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Static Analysis of Safety Properties

No Surprises, Please
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Trace Properties

Example

» Any State Property S € P (X): T ael A\ R

» 71 can be verified by exhaustive testing

AL Y

[ can be falsified by finding a single finite execution not in 7’
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Machine Learning Safety
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Machine Learning in High-Stakes Systems
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Machine Learning in High-Stakes Systems

4 ynd Tke SwetlitZ

By Casey Ross® @caseymross

July 25,2018

A self-driving Uber ran a red
light last December, contrary to
company claims

Feds Say Self-Driving Uber SUV Did
Not Recognize Jaywalking e

Pedestrian In Fatal Crash
Richard Gonzales November 7, 201910:57 PM ET
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Neural Networks

Feed-Forward RelLU-Activated Neural Networks

Rectified Linear Unit (ReLU)
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input layer hidden layers output layer

output max; Xy ;
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Neural Networks as Programs

X00 = input()
X01 = input()
- o a0 0.29 @ x10 = -0.31 * x00 + 0.99 * x01 + (-0.63)
@ - x11 = -1.25 * x00 + (-0.64) * x01 + 1.88
S ~ Q(ga 0.45
e >
o)
-0.63 ¥ 0.00
x20 = 0.40 * x10 + 1.21 * x11 + 0.00
1.88 S -0.39 x21 = 0.64 * x10 + 0.69 * x11 + (-0.39)
O ™~ >
kS -0.45

o)
P
0.69

x30 = 0.26 * x20 + 0.33 * x21 + 0.45
X31 =1.42 * x20 + 0.40 * x21 + (-0.45)

return ‘ if x31 < 30 else ‘

- ®
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Neural Networks as Programs

X00 = input()
. X071 = input
to: input Pt
? x10 = -0.31 * x00 + 0.99 * xO1 + (-0.63)
. _ x11 = -1.25 * x00 + (-0.64) * x01 + 1.88
I ¢
t t x20 = 0.40 * x10 + 1.21 * x11 + 0.00
. ? x21 = 0.64 * x10 + 0.69 * x11 + (-0.39)
I |
6 [
([ ] 1 ! o
¢ x30 = 0.26 * x20 + 0.33 * x21 + 0.45
. - X31 =1.42 * x20 + 0.40 * x21 + (-0.45)

Y/A ta)i prediction return ‘ if x31 < 30 else ‘
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Stability

Safety
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Prediction Stability
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Local Prediction Stability

OPLSS 2025 Abstract Interpretation
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Static Local Prediction Stability Analysis
3-Step Recipe

practical tools

targeting specific programs

abstract semantics, abstract domains
algorithmic approaches to decide program properties

concrete semantics
mathematical models of the program behavior




Local Prediction Stability

Distance-Based Perturbations

P;.(x) € (x € RIb | 5(x,X) < €}

Example (L, distance): P, (X) = del (x' € Rl | max; ]| X; —X;| <€}

pre————— C|aSSIfICatIOﬂ Of X
R = {teX* | 1) € Py (X) > 1, = C(X)}

%ff s the set of all traces that are prediction stable in the neighborhood P& .(X) of a given input X

def
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Static Local Prediction Stability

Xin—= 1xpn+1-x0+4 =425
10 00 ol X309 > 4.75

Xog > 19.375
0.5 @ 7 \ @
@ ©
~
) ,
4 0

. 14
o)

@

3 0
™
N
i1 ®@
-1
e ~1.5
@ Xy, > 0.625 @ K1 073

Xll e 05 : XOO + 05 y x(n + 3 — 3625

P{050.75) ' ixe Zx R |0<x)<1A0<x, < 1)
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Static Local Prediction Stability Analysis

Concrete Semantics

concrete semantics

mathematical models of the program behavior




Hierarchy of Semantics

Forward/Backward Reachable State Abstraction
Prefix/Suffix Trace Abstraction

Partial Finite Trace Abstraction

OPLSS 2025 Abstract Interpretation Caterina Urban



Local Prediction Stability

Distance-Based Perturbations

P;.(x) € (x € RIb | 5(x,X) < €}

f

Example (L, distance): P, (X) = de (x' € Rl | max; | X; — X:| < €}

s ClaSSIflcatlon Of X

T ez el (x)=>1,= — )

%56

9?2’6 s the set of all traces that are prediction stable in the neighborhood P5, .(X) of a given input X
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Static Local Prediction Stability Analysis

abstract semantics, abstract domains
algorithmic approaches to decide program properties

Caterina Urban
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Static Local Prediction Stability Analysis

AbStraCt PrefiX Trace SemantiCS @) check output for inclusion
iIn expected ?ut:
included — stable

otherwise — alarm
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@ proceed forwards from an
abstraction Pge of Py, Theorem
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Static Local Prediction Stability Analysis

abstract semantics, abstract domains
algorithmic approaches to decide program properties

Caterina Urban
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x; i+~ la, b]

Interval Domain "ubeR

Xi0 = [4, 6] Xog > [17, 24]
Xoo — [0, 1] l RelLU ReLUl X390 — [0, 10]
X10 P [4, 6] Xy P [17, 24]
® - @
@ ©
5 N -14
o) e
4 0
¥\ FALSE ALARM
3 0 o \
2o
~ @

@
|

| -8
° . ©
x1 = [3, 4] Xy = [0, 3]

Xo1 P [0, 1] I RelLU R@LUI X31 P [_47 é]

xi1 = [3, 4] Xy = [0, 3]
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Static Analysis by Abstract Interpretation

OPLSS 2025

Abstract Interpretation

A B = 0
T T 2i B
T i e ™ 4

: B TE "m . Cuws
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Static Local Prediction Stability Analysis

abstract semantics, abstract domains
algorithmic approaches to decide program properties

Caterina Urban
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Symbolic Domain.....css:
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Xi—10 = Ei_q —
Xij ™ ijlkl'Ei—lk + b;;
X . K. 4. — i—1 | ’ ’ ’ ’
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Symbolic Domain

Xoo + Xo; +4
x10'—>{ 00 T %01 x20|—>{

(4, 6]
©
@ &
14
¢ » 3-Xon+ 3 xy + 2
) e 00 01
Xo0 [0 1] X30 > {[g, 8]
3 0
% x01 o L Xoo + Xo1 — 1
o1 [0 1] ~ o 3 -1, 1]

@ O
1

o mt

05 'X00+O.5 '.XOl +3 (x00+x01 +4)— 1 ‘ (05 '-XO()_I_O-S 'XOI +3)
X —>
[3, 4] 2L 2]

X1 =
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Symbolic Domain

. {1.5‘X00+1.5‘X01—2'X31+2
40
10, 3]

3 .XO0+3 '.XO1+2
X309 2. 8]
® | o
@ © ©
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Static Local Prediction Stability Analysis

abstract semantics, abstract domains
algorithmic approaches to decide program properties

Caterina Urban
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O 2 f J uPper_bOUndS f and
Deep PO Iy DO m a I n[Singh et al. @ POPL 2019 é + Convex ReLy :;:,%c;,:,:gt.'mn
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DeepPoly Domain

{ [‘XOO + x()l + 4, ‘xOO + ‘XOI + 4]
H

X
10 4, 6]
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DeepPoly Domain

x20|_) {[2'X10+3‘X11, 2-x10+3°x11]

(17, 24]
o { B o © O
e ®© " © O
o
NG 0 o 14
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[X10 — X115 X1
Ay P
[1, 2]

©
— Xy

Caterina Urban

Abstract Interpretation 34



DeepPoly Domain

{[xzo — Xy — 14, x50 — Xy — 14]
X30 7

[2, 8] a
@ © ©
O
yd -
A 0 o 14

P [%00s *00]
00 [0, 1]

[0, 0.5 - x3; + 0.5]
[0, 1]
[05 ) .Xzo — 15 ‘ le — 8, 05 * Xzo — 15 ‘ .le — 8]
[_19 1]

Abstract Interpretation Caterina Urban



DeepPoly Domain

PN [%00> Xool @ 7
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Back-Substitution

x()() = [09 1]

N [XOO + x01 + 4, .XOO + xOl + 4]
2 L4, 6]

[2 xlo + 3 xll, 2 - -xl() + 3 xll]
X0 P
(17, 24]
[xzo x21 — 14 x20 XZl - 14]
12, 8] _? .
0.5 -x30—2-%x3;+ 1,05 x30—2x3 + 1
X40 P> {[ x30 " 431 x30 ................. X31 |

DeepPoly Domain

x()l = [09 1]

R {[05 '-XO()_I_O-S * X01 +3, 0.5 '-XO()_I_O-S * X01 +3]
[3, 4]
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0, 2
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DeepPoly Domain
Back-Substitution

Xoo — [0, 1] Xg; — [0, 1]
[XOO + X01 + 4, X00 + X01 + 4] [05 * X00 +0.5- X01 + 3, 0.5- X00 + 0.5 - X01 + 3]
— —
R NEND B, 4
(2 X0+ 3 X1, 2 X104+ 3 - xp4] [X10 = X115 X190 — X14]
X0 7 4 21 ™ 3
[XZO Xo1 — 14 Xopg — le — 14] ““““““““““““ [O 0.5-. (O 5. " X0 — 1.5 - % 8) + 0. 5]
' X |—)
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DeepPoly Domain
Back-Substitution

Xoo — [0, 1] Xg; — [0, 1]
N [x00+x01+4 .XOO+X01+4] . [05 X()()+05 X01+3 0.5- XO()‘l‘OS X01+3]
1 e
’ [4, 6] ! [3, 4] L
[2 xlo + 3 xll’ 2 xlo "-I- 3 xll] [_xlo - xll, xlo - xll] ““““““““““““““““““““““
X0 2072 Y Ay T
17, 24] L2 T
{[x20 x21 — 14, Xy — xj; — 14] L {[o 0.5,:4075 - X 1.5 - X — 8) +0.5]
317N e
2 81 : Jo1 o -
{ [O 5 X30 -2 " X3 + 1 @ 5- " X30 — 2 “““ X 31+ 1] ...........
Xgo>y +00 i T
{[le _|_ 1, 0.5 xp — 05x21 —6]
=y i L
N { [Xlo X11 + 1 0.5- " X10 + 2 - " X1 6]




DeepPoly Domain

Xoo — [0, 1] Xg; — [0, 1]
[XOO + X01 + 4, X00 + X01 + 4] [05 * X00 +0.5- X01 + 3, 0.5- X00 + 0.5 - X01 + 3]
—> —
R NEND B, 4
[2-x10+ 3210, 2- %9+ 3 - xq4] [X10 — X115 X10 — X141
X0 21
(17, 24] [1, 2]
[XZO le - 14, x20 — x21 - 14] [O, 05 : (05 : .Xzo T 15 ’ X21 T 8) + 05]
I—) X31 —>
[2, 8] [0, 1]
0.5 - 2. +1,0.5- - 2. + 1
Xag > {[ " X30 * X3 " X30 A31 |
|—>{[le+1 0.5 - x5 — 0.5 - x5, — 6]
N {[xlo x11+1, O.S‘X10+2'.x11—6]
{[05 Xoo+ 0.5 x5 +2, 1.5 xp9+ 1.5 - x;; + 2]
|_)
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DeepPoly Domain

Xoo — [0, 1] Xg; — [0, 1]
{ [XOO + X01 + 4, X00 + X01 + 4] [05 * X00 +0.5- X01 + 3, 0.5- X00 + 0.5 - X01 + 3]
X9 P a8
4, 6] [3, 4]
[2- X0+ 3 - x5, 2 %19+ 3 -y ] [X10 = X115 X10 = *11]
20 7 21 7
(17, 24] 1, 2]
[XZO — le - 14, x20 — x21 - 14] [O, 05 : (05 : .Xzo T 15 ’ X21 T 8) + 05]
30 7 A3
[2, 8] [0, 1]
:05 '.X30—2'.X31 + 1, 0.5 'X30—2'X31 + 1]
X80 7 Y ¢
0, 5]
:le + 1, 05 * x20 - 05 * le — 6]
H
2,5.3]
:xlo —xll + 1, 05 * xlo + 2 * xll - 6]
H
1, 5]
{ :05 * X00 + 0.5 - X01 + 2, 1.5- X00 +1.5- X11 + 2]
H
2, 3]

Caterina Urban
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DeepPoly Domain

N [%00» 00 @ |
070, 1)
O ;
(o)

0772, 5]

ol

2 1
O
/ .
’ 0 . 14
3 3 .
i ~

N

-1 @ 15 @
o o Su

[%31, X31]

Xt > [X01> Xo1]
01 [0, 1]
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DeepPoly Domain
Back-Substitution

{ [xOO + x()l + 4, xOO + x01 + 4] [05 ‘ 'XOO + 05 : x01 + 3, 05 ‘ XOO + 05 : x01 + 3]
X109 P X1 =
(4, 6] [3, 4]

[2 X0+ 32115 2 X190+ 3 - Xp4] [X10 = X115 X10 — X141
Xrg F> X1

(17, 24] [1, 2]

{[Xz() — Xo1 — 14, Xog — X1 — 14] [O, 0.5 - (05 " X — 1.5- Xo1 — 8) + 05]

X3p X3

2, 8] [0, 1]

([x31, x31]
Xg1 >

\

! [O, 025 * X20 — 075 ‘ .le - 35]

\

[ [O, - 025 ‘ xlo + 15 : xll - 35]

\
[ [O, 05 ‘ XOO + 05 * x()l]
[0, 1]




DeepPoly Domain

N [%00» 00 @ |
070, 1)
O ;
(o)

0772, 5]

Caterina Urban
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DeepPoly Domain

Maintaining Symbolic Bounds wrt the Inputs (“a la Symbolic”)

X10 P [O, 0.5 - X10 + 1] — [O, 0.5- ('XOO +XO1) + 1] — [O, 0.5 - X00 + 0.5 - X01 + l]

Rel .U
{ [X00 + X015 X0 T+ Xo1]
X10

[_29 2]

[%X00 — X015 X00 — Xo1]
A11 P
[_29 2]

RelLU <
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DeepPoly Domain

Maintaining Symbolic Bounds wrt the Inputs (“a la Symbolic”)

X10 P [O, 0.5 - X10 + 1] — [O, 0.5- ('XOO +XO1) + 1] — [O, 0.5 - X00 + 0.5 - X01 + 1]

20

[0, 3]
A

{['XIO —xll, xlo —xll] — [—05 ‘ XOO + 05 ‘ xm — 1, ()5 ‘ XOO — 05 : x()l + 1]
X1 P 2, 2]
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DeepPoly Domain

Maintaining Symbolic Bounds wrt the Inputs (“a la Symbolic”)

20

[0, 3]
A

{[xlo —XH, .xlo —xll] — [—05 ‘ XOO + 05 * XOl — 1, 05 * 'XOO — 05 : xm + 1]
X217

RelLU <
le e [O, 05 ‘ X21 + 1] —> [O, 025 ‘ 'xOO _ 025 ‘ xm + 15]
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DeepPoly Domain

Maintaining Symbolic Bounds wrt the Inputs (“a la Symbolic”)
L {[x20+x21 + 1, xp0 +x; + 1] = [1, 1.25 - x50 — 0.25 - xy; + 4.5]

BRI - [1.5. 5] with back-substitution

20

[0, 3]
A

¥ N [.le, le] — [O, 025 : XOO — 025 : x()l + 15]
e, 2)

le e [O, 05 ‘ .le + 1] —> [O, 025 ‘ ’XOO _ 025 ‘ .xOl + 15]

Abstract Interpretation



DeepPoly Domain

1 7

[%00> X0 < P )
00 ™ 0 0

[_19 1]

0 0

[xop xo1] N

o1 -1, 1] X o
) 0 . < [1, 4] with back-substitution

A 1

¥ N [.le, .X21] — [O, 025 * 'xOO — 025 * x()l + 15]
T, 2]

Caterina Urban
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Static Local Prediction Stability Analysis

abstract semantics, abstract domains
algorithmic approaches to decide program properties
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Multi-Neuron Abstractions.......ox.rs:s

L2
A( )
0, 2 .
v 02T (40 o \
(2,1, —2) (0,2, 2) (0,0, —2)
(=2,0) (2,0)
< ' » U1
(2,0, —2) .
(0,0, 2)
Y1
(O,—Q)v Z=x1 + T2 y = 21 & 2o (2,0,2)
(a) Input shape (b) 1-ReLLU (¢) 2-ReLU

OPLSS 2025 Abstract Interpretation Caterina Urban
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Static Local Prediction Stability Analysis

An Exercise Worth Trying &

practical tools
targeting specific programs

Abstract Interpretation



Saliency Map Stability
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Local Prediction Stability

3]3]|3|3]3]| 3|88

XA dddd
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Sa I ie n Cy M a pS[Simonyan & al. @ ICLR 2014]

OPLSS 2025
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Dog
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Local Saliency Map Stability

3332 EREE

Saliency Map

Expected Saliency Map
m

Saliency Map Stability Saliency Map Instability

OPLSS 2025 Abstract Interpretation Caterina Urban
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OPLSS 2025

Reading Suggestion

and Kazuki Munakata!

! Fujitsu, Kanagawa, Japan
? Inria & ENS | PSL & CNRS, Paris, France

Abstract. It is known that deep neural networks (DNNs) classify an
input image by paying particular attention to certain specific pixels; a
graphical representation of the magnitude of attention to each pixel is
called a saliency-map. Saliency-maps are used to check the validity of the
classification decision basis, e.g., it is not a valid basis for classification if
a DNN pays more attention to the background rather than the subject of
an image. Semantic perturbations can significantly change the saliency-
map. In this work, we propose the first verification method for attention
robustness, i.e., the local robustness of the changes in the saliency-map
against combinations of semantic perturbations. Specifically, our method
determines the range of the perturbation parameters (e.g., the brightness
change) that maintains the difference between the actual saliency-map
change and the expected saliency-map change below a given threshold
value. Our method is based on activation region traversals, focusing on
the outermost robust boundary for scalability on larger DNNs. We em-
pirically evaluate the effectiveness and performance of our method on
DNNs trained on popular image classification datasets.

Abstract Interpretation

Verifying Attention Robustness of Deep Neural
Networks against Semantic Perturbations

Satoshi Munakata!, Caterina Urban?, Haruki Yokoyama', Koji Yamamoto!,

Caterina Urban
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Stability

Safety

OPLSS 2025

Abstract Interpretation
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ACAS Xu

Airborne Collision Avoidance System for Unmanned Aircraft

implemented using 45 feed-forward fully-connected ReLU networks

o 5 input sensor measurements

A Vown o ‘ : . | |
UN e p:distance from ownship to intruder
p/ / Intruder @ angle to intruder relative to ownship heading direction

; f | * . heading angle to intruder relative to ownship heading direction

/ * V... Speed of ownship

-

\ .
« Ownship .’
S ’,

6" « vV, speed of intruder
< 5 output horizontal advisories
5 :
. e Strong Left
O e * Weak Left
5 | e Clear of Conflict
\ | \ | ¢ Weak R'ght

e Strong Right
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ACAS Xu Safety Properties

Example: “if intruder is near and approaching from the left, go Strong Right”

250 < p < 400 °
02<6<04 o

. |
-
N\ \
L]
X
4 N\
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- Y
/ i . A
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b 2 .
X
B ¢ X \
X e o o ‘
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X @ | X
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Static Safety Analysis

3-Step Recipe

practical tools

targeting specific programs

abstract semantics, abstract domains
algorithmic approaches to decide program properties

concrete semantics
mathematical models of the program behavior




Safety

Input-Output Properties

I: input specification

O: output specification

R L esi | ET> 1 EO)

& }) is the set of all traces that are satisfy the input and output specifications I and O

Abstract Interpretation




Example

1 A @ Clear of Conflict
1

~ 1

-1.25

A 1
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Static Safety Analysis

Concrete Semantics

concrete semantics

mathematical models of the program behavior




Hierarchy of Semantics

Forward/Backward Reachable State Abstraction
Prefix/Suffix Trace Abstraction

Partial Finite Trace Abstraction

OPLSS 2025 Abstract Interpretation Caterina Urban



Safety

Input-Output Properties

I: input specification

O: output specification

R L esi | ET> 1 EO)

& }) is the set of all traces that satisfy the input and output specifications I and O

MESge VM| CSee T (DIM]CSg




Static Safety Analysis

abstract semantics, abstract domains
algorithmic approaches to decide program properties

Caterina Urban
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Static Safety Analysis

AbStraCt PrefiX Trace SemantiCS @) check output for inclusion

in output specification O:
included — safe
otherwise — alarm
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ReLU(x)

2

DeepPoly Domain |
X100 5+ %10+ 5]

Example illadh IR

RelLU

[X00 + X015 X0 T+ Xo1]
X0 P
[_19 2]

7 A Clear of Conflict
:
~ 1
e
0 0
0 0
N
O
-1.25
3 7 @ Strong Turn
[%X00 — X015 X00 — Xo1!
X111 P
[_13 2]
RelLU
: y) y)
X1, T X1 T3
x]l s M1 3 11 3]
:_19 2]
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DeepPoly Domain

Example

o 9 3
1 A @ Clear of Conflict
| 1
~ 1
P
0
0
N
O
-1.25

A 1
i Strong Turn
X109 = X11» X109 — X11] @ J

207 21 I
- 33
RelLU <
:O, 05 ‘ le + %]

- ,
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DeepPoly Domain

Example

[1,5.35]

