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* |In type theory every element comes equipped with a type (a : A)

* Jype theory = deductive system
Inference rules make derivations

 We derive judgements.




H, H, ... H, F'ra:A T'rf:A—>B
C. ['F f(a): B.

Inference rules Inference rule for function types

context judgement thesis

/

[+ A type. ['+A = Btype. ['Fa:A. ['Fa=b:A.

There are 4 kinds of judgements:

Judgementally well-formed term  Judgementally

well-formed type
equal types equal terms



A context  x1: A1, x2:Ax(x1), ..., XnAn(X1,.. ., X0n-1) such that

xX1:A1, ooy Xk=1 : Ar—1(X1, ..., Xk—2) F Ar(X1,...,XK-1) type

A context of length 0: empty context

Dependent types and terms

I, x: A+ B(x) type, type family n:NF VecNn type

I'y x: A+ b(x) : B(x) section n:NF (0,0, ...,0): VecNn

N

n-times



Inference rules

Structural rules (in every type theory)
Specific rules (for MLTT)



Structural rules

Judgemental equality is an equivalence relation
Variable conversion

Substitution

Weakening

Generic element / variable rule



Judgemental equality is an equivalence relation

I+ A type ['FA = Btype I'FA=Btype I FB=Ctype
['FA = A type ['F B = Atype I'FA = C type
I'Fa: A ['Fa=b:A I'ta=b:A T'rb=c:.A

['Fa=a:A ['Fb=a: A I'Fa =c: A.



Variable conversion

['FA=A"type I, x:A, A+ B(x) type

[, x: A", A+ B(x) type.

element conversion IS derivable

Fl—AiA’type/Fl—a:A
I'ta:A'.




Substitution

['Fa: A F,x:A,AI—j —0:N n: N succ(n) : N
S, —4 —
I, Ala/x] + I la/x] -~ succ(0) : N

I'ra=a":A T,x:A, A+ Btype
I, Ala/x| + Bla/x] = Bla’/x] type

substituting judgementally
equal stuff results In

Fr'rva=a:A T.,x:A A+b:B judgementally equal

I, Ala/x] + bla/x] = b[a’/x] : Bla/x]. types (resp. terms)



Weakening

why is this wrong??

/

FI-Atype I, A+rYJ — N type X : N+ succ(0) : N

. W.
Ix:A, AT X:N,y:Nsucc():N

Generic element / variable rule

[+ A type - Ntype

F,x:AI—x:Aé'

X:N F X:N



Structural rules

Judgemental equality is an equivalence relation
Variable conversion

Substitution

Weakening

Generic element / variable rule



Derivations

A derivation is a finite tree: I'FA = A’ type I'Fa: A
nodes are inferences ,
I'Fa:A.

root is conclusion
leaves are hypotheses

I'= A=A type I'= A type
I'= A = Atype I''x :AFX:

I'—a:A I''x A X: A

I'—a:A



Specific rules



Dependent functions

Functions where type of the output may depend on the input.

Dependent function type: Rules for IT types:
« formation rule form types
l—[ (x:A) B(JC) e introduction rule Introduce terms
e elimination rule use terms
e computation rules Interaction

respect judgemental equality === ¢ congruence rules



Dependent functions

I'FA=A"type I,x:AFr B(x)=B(x)type
I+ H (x:A)B(x) = H (x:A’)B, (J\C) type

Formation rule

['x: A+ B(x) type

['F [ (x:a)B(x) type

Introduction rule (lambda)

I',x:AF b(x): B(x)

I' - Ax. b(x) |1 (x:A)B(x)

binding

I1.

A.

X:NF VecNx type

— IT (X : N) Vec N x type
I'x:Arb(x) =b'(x): B(x)

I1-eq.

['FAx.b(x) = Ax. 0" (x) : [] (x:4)B(x)

x:NF (0,0, ...,

N

0) : Vec N X

— AX. (0,0,...,0) : IT (x : N) Vec N x

X-times

A-eq.



Dependent functions

o | X-times
Elimination (evaluation) rule /

Tk f T ea B e — Ax. (0,0,...,0) : IT (x : N) Vec N x
[Lx:AF f(x): B(x)

V.
XN+ (0,0,...,0) : Vec N x

N

X-times
How is this evaluation?
Paired with substitution... — succ(succ(0)) :N  x:N+ (0,0, ..., 0) : Vec N x

—(0,0) : Vec N (succ(succ(0))

Evaluation respects judgemental equality (congruence).



Dependent functions

Computation rule

['x:AF b(x): B(x)
['x:AF (Ay.b(y))(x) = b(x) : B(x)

B.

Computation rule »

[+ f : H (x:A)B(x)
[+ /le(x) = f 11 (x:A)B(x)

.



(Dependent) functions

Ordinary functions A -> B are a special case, when codomain has
no real dependency.

A definition extends the type theory

L'-Atype 1'FBtype with a new constant and the following rules
[,x:AF Btype -

I'F [T (x:4)B type
[+FA— B =[] xaB type.

\ I'rA— B type
defintion

['FAtype I F Btype
I'FA — B =]] (x:4)B type.

I'FAtype I F Btype




Let’s derive a function!

'+ A type
Fx:Arx:A comp == Ag. Af. Ax. g(f(x)).
['FAx.x: A —> A ['FBtype I'FCtype
['Fidg = Ax.x: A — A. "+ A type Fl—Btype l",g:CB,y:Bl—g(y):C
I,f:BA,x:A¥r f(x): B F,e:CB,f:BAy:Brg(y):C
F,g:CB,f:BA,x:AI—f(x):B F,g:CB,f:BA,x:A,y:BI—g(y):C
FLg:CB, fF:BAx:Arg(f(x)):C
[,g:CB,f:BAF Ax.2(f(x)) : CA
Composition is associative. Fg:B—CraAfixe(f(x):BA — CA

TFAg. Af. x.g(f(x)) : CB = (B4 - CA)
['Fcomp:=Ag.1f. Ax. g(f(x)) : CB = (BA — CA).

Composition satisfies
left and right unit laws.



Natural numbers

Rules for N:

e formation rule

introduction rule (zero and successor)
elimination rule (the induction principle)
computation rules (how induction principle behaves on zero and successor)

congruence rules (easy, will not do them)



Natural numbers

Formation rule N-form.
- N type

Introduction rules

zero element successor function

F Oy 2 N - succy : N — N



Natural numbers

[')n:NF P(n) type

Elimination rule Tk po : P(ON)
. . o [+ ps: [1 (N P(n) — P(sucen(n))
the induction principle L indn(po, 23) : 11 o) P(0) N-ind.

Computatuion rules

[',n:NF P(n) type
[+ po: P(On) apply to zero

I'tps: 1] nNnP(n) — P(SUCCN(HV |
[ + indx (20, 25, On) = po : P(On). A/app y to successor

[',n : N Findn(po, ps,sucen(n)) = ps(n,indn(po, ps,n)) : P(sucen(n)).



Example: defining addition using the induction principle.

addN:N—>(N—>N)

addn(m,On) =m $———u_______ by pattern matching

addy (m, succy(n)) = succy (addy(m, n)). €= on the second argument

Formally, we want to derive

m : N + addy(m) = indy(add-zeroy(m), add-sucey (1)) : N — N.

where P(n) =N

m : N r add-zeron(m) : N €= T

m : N+ add-succy(m) : N — (N — N),
add-succy (m, n,x) = succy(x)  addy(m,succy(n)) = indy(add-zeroy(m), add-succw(m), succ (n))

= add-succy (m, n, addy (m, n))
= succy (addy (m, n)).



FNtype Fsuccy:N—N
F N type n:NFsuccy : N —N
m:N,n:NFsuccy: N — N
m:NFAn.succy : N — (N — N)
m : N + add-succy(m) := An.succy : N — (N — N).

m : N+ add-zeroy(m) =m : N m : N} add-succy(m) : N — (N — N)

m : N r indy(add-zeroy(m), add-sucey(m)) : N — N
m : N+ addy(m) = indy(add-zeroy(m), add-sucey(m)) : N — N.

Pattern matching is more readable
and sufficient for proof assistants.



More Inductive types

e Unit type (1) *x: 1

« Empty type () indp : [1 (x:0)P(x)  ex-falso:=indy:0 — A

 Coproducts (A+B)

 Dependent sum (X(x:A)B(x))

» Propositional equality (=)



Dependent sum

Z (x:A) B(X)
pair : [] (x:a) (B(x) — Z(y:A)B(y)). pair 2 (0,0) : ¥ (n:N) Vec N n

pry « (Z(x:A)B(x)) — A pry : |1 (PIZ(x:A)B(x))B(prl(p))’

prl(x’y) = X. pr2(xay) =Y.

~ /

can also be postulated with induction



Specific rules of MLTT

Formation, introduction, elimination, computation and congruence rules for:

 Dependent function type (I1)

* Natural numbers (N) + definitions we introduce
* Unit type (1)

* Empty type ()

 Coproducts (A+B)

 Dependent sum (X(x:A)B(x))

* Propositional equality (=) <= \ye will introduce this next



Curry-Howard Correspondence

The Curry-Howard interpretation

Propositions  Types

Proots Elements
Predicates Type families
T 1

1 0

PV QO A+ B
PAQ AXB
P=0 A— B

- P A—0

dx P(x) 2 (x:A) B(x)
VxP(x) [ (x:A)B(x)

X =Y X =Y




Propositional equality

Formation rule Introduction rule (refl)
F'Fa:A TFHb:A 'Fa:A
['Fa=4btype I'Frefl,:a=4 a

Elimination rule (J-rule)
Iz:Ay:Ap:x=4yt P(z,y,p) type
' J:(MpaP(z,z,refly)) — e allp. ATl 0= 40 P(a, b, q)

Computation rule

Dx:Ay:Ap:x=4ytF P(x,y,p) type 'Fd:Tl,.oAP(x,x,refl,) I'Fa:A
'+ J(d,a,a,refl,) =d(a) : P(a,a,refl,)




