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Termination Static Analysis

abstract semantics, abstract domains
algorithmic approaches to decide program properties
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Piecewise-Defined Ranking Functions
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Termination Static Analysis

the analysis tries to predict a valid ranking function




Piecewise-Defined Function Domain

X « [-007+00]
while 2(x > 0) do

X «—-2-x+10
done4

Abstract Interpretation




Piecewise-Defined Function Domain

Linear Constraints Auxiliary Abstract Domain

» Parameterized by an underlying numerical abstract domain (<, C, ) (e.g., intervals, polyhedra):

Yc
&« o
(P(ECI=c),Ep) (D,Cp )
~— 7
Gc
Example:
Yc

X—>[-03],Y—>[0cc] — {3—-X2>0,Y2>0}

+ @ is a set of linear constraints in canonical form, equipped with a total order <

def
6 = (¢ X+ Xp+c 1 20| X,.... X, €VAcy,....,c0. €EZANged(|c |, ..., ]) =1}




Natural-Valued Ranking Functions

Abstract Interpretation



Piecewise-Defined Function Domain

Functions Auxiliary Abstract Domain

» Parameterized by an underlying numerical abstract domain (<, C,, )

c FE L yu@Y s N U T,)

We consider affine functions:

F, Lol ZVM SN

k
fX,nX) = ) m- X+ q
=1

FUL TR}




Piecewise-Defined Function Domain

Functions Auxiliary Abstract Domain (continue)

e approximation order <. [D], where D € I&:

e between defined leaf nodes:

» otherwise (i.e., when one or both leaf nodes are undefined):

Abstract Interpretation



Piecewise-Defined Function Domain

Functions Auxiliary Abstