o6+usMr+66BuTHn5HSbOw=">AAACKXicbVDLSgMxFM3UV62vUZdugkUQhDIjooKbogi6q2Af0A5DJs20oZnMmGSKwzAf4Xf4AW71E9ypWxf+hpm2C9t6IHByzr03N8eLGJXKsj6NwsLi0vJKcbW0tr6xuWVu7zRkGAtM6jhkoWh5SBJGOakrqhhpRYKgwGOk6Q2ucr85JELSkN+rJCJOgHqc+hQjpSXXPLp1bdgJkOp7lKcXGYymbte5Sx5iOoRWyTXLVsUaAc4Te0LKYIKaa/50uiGOA8IVZkjKtm1FykmRUBQzkpU6sSQRwgPUI21NOQqIdNLRpzJ4oJUu9EOhD1dwpP7tSFEgZRJ4ujJfWM56ufif146Vf+6klEexIhyPH/JjBlUI84RglwqCFUs0QVhQvSvEfSQQVjrHqUmIMSd9TLI8GXs2h3nSOK7YpxX77qRcvZxkVAR7YB8cAhucgSq4ATVQBxg8gRfwCt6MZ+Pd+DC+xqUFY9KzC6ZgfP8C+BmluA==</latexit>

I1 ; p ; E1 ⌘ 0

Verification via 
Program Equivalence



Languages of traces

A - finite alphabet

A* - finite words over A


Empty word - 

Language  - subset of words


L    A*

Some notation

<latexit sha1_base64="60pIOBCAc+nNkgnYfgnHpg2WP8o=">AAACBXicbVDLTsMwEHR4lvIqcORiUSFxqhKEgGMFF45Fog/URpXjblqrthNsBxFFPfMBXOETuCGufAdfwG/gtjnQlpFWGs3s2rsTxJxp47rfztLyyuraemGjuLm1vbNb2ttv6ChRFOo04pFqBUQDZxLqhhkOrVgBEQGHZjC8HvvNR1CaRfLOpDH4gvQlCxklxkr3HZ0EGgw8dEtlt+JOgBeJl5MyylHrln46vYgmAqShnGjd9tzY+BlRhlEOo2In0RATOiR9aFsqiQDtZ5OFR/jYKj0cRsqWNHii/p3IiNA6FYHtFMQM9Lw3Fv/z2okJL/2MyTgxIOn0ozDh2ER4fD3uMQXU8NQSQhWzu2I6IIpQYzOaeYlw7mdP6ahok/Hmc1gkjdOKd17xbs/K1as8owI6REfoBHnoAlXRDaqhOqJIoBf0it6cZ+fd+XA+p61LTj5zgGbgfP0COs+ZeQ==</latexit>✓

Chomsky hierarchy



Kleene Algebra (KA)

Stephen Cole Kleene
(1909–1994)

(0 + 1(01⇤0)⇤1)⇤

{multiples of 3 in binary}
1

0

1

0

0

1

(ab)⇤a = a(ba)⇤

{a, aba, ababa, . . .}
a

b

(a+ b)⇤ = a
⇤(ba⇤)⇤

{all strings over {a, b}}
a + b

Kleene Algebra



Regular expressions



Regular expressions

Language Semantics



Exercise

What languages do these expressions describe?  

Give a regular expression describing this language? 



Deterministic Finite Automata
<latexit sha1_base64="oNRiSecVsnlVigeLOw3taFqpd34=">AAACE3icbVDLSsNAFJ34rPUVFVduBotQoZRERF2IFN24rGgf0IYymU7aoZMHMzdiCP0MP8CtfoI7cesH+AX+htM2C9t64MLhnPviuJHgCizr21hYXFpeWc2t5dc3Nre2zZ3dugpjSVmNhiKUTZcoJnjAasBBsGYkGfFdwRru4GbkNx6ZVDwMHiCJmOOTXsA9TgloqWPuF+9LuC2YB5dhCdqS9/pwddwxC1bZGgPPEzsjBZSh2jF/2t2Qxj4LgAqiVMu2InBSIoFTwYb5dqxYROiA9FhL04D4TDnp+P0hPtJKF3uh1BUAHqt/J1LiK5X4ru70CfTVrDcS//NaMXgXTsqDKAYW0MkhLxYYQjzKAne5ZBREogmhkutfMe0TSSjoxKY2ESGc9CkZ5nUy9mwO86R+UrbPyvbdaaFynWWUQwfoEBWRjc5RBd2iKqohilL0gl7Rm/FsvBsfxuekdcHIZvbQFIyvX8EVnVQ=</latexit>

(S, ho, ti)
States (set)

<latexit sha1_base64="Jfqfx57dZcplay7yHD8MF1mK65E=">AAACDnicbVBLTsMwFHTKr5RfgCUbiwqJVZVUCFhWsGFZBP1ITVQ5rtNadezIdiqiqHfgAGzhCOwQW67ACbgGTpsFbRnJ0mjm/TxBzKjSjvNtldbWNza3ytuVnd29/QP78KitRCIxaWHBhOwGSBFGOWlpqhnpxpKgKGCkE4xvc78zIVJRwR91GhM/QkNOQ4qRNlLftgX08ikcPkBPC1jv21Wn5swAV4lbkCoo0OzbP95A4CQiXGOGlOq5Tqz9DElNMSPTipcoEiM8RkPSM5SjiCg/m10+hWdGGcBQSPO4hjP1b0eGIqXSKDCVEdIjtezl4n9eL9HhtZ9RHieacDxfFCYMmi/mMcABlQRrlhqCsKTmVohHSCKsTVgLkxBjfvaUTismGXc5h1XSrtfcy5p7f1Ft3BQZlcEJOAXnwAVXoAHuQBO0AAYT8AJewZv1bL1bH9bnvLRkFT3HYAHW1y8IkZtS</latexit>

o : S ! 2
<latexit sha1_base64="DIZNMufL3rq83QBGuo9Wf50t+RU=">AAACEHicbVDLTgIxFO34RHyNuHTTSExckRlj1CXqxiUGeSTMSDqlQEOnM2nvGMiEn/AD3OonuDNu/QO/wN+wAywEPEmTk3PuqyeIBdfgON/Wyura+sZmbiu/vbO7t28fFOo6ShRlNRqJSDUDopngktWAg2DNWDESBoI1gsFt5jeemNI8kg8wipkfkp7kXU4JGKltFwB72RSJq9iDCFcfr9t20Sk5E+Bl4s5IEc1Qads/XieiScgkUEG0brlODH5KFHAq2DjvJZrFhA5Ij7UMlSRk2k8nt4/xiVE6uBsp8yTgifq3IyWh1qMwMJUhgb5e9DLxP6+VQPfKT7mME2CSThd1E4HNJ7MgcIcrRkGMDCFUcXMrpn2iCAUT19wkIoSfDkfjvEnGXcxhmdTPSu5Fyb0/L5ZvZhnl0BE6RqfIRZeojO5QBdUQRUP0gl7Rm/VsvVsf1ue0dMWa9RyiOVhfv5kUnCs=</latexit>

t : S ! SA

Final states

Transition Function



Deterministic Finite Automata
<latexit sha1_base64="oNRiSecVsnlVigeLOw3taFqpd34=">AAACE3icbVDLSsNAFJ34rPUVFVduBotQoZRERF2IFN24rGgf0IYymU7aoZMHMzdiCP0MP8CtfoI7cesH+AX+htM2C9t64MLhnPviuJHgCizr21hYXFpeWc2t5dc3Nre2zZ3dugpjSVmNhiKUTZcoJnjAasBBsGYkGfFdwRru4GbkNx6ZVDwMHiCJmOOTXsA9TgloqWPuF+9LuC2YB5dhCdqS9/pwddwxC1bZGgPPEzsjBZSh2jF/2t2Qxj4LgAqiVMu2InBSIoFTwYb5dqxYROiA9FhL04D4TDnp+P0hPtJKF3uh1BUAHqt/J1LiK5X4ru70CfTVrDcS//NaMXgXTsqDKAYW0MkhLxYYQjzKAne5ZBREogmhkutfMe0TSSjoxKY2ESGc9CkZ5nUy9mwO86R+UrbPyvbdaaFynWWUQwfoEBWRjc5RBd2iKqohilL0gl7Rm/FsvBsfxuekdcHIZvbQFIyvX8EVnVQ=</latexit>

(S, ho, ti)
States (set)

<latexit sha1_base64="Jfqfx57dZcplay7yHD8MF1mK65E=">AAACDnicbVBLTsMwFHTKr5RfgCUbiwqJVZVUCFhWsGFZBP1ITVQ5rtNadezIdiqiqHfgAGzhCOwQW67ACbgGTpsFbRnJ0mjm/TxBzKjSjvNtldbWNza3ytuVnd29/QP78KitRCIxaWHBhOwGSBFGOWlpqhnpxpKgKGCkE4xvc78zIVJRwR91GhM/QkNOQ4qRNlLftgX08ikcPkBPC1jv21Wn5swAV4lbkCoo0OzbP95A4CQiXGOGlOq5Tqz9DElNMSPTipcoEiM8RkPSM5SjiCg/m10+hWdGGcBQSPO4hjP1b0eGIqXSKDCVEdIjtezl4n9eL9HhtZ9RHieacDxfFCYMmi/mMcABlQRrlhqCsKTmVohHSCKsTVgLkxBjfvaUTismGXc5h1XSrtfcy5p7f1Ft3BQZlcEJOAXnwAVXoAHuQBO0AAYT8AJewZv1bL1bH9bnvLRkFT3HYAHW1y8IkZtS</latexit>

o : S ! 2
<latexit sha1_base64="DIZNMufL3rq83QBGuo9Wf50t+RU=">AAACEHicbVDLTgIxFO34RHyNuHTTSExckRlj1CXqxiUGeSTMSDqlQEOnM2nvGMiEn/AD3OonuDNu/QO/wN+wAywEPEmTk3PuqyeIBdfgON/Wyura+sZmbiu/vbO7t28fFOo6ShRlNRqJSDUDopngktWAg2DNWDESBoI1gsFt5jeemNI8kg8wipkfkp7kXU4JGKltFwB72RSJq9iDCFcfr9t20Sk5E+Bl4s5IEc1Qads/XieiScgkUEG0brlODH5KFHAq2DjvJZrFhA5Ij7UMlSRk2k8nt4/xiVE6uBsp8yTgifq3IyWh1qMwMJUhgb5e9DLxP6+VQPfKT7mME2CSThd1E4HNJ7MgcIcrRkGMDCFUcXMrpn2iCAUT19wkIoSfDkfjvEnGXcxhmdTPSu5Fyb0/L5ZvZhnl0BE6RqfIRZeojO5QBdUQRUP0gl7Rm/VsvVsf1ue0dMWa9RyiOVhfv5kUnCs=</latexit>

t : S ! SA

Final states

Transition Function

<latexit sha1_base64="XtmnQGTC6be8puuDPqsBLUHoAU8=">AAACGXicbVC7TsMwFHXKq5RXgLGLRYXUMlQJQsCCVMHCWCT6kNpQOa7TWnWcyHYqoqgD38EHsMInsCFWJr6A38BpM9CWI13p6Jx7r32PGzIqlWV9G7mV1bX1jfxmYWt7Z3fP3D9oyiASmDRwwALRdpEkjHLSUFQx0g4FQb7LSMsd3aR+a0yEpAG/V3FIHB8NOPUoRkpLPbOoHk5gWVbK3TESJJSUBbwCr6CEsNAzS1bVmgIuEzsjJZCh3jN/uv0ARz7hCjMkZce2QuUkSCiKGZkUupEkIcIjNCAdTTnyiXSS6RETeKyVPvQCoYsrOFX/TiTIlzL2Xd3pIzWUi14q/ud1IuVdOgnlYaQIx7OHvIhBFcA0EdingmDFYk0QFlT/FeIhEggrndvcJsSYkzzGkzQZezGHZdI8rdrnVfvurFS7zjLKgyI4AmVggwtQA7egDhoAgyfwAl7Bm/FsvBsfxuesNWdkM4dgDsbXL4E8nqA=</latexit>

t⇤(s)(") = s
<latexit sha1_base64="5WMilWA3qPmtWTdxuty5647436g=">AAACH3icbZDLTgIxFIY7eEO8jbp0UyUmgwsyY4y6MSG6cYmJXBIYSacUaOhc0p5RyYS1z+EDuNVHcGfc8gS+hmVgIeBJmvz9/nN6+b1IcAW2PTIyS8srq2vZ9dzG5tb2jrm7V1VhLCmr0FCEsu4RxQQPWAU4CFaPJCO+J1jN69+M/dojk4qHwT0MIub6pBvwDqcENGqZh/Bwgi1VsAh+KuArnG4hBYWCpVmuZebtop0WXhTOVOTRtMot86fZDmnsswCoIEo1HDsCNyESOBVsmGvGikWE9kmXNbQMiM+Um6RfGeJjTdq4E0q9AsAp/TuREF+pge/pTp9AT817Y/if14ihc+kmPIhiYAGdXNSJBYYQj3PBbS4ZBTHQglDJ9Vsx7RFJKOj0Zk4iQrjJ82A4TsaZz2FRVE+LznnRuTvLl66nGWXRATpCFnLQBSqhW1RGFUTRC3pD7+jDeDU+jS/je9KaMaYz+2imjNEvTL2ewQ==</latexit>

t⇤(s)(aw) = t⇤(t(s)(a))(w)

Inductive extension



Deterministic Finite Automata
<latexit sha1_base64="oNRiSecVsnlVigeLOw3taFqpd34=">AAACE3icbVDLSsNAFJ34rPUVFVduBotQoZRERF2IFN24rGgf0IYymU7aoZMHMzdiCP0MP8CtfoI7cesH+AX+htM2C9t64MLhnPviuJHgCizr21hYXFpeWc2t5dc3Nre2zZ3dugpjSVmNhiKUTZcoJnjAasBBsGYkGfFdwRru4GbkNx6ZVDwMHiCJmOOTXsA9TgloqWPuF+9LuC2YB5dhCdqS9/pwddwxC1bZGgPPEzsjBZSh2jF/2t2Qxj4LgAqiVMu2InBSIoFTwYb5dqxYROiA9FhL04D4TDnp+P0hPtJKF3uh1BUAHqt/J1LiK5X4ru70CfTVrDcS//NaMXgXTsqDKAYW0MkhLxYYQjzKAne5ZBREogmhkutfMe0TSSjoxKY2ESGc9CkZ5nUy9mwO86R+UrbPyvbdaaFynWWUQwfoEBWRjc5RBd2iKqohilL0gl7Rm/FsvBsfxuekdcHIZvbQFIyvX8EVnVQ=</latexit>

(S, ho, ti)
States (set)

<latexit sha1_base64="Jfqfx57dZcplay7yHD8MF1mK65E=">AAACDnicbVBLTsMwFHTKr5RfgCUbiwqJVZVUCFhWsGFZBP1ITVQ5rtNadezIdiqiqHfgAGzhCOwQW67ACbgGTpsFbRnJ0mjm/TxBzKjSjvNtldbWNza3ytuVnd29/QP78KitRCIxaWHBhOwGSBFGOWlpqhnpxpKgKGCkE4xvc78zIVJRwR91GhM/QkNOQ4qRNlLftgX08ikcPkBPC1jv21Wn5swAV4lbkCoo0OzbP95A4CQiXGOGlOq5Tqz9DElNMSPTipcoEiM8RkPSM5SjiCg/m10+hWdGGcBQSPO4hjP1b0eGIqXSKDCVEdIjtezl4n9eL9HhtZ9RHieacDxfFCYMmi/mMcABlQRrlhqCsKTmVohHSCKsTVgLkxBjfvaUTismGXc5h1XSrtfcy5p7f1Ft3BQZlcEJOAXnwAVXoAHuQBO0AAYT8AJewZv1bL1bH9bnvLRkFT3HYAHW1y8IkZtS</latexit>

o : S ! 2
<latexit sha1_base64="DIZNMufL3rq83QBGuo9Wf50t+RU=">AAACEHicbVDLTgIxFO34RHyNuHTTSExckRlj1CXqxiUGeSTMSDqlQEOnM2nvGMiEn/AD3OonuDNu/QO/wN+wAywEPEmTk3PuqyeIBdfgON/Wyura+sZmbiu/vbO7t28fFOo6ShRlNRqJSDUDopngktWAg2DNWDESBoI1gsFt5jeemNI8kg8wipkfkp7kXU4JGKltFwB72RSJq9iDCFcfr9t20Sk5E+Bl4s5IEc1Qads/XieiScgkUEG0brlODH5KFHAq2DjvJZrFhA5Ij7UMlSRk2k8nt4/xiVE6uBsp8yTgifq3IyWh1qMwMJUhgb5e9DLxP6+VQPfKT7mME2CSThd1E4HNJ7MgcIcrRkGMDCFUcXMrpn2iCAUT19wkIoSfDkfjvEnGXcxhmdTPSu5Fyb0/L5ZvZhnl0BE6RqfIRZeojO5QBdUQRUP0gl7Rm/VsvVsf1ue0dMWa9RyiOVhfv5kUnCs=</latexit>

t : S ! SA

Final states

Transition Function

<latexit sha1_base64="XtmnQGTC6be8puuDPqsBLUHoAU8=">AAACGXicbVC7TsMwFHXKq5RXgLGLRYXUMlQJQsCCVMHCWCT6kNpQOa7TWnWcyHYqoqgD38EHsMInsCFWJr6A38BpM9CWI13p6Jx7r32PGzIqlWV9G7mV1bX1jfxmYWt7Z3fP3D9oyiASmDRwwALRdpEkjHLSUFQx0g4FQb7LSMsd3aR+a0yEpAG/V3FIHB8NOPUoRkpLPbOoHk5gWVbK3TESJJSUBbwCr6CEsNAzS1bVmgIuEzsjJZCh3jN/uv0ARz7hCjMkZce2QuUkSCiKGZkUupEkIcIjNCAdTTnyiXSS6RETeKyVPvQCoYsrOFX/TiTIlzL2Xd3pIzWUi14q/ud1IuVdOgnlYaQIx7OHvIhBFcA0EdingmDFYk0QFlT/FeIhEggrndvcJsSYkzzGkzQZezGHZdI8rdrnVfvurFS7zjLKgyI4AmVggwtQA7egDhoAgyfwAl7Bm/FsvBsfxuesNWdkM4dgDsbXL4E8nqA=</latexit>

t⇤(s)(") = s
<latexit sha1_base64="5WMilWA3qPmtWTdxuty5647436g=">AAACH3icbZDLTgIxFIY7eEO8jbp0UyUmgwsyY4y6MSG6cYmJXBIYSacUaOhc0p5RyYS1z+EDuNVHcGfc8gS+hmVgIeBJmvz9/nN6+b1IcAW2PTIyS8srq2vZ9dzG5tb2jrm7V1VhLCmr0FCEsu4RxQQPWAU4CFaPJCO+J1jN69+M/dojk4qHwT0MIub6pBvwDqcENGqZh/Bwgi1VsAh+KuArnG4hBYWCpVmuZebtop0WXhTOVOTRtMot86fZDmnsswCoIEo1HDsCNyESOBVsmGvGikWE9kmXNbQMiM+Um6RfGeJjTdq4E0q9AsAp/TuREF+pge/pTp9AT817Y/if14ihc+kmPIhiYAGdXNSJBYYQj3PBbS4ZBTHQglDJ9Vsx7RFJKOj0Zk4iQrjJ82A4TsaZz2FRVE+LznnRuTvLl66nGWXRATpCFnLQBSqhW1RGFUTRC3pD7+jDeDU+jS/je9KaMaYz+2imjNEvTL2ewQ==</latexit>

t⇤(s)(aw) = t⇤(t(s)(a))(w)

Inductive extension

<latexit sha1_base64="DHuRHY+EfWhYCN1NaJa7Hy310lY=">AAACDnicbVDLSsNAFJ3UV62vqEs3g0VoXZRERN0IRTcuK9gHtDFMptN26GQSZiatIfQf/AC3+gnuxK2/4Bf4G07aLGzrgQuHc+6L44WMSmVZ30ZuZXVtfSO/Wdja3tndM/cPGjKIBCZ1HLBAtDwkCaOc1BVVjLRCQZDvMdL0hrep3xwRIWnAH1QcEsdHfU57FCOlJdc0pTuG11A9npZkuTQuF1yzaFWsKeAysTNSBBlqrvnT6QY48glXmCEp27YVKidBQlHMyKTQiSQJER6iPmlrypFPpJNMP5/AE610YS8QuriCU/XvRIJ8KWPf050+UgO56KXif147Ur0rJ6E8jBTheHaoFzGoApjGALtUEKxYrAnCgupfIR4ggbDSYc1tQow5yVM8SZOxF3NYJo2zin1Rse/Pi9WbLKM8OALHoARscAmq4A7UQB1gMAIv4BW8Gc/Gu/FhfM5ac0Y2cwjmYHz9ArS1moA=</latexit>

sw = t⇤(s)(w)