1 A @ Clear of Conflict
1

R {[xzo + X1+ 1, X590 + Xy + 1]
30

FALSE ALARM

-1.25

3 7 @ Strong Turn

Xy — 1.25, x5y — 1.25]
: 13
—1.25, E]
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Symbolic Domain

Example

N, Xoo T Xo1 N X10
10 -1,2] 1 [0, 2]

@ 1 Rel.U A @ Clear of Conflict

1

~ 1

-1.25

-1

3 7 @ Strong Turn
- 11
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Symbolic Domain

Example
. X10 T X11
277010, 4]
0<p<l1 1 A @ Clear of Conflict
1

X00 ~ 1

o0 {[0, 1] g NG )
0 0
— ol N ) O
Xo1 -1, 1] -1.25
A 1
—-1<0<L1 @ Strong Turn

P A10 — *11 P X21
21 [_29 2] 2! [Oa 2]

%u
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Symbolic Domain

R {xlo + X+ X+ 1
30

DAl — [1,5.5] with DeepPoly

0<p<l1 1 A | Clear of Conflict
1 b 4
NN X00 ~ 1
OO0, 1) g ’
0 0 )
Q
; ; >
N
. X01 . o
0T\ -1, 1] \ 1.25
1
A 1
—-1<0<L1 Strong Turn
o

Xy — 1.25
Xy P | R
[—1.25, 0.75] A E] with DeepPoly
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Reduced Product Domain

Symbolic Domain & DeepPoly Domain

[ada bd]

RN

Symbolic DeepPoly

max(a.. a,). min(b_. b)) \_/ [max(a,, a4), min(b, b, )]

[ag, b]
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Reduced Product Domai

Example F\ xi0 >
Xoo T Xo1

X0 P 4 [Xoo + X015 Xoo + Xo1l

[_19 2]
7 A Clear of Conflict
B -,

x]() — [09 2]

X0 5 Xo+3] = [=1, 2]

0, 2]

X00 R 1
XOO > [XOO, XOo] d 0 e 0
[0, 1]
0 0
N
@
-1.25

- X00 ~ Xo1 7 @ Strong Turn

X1 = [X00 — X015 Xoo — Xo1l

C, T 10, 2,
ReLU T TR T B o W)

3
0, 2]
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Reduced Product Domain

Example

Xoo P

X00
Xoo P [X00> X00] d , P ;
[0, 1]
Xo1 0 . 0
Xo1 P [%01> Xo1] ~
Bt © . ©
-1

:_29 2]
7 7

X10 — 11 —

Xo1 P> 3

Xo1 P

X10 t X1 — [0, 4]
X190+ X115 X0+ X111 = [0, 2]
n 8
_05 3]
A @ Clear of Conflict
~ 1
@ -1.25
7 @ Strong Turn
r3621 — [0, 2]
[0, 2]

X190 = X115 X190 — X1l — 3’ 3
\2’2] %
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Reduced Product Domain

.xlo +X11 +x21 + 1 — :1, 23—0:
.X3O > [’XZO ~+ le + 1, X20 + X21 + 1] —> :1, %:
16
[19 _]
A | Clear of Conflict
-
~ 1
@
-1.25

Strong Turn

-
Xy — 1.25 — [—1.25, 0.75]
X3 4 [ —1.25, %, — 1.25] —[-1.25,0.75]
[—1.25, 0.75]
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Symbolic Propagation

+ Iterative input refinement

Rel uva I[\Nang et al. @ USENIX Security 2018]
Asymptotically Complete Method

Abstract Interpretation



DeepPoly Domain+ Input Refinement

[0, 1]

\
1
1
N %00 o0l P )
O -1, 1 0 0
0 0
[%015 Xo1] ~
01
[—1, 1] N O

-1.25
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Neurify

Asymptotically Complete Method

» 1 €0k X0,k
Xty .
a, b]

C, zk dO,k ° .xO,k d] CO,k’ C, dO,k9 d = R

e { o B
[a,b]

l,]

a,b e R
E: .. E. .]
X; i { o 0<a
N [a, b]
Q\e
ReLU(x)
Rel.U b g PR _ t
> X “b—aE"J’b—a(E"J a)] a<0OA0<D
@ :aa b]
@(U
[0,0) b
X — b<0
¥ 10,01 =
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xeC xeC 74

min f(z) > mina' z+c
, O,

Efficient bound propagation (CROWN) GPU optimized relaxation (a-CROWN)  Parallel branch and bound (8-CROWN)
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Interval Neural NetworksS: ... ..o sz

lj < Xo; <1
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