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Back to normalisation
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Back to normalisation
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Consistency, cut elimination and PA



Consistency and cut elimination
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Sequent calculus for classical propositional logic
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Sequent calculus for classical first-order logic
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PA, with sequents

Take the sequent calculus for first-order classical logic, and add:
> Initial sequents in correspondence to PA1. — PAG.

= ¥x-(0 = s(x))

= VxVy(s(x) = s(y) > x =)
= Vx(x +0=x)

= YxVy(x + s(y) = s(x + y))
= V¥x(x-0=0)

= YxVy(x-s(y) = (x-y) + x)
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PA, with sequents

Take the sequent calculus for first-order classical logic, and add:
> Initial sequents in correspondence to PA1. — PAG.

= ¥x—-(0 = s(x))

= VxVy(s(x) = s(y) > x =)
= Vx(x +0=x)

= YxVy(x + s(y) = s(x + y))
= V¥x(x-0=0)

6 = VxVy(x-s(y)=(x-y)+x)
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> Induction rule corresponding to the induction axiom
A0 A (A(a)
M= AA0) AW, T = A, s
d
M= A,Vx(A(x))
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init init
SX = SSX = X = SX, SX = SSX X = 8X,8X = SSX = X = SX

i

SX = 88X — X = SX,S8X = SSX = X = SX

v
L\7’y(sx:sy—>x:y),sx:ss;x=>x:sx

v
= PA2. - YxVy(sx = sy —» X = y),8X = SSX = X = SX

SX = 88X = SSX = SX

L

(x=8x)> L,sx =85x => > L
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(x=sx)> L=>(sx=s55x)> L

init

(0=sx)->L=(0=s0)—> L
= PA1. VLVX((OZSX)—>J_)=>( =s0)—> L v
_.=(0=5(0))—> L Cc
@ = VYx(x =s(x) > 1)

Yo (o0 #4(a))

forC:=(x=8x)> L= (sx=8sx)> L
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Conclusions
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