Notation



Deterministic Finite Automata
<latexit sha1_base64="oNRiSecVsnlVigeLOw3taFqpd34=">AAACE3icbVDLSsNAFJ34rPUVFVduBotQoZRERF2IFN24rGgf0IYymU7aoZMHMzdiCP0MP8CtfoI7cesH+AX+htM2C9t64MLhnPviuJHgCizr21hYXFpeWc2t5dc3Nre2zZ3dugpjSVmNhiKUTZcoJnjAasBBsGYkGfFdwRru4GbkNx6ZVDwMHiCJmOOTXsA9TgloqWPuF+9LuC2YB5dhCdqS9/pwddwxC1bZGgPPEzsjBZSh2jF/2t2Qxj4LgAqiVMu2InBSIoFTwYb5dqxYROiA9FhL04D4TDnp+P0hPtJKF3uh1BUAHqt/J1LiK5X4ru70CfTVrDcS//NaMXgXTsqDKAYW0MkhLxYYQjzKAne5ZBREogmhkutfMe0TSSjoxKY2ESGc9CkZ5nUy9mwO86R+UrbPyvbdaaFynWWUQwfoEBWRjc5RBd2iKqohilL0gl7Rm/FsvBsfxuekdcHIZvbQFIyvX8EVnVQ=</latexit>

(S, ho, ti)
States (set)

<latexit sha1_base64="Jfqfx57dZcplay7yHD8MF1mK65E=">AAACDnicbVBLTsMwFHTKr5RfgCUbiwqJVZVUCFhWsGFZBP1ITVQ5rtNadezIdiqiqHfgAGzhCOwQW67ACbgGTpsFbRnJ0mjm/TxBzKjSjvNtldbWNza3ytuVnd29/QP78KitRCIxaWHBhOwGSBFGOWlpqhnpxpKgKGCkE4xvc78zIVJRwR91GhM/QkNOQ4qRNlLftgX08ikcPkBPC1jv21Wn5swAV4lbkCoo0OzbP95A4CQiXGOGlOq5Tqz9DElNMSPTipcoEiM8RkPSM5SjiCg/m10+hWdGGcBQSPO4hjP1b0eGIqXSKDCVEdIjtezl4n9eL9HhtZ9RHieacDxfFCYMmi/mMcABlQRrlhqCsKTmVohHSCKsTVgLkxBjfvaUTismGXc5h1XSrtfcy5p7f1Ft3BQZlcEJOAXnwAVXoAHuQBO0AAYT8AJewZv1bL1bH9bnvLRkFT3HYAHW1y8IkZtS</latexit>

o : S ! 2
<latexit sha1_base64="DIZNMufL3rq83QBGuo9Wf50t+RU=">AAACEHicbVDLTgIxFO34RHyNuHTTSExckRlj1CXqxiUGeSTMSDqlQEOnM2nvGMiEn/AD3OonuDNu/QO/wN+wAywEPEmTk3PuqyeIBdfgON/Wyura+sZmbiu/vbO7t28fFOo6ShRlNRqJSDUDopngktWAg2DNWDESBoI1gsFt5jeemNI8kg8wipkfkp7kXU4JGKltFwB72RSJq9iDCFcfr9t20Sk5E+Bl4s5IEc1Qads/XieiScgkUEG0brlODH5KFHAq2DjvJZrFhA5Ij7UMlSRk2k8nt4/xiVE6uBsp8yTgifq3IyWh1qMwMJUhgb5e9DLxP6+VQPfKT7mME2CSThd1E4HNJ7MgcIcrRkGMDCFUcXMrpn2iCAUT19wkIoSfDkfjvEnGXcxhmdTPSu5Fyb0/L5ZvZhnl0BE6RqfIRZeojO5QBdUQRUP0gl7Rm/VsvVsf1ue0dMWa9RyiOVhfv5kUnCs=</latexit>

t : S ! SA

Final states

Transition Function

<latexit sha1_base64="XtmnQGTC6be8puuDPqsBLUHoAU8=">AAACGXicbVC7TsMwFHXKq5RXgLGLRYXUMlQJQsCCVMHCWCT6kNpQOa7TWnWcyHYqoqgD38EHsMInsCFWJr6A38BpM9CWI13p6Jx7r32PGzIqlWV9G7mV1bX1jfxmYWt7Z3fP3D9oyiASmDRwwALRdpEkjHLSUFQx0g4FQb7LSMsd3aR+a0yEpAG/V3FIHB8NOPUoRkpLPbOoHk5gWVbK3TESJJSUBbwCr6CEsNAzS1bVmgIuEzsjJZCh3jN/uv0ARz7hCjMkZce2QuUkSCiKGZkUupEkIcIjNCAdTTnyiXSS6RETeKyVPvQCoYsrOFX/TiTIlzL2Xd3pIzWUi14q/ud1IuVdOgnlYaQIx7OHvIhBFcA0EdingmDFYk0QFlT/FeIhEggrndvcJsSYkzzGkzQZezGHZdI8rdrnVfvurFS7zjLKgyI4AmVggwtQA7egDhoAgyfwAl7Bm/FsvBsfxuesNWdkM4dgDsbXL4E8nqA=</latexit>

t⇤(s)(") = s
<latexit sha1_base64="5WMilWA3qPmtWTdxuty5647436g=">AAACH3icbZDLTgIxFIY7eEO8jbp0UyUmgwsyY4y6MSG6cYmJXBIYSacUaOhc0p5RyYS1z+EDuNVHcGfc8gS+hmVgIeBJmvz9/nN6+b1IcAW2PTIyS8srq2vZ9dzG5tb2jrm7V1VhLCmr0FCEsu4RxQQPWAU4CFaPJCO+J1jN69+M/dojk4qHwT0MIub6pBvwDqcENGqZh/Bwgi1VsAh+KuArnG4hBYWCpVmuZebtop0WXhTOVOTRtMot86fZDmnsswCoIEo1HDsCNyESOBVsmGvGikWE9kmXNbQMiM+Um6RfGeJjTdq4E0q9AsAp/TuREF+pge/pTp9AT817Y/if14ihc+kmPIhiYAGdXNSJBYYQj3PBbS4ZBTHQglDJ9Vsx7RFJKOj0Zk4iQrjJ82A4TsaZz2FRVE+LznnRuTvLl66nGWXRATpCFnLQBSqhW1RGFUTRC3pD7+jDeDU+jS/je9KaMaYz+2imjNEvTL2ewQ==</latexit>

t⇤(s)(aw) = t⇤(t(s)(a))(w)

Inductive extension

<latexit sha1_base64="DHuRHY+EfWhYCN1NaJa7Hy310lY=">AAACDnicbVDLSsNAFJ3UV62vqEs3g0VoXZRERN0IRTcuK9gHtDFMptN26GQSZiatIfQf/AC3+gnuxK2/4Bf4G07aLGzrgQuHc+6L44WMSmVZ30ZuZXVtfSO/Wdja3tndM/cPGjKIBCZ1HLBAtDwkCaOc1BVVjLRCQZDvMdL0hrep3xwRIWnAH1QcEsdHfU57FCOlJdc0pTuG11A9npZkuTQuF1yzaFWsKeAysTNSBBlqrvnT6QY48glXmCEp27YVKidBQlHMyKTQiSQJER6iPmlrypFPpJNMP5/AE610YS8QuriCU/XvRIJ8KWPf050+UgO56KXif147Ur0rJ6E8jBTheHaoFzGoApjGALtUEKxYrAnCgupfIR4ggbDSYc1tQow5yVM8SZOxF3NYJo2zin1Rse/Pi9WbLKM8OALHoARscAmq4A7UQB1gMAIv4BW8Gc/Gu/FhfM5ac0Y2cwjmYHz9ArS1moA=</latexit>

sw = t⇤(s)(w)

Notation

<latexit sha1_base64="rzE0db78Z0JkhJZTiMizvMqIe+w=">AAACGHicbZDLSgMxFIYz9VbrbdSdboJFaDdlRkTdCEU3LlxUsBdohyGTZtrQTGZIMtZhKPgcPoBbfQR34tadT+BrmLazsK0HAh//f85J8nsRo1JZ1reRW1peWV3Lrxc2Nre2d8zdvYYMY4FJHYcsFC0PScIoJ3VFFSOtSBAUeIw0vcH12G8+ECFpyO9VEhEnQD1OfYqR0pJrHgxhh3J4W5JlDb4Pw5J0h2V4CW3XLFoVa1JwEewMiiCrmmv+dLohjgPCFWZIyrZtRcpJkVAUMzIqdGJJIoQHqEfaGjkKiHTSyR9G8FgrXeiHQh+u4ET9O5GiQMok8HRngFRfzntj8T+vHSv/wkkpj2JFOJ5e5McMqhCOA4FdKghWLNGAsKD6rRD3kUBY6dhmNiHGnPQxGRV0MvZ8DovQOKnYZxX77rRYvcoyyoNDcARKwAbnoApuQA3UAQZP4AW8gjfj2Xg3PozPaWvOyGb2wUwZX791/Z4O</latexit>

w 2 L(s) () o(sw) = 1

Language accepted by a state



Exercise - DFA



Exercise - DFA



Intermezzo: final coalgebra







Kleene Algebra



Exercise

1. x*x* = x*


2. x*=x**


3. (x+y)* = (x*y)*x*              denesting


4. x(yx)* = (xy)*x                 sliding


5. xy=yz  => x*y = yz*
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- Regular languages


• + is union 

• ;   is pointwise concatenation 

• *  is iteration
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Kleene Algebra, examples 

- Square Matrices over a KA K  

• + and ;  lifted to usual matrices ops

• *  iteratively from 2 x 2 

- Regular languages

• + is union 

• ;   is pointwise concatenation 

• *  is iteration

- Binary Relations

• + is union 

• ;   is relational composition

• *  is reflexive transitive closure

Important 
for relational 
verification

Important for 
automata 

representations



Kleene’s Theorem

  Theorem (Kleene’52): Let L be a subset of A*. TFAE:

1.    1. L is regular 

2.    2. L is accepted by a deterministic finite automaton

Proof

1 => 2 : Syntactic Brzozowski derivatives

2 => 1 : State elimination



Brzozowski Derivatives



Brzozowski Derivatives



Brzozowski Derivatives



Are we done?
<latexit sha1_base64="L59larPyoNpQ3eOzdQVu7/+NHK4=">AAACA3icbVDLTgIxFO34RHyhLt00EhNkQWaMUZdENy4xkUcCA7lTOtDQ6UzajnEyYekHuNVPcGfc+iF+gb9hgVkIeJKbnJxzb3vv8SLOlLbtb2tldW19YzO3ld/e2d3bLxwcNlQYS0LrJOShbHmgKGeC1jXTnLYiSSHwOG16o9uJ33ykUrFQPOgkom4AA8F8RkAbqVmCbvmsW+4VinbFngIvEycjRZSh1iv8dPohiQMqNOGgVNuxI+2mIDUjnI7znVjRCMgIBrRtqICAKjedrjvGp0bpYz+UpoTGU/XvRAqBUkngmc4A9FAtehPxP68da//aTZmIYk0FmX3kxxzrEE9ux30mKdE8MQSIZGZXTIYggWiT0NxLwLmbPiXjvEnGWcxhmTTOK85lxbm/KFZvsoxy6BidoBJy0BWqojtUQ3VE0Ai9oFf0Zj1b79aH9TlrXbGymSM0B+vrF6t3l18=</latexit>

(a⇤)⇤



Are we done?
<latexit sha1_base64="L59larPyoNpQ3eOzdQVu7/+NHK4=">AAACA3icbVDLTgIxFO34RHyhLt00EhNkQWaMUZdENy4xkUcCA7lTOtDQ6UzajnEyYekHuNVPcGfc+iF+gb9hgVkIeJKbnJxzb3vv8SLOlLbtb2tldW19YzO3ld/e2d3bLxwcNlQYS0LrJOShbHmgKGeC1jXTnLYiSSHwOG16o9uJ33ykUrFQPOgkom4AA8F8RkAbqVmCbvmsW+4VinbFngIvEycjRZSh1iv8dPohiQMqNOGgVNuxI+2mIDUjnI7znVjRCMgIBrRtqICAKjedrjvGp0bpYz+UpoTGU/XvRAqBUkngmc4A9FAtehPxP68da//aTZmIYk0FmX3kxxzrEE9ux30mKdE8MQSIZGZXTIYggWiT0NxLwLmbPiXjvEnGWcxhmTTOK85lxbm/KFZvsoxy6BidoBJy0BWqojtUQ3VE0Ai9oFf0Zj1b79aH9TlrXbGymSM0B+vrF6t3l18=</latexit>
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Are we done?
<latexit sha1_base64="L59larPyoNpQ3eOzdQVu7/+NHK4=">AAACA3icbVDLTgIxFO34RHyhLt00EhNkQWaMUZdENy4xkUcCA7lTOtDQ6UzajnEyYekHuNVPcGfc+iF+gb9hgVkIeJKbnJxzb3vv8SLOlLbtb2tldW19YzO3ld/e2d3bLxwcNlQYS0LrJOShbHmgKGeC1jXTnLYiSSHwOG16o9uJ33ykUrFQPOgkom4AA8F8RkAbqVmCbvmsW+4VinbFngIvEycjRZSh1iv8dPohiQMqNOGgVNuxI+2mIDUjnI7znVjRCMgIBrRtqICAKjedrjvGp0bpYz+UpoTGU/XvRAqBUkngmc4A9FAtehPxP68da//aTZmIYk0FmX3kxxzrEE9ux30mKdE8MQSIZGZXTIYggWiT0NxLwLmbPiXjvEnGWcxhmTTOK85lxbm/KFZvsoxy6BidoBJy0BWqojtUQ3VE0Ai9oFf0Zj1b79aH9TlrXbGymSM0B+vrF6t3l18=</latexit>

(a⇤)⇤

NOT FINITE! 

  Theorem (Brzozowski): Let r be a regular expression. 
The set of syntactic Brzozowski derivatives is finite if it 
taken modulo ACI. 



Intermezzo : final coalgebra



Alternative proof 1=>2

Thompson + epsilon-elim + subset construction



State Elimination



State Elimination



State Elimination



Exercise

Delete q_1



Exercise

Delete q_1



Lecture 2



Alternative proof 2 => 1 

Solving systems of equations

<latexit sha1_base64="QeRIMitC9FzX18sGrhSI+x6d8To=">AAACEXicbVDLSsNAFJ3UV62vaJduBosgCCUpoi6LblxWsK3QhjCZ3rRDJw9nJqUh9Cv8ALf6Ce7ErV/gF/gbTtssbOuBezmcc+/M5XgxZ1JZ1rdRWFvf2Nwqbpd2dvf2D8zDo5aMEkGhSSMeiUePSOAshKZiisNjLIAEHoe2N7yd+u0RCMmi8EGlMTgB6YfMZ5QoLblmeYy78JSwERaujc91r41ds2JVrRnwKrFzUkE5Gq750+1FNAkgVJQTKTu2FSsnI0IxymFS6iYSYkKHpA8dTUMSgHSy2fETfKqVHvYjoStUeKb+3chIIGUaeHoyIGogl72p+J/XSZR/7WQsjBMFIZ1/5CccqwhPk8A9JoAqnmpCqGD6VkwHRBCqdF4LLxHOnWycTko6GXs5h1XSqlXty6p9f1Gp3+QZFdExOkFnyEZXqI7uUAM1EUUpekGv6M14Nt6ND+NzPlow8p0yWoDx9QscGJxs</latexit>

x ⌘ r1 + r2x



Alternative proof 2 => 1 

Solving systems of equations
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Alternative proof 2 => 1 

Solving systems of equations

<latexit sha1_base64="QeRIMitC9FzX18sGrhSI+x6d8To=">AAACEXicbVDLSsNAFJ3UV62vaJduBosgCCUpoi6LblxWsK3QhjCZ3rRDJw9nJqUh9Cv8ALf6Ce7ErV/gF/gbTtssbOuBezmcc+/M5XgxZ1JZ1rdRWFvf2Nwqbpd2dvf2D8zDo5aMEkGhSSMeiUePSOAshKZiisNjLIAEHoe2N7yd+u0RCMmi8EGlMTgB6YfMZ5QoLblmeYy78JSwERaujc91r41ds2JVrRnwKrFzUkE5Gq750+1FNAkgVJQTKTu2FSsnI0IxymFS6iYSYkKHpA8dTUMSgHSy2fETfKqVHvYjoStUeKb+3chIIGUaeHoyIGogl72p+J/XSZR/7WQsjBMFIZ1/5CccqwhPk8A9JoAqnmpCqGD6VkwHRBCqdF4LLxHOnWycTko6GXs5h1XSqlXty6p9f1Gp3+QZFdExOkFnyEZXqI7uUAM1EUUpekGv6M14Nt6ND+NzPlow8p0yWoDx9QscGJxs</latexit>

x ⌘ r1 + r2x



NFAs



NFAs



Antimirov Derivatives



Context

Tools and proof techniques for systems equivalence

Methodology:

1. First do it naively

2. Then improve the associated proof method

Alexandra Silva John Hopcroft 12/23



Deterministic finite automata

The states x and u are language equivalent

x a // y
a

** z
a

jj

u
a

** v
a

jj
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Deterministic finite automata

x and u are not equivalent

x a // y a // z

a

}}

u
a

** v
a

jj

Alexandra Silva John Hopcroft 14/23



Deterministic finite automata

x and u are not equivalent

x a // y a // z

a

}}

u
a

** v
a

jj

Alexandra Silva John Hopcroft 14/23



Deterministic finite automata

x and u are not equivalent

x a // y a // z

a

}}

u
a

** v
a

jj

Alexandra Silva John Hopcroft 14/23



Deterministic finite automata

x and u are not equivalent

x a // y a // z

a

}}

u
a

** v
a

jj

Alexandra Silva John Hopcroft 14/23



Deterministic finite automata

x and u are not equivalent

x a // y a // z

a

}}

u
a

** v
a

jj

Alexandra Silva John Hopcroft 14/23



Deterministic finite automata

x and u are not equivalent

x a // y a // z

a
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Deterministic finite automata

Last example, with two letters

x
a,b // y

a,b // z a,bee

v
a,b

** w
a,b

jj

u
a

77

b

::
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Correctness

I A relation R is a proof of equivalence (bisimulation) if x R y
entails

I o(x) = o(y);
I for all a, ta(x) R ta(y).

I Theorem: L(x) = L(y) i↵
there exists a bisimulation R with x R y

The previous algorithm attempts to construct a bisimulation

Alexandra Silva John Hopcroft 16/23
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Complexity

The previous algorithm is quadratic

· // · // · // · // ·ww

· // · // · // · // ·gg
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Correctness of the improvement

Correctness of HK algorithm, revisited:

I The previous relation is not a bisimulation - proof of
equivalence

I But can be completed to one using equivalence - transitivity

I Hopcroft and Karp’s algorithm (’71) attempts to construct a
bisimulation up to equivalence

Alexandra Silva John Hopcroft 19/23



Non-Deterministic Automata

Use Hopcroft and Karp on the fly, through the powerset
construction:

x
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zoo ((
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u
)) ''
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x y z x+y y+z x+y+z

u v+w u+w u+v+w
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Non-Deterministic Automata

One can do better:

x
''

zoo ((
yhh

u
)) ''
whh voo

(x , u)
+ (y , v+w)
= (x+y , u+v+w)

x // y // z // x+y // y+z // x+y+z
GG
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using bisimulations up to union
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Non-Deterministic Automata

One can do even better:

x
##((

yhh zoo

uEE

x+y = u+y (1)
= y+z+y (2)
= y+z
= u (2)

x //

1

y+z //

2

x+y // x+y+z
GG

uEE

using bisimulations up to congruence
this yield to the HKC algorithm [Bonchi, Pous’13]
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Intermezzo: conduction up-to with coalgebra







Next time 

Lecture 3


Equivalence via axioms

Completeness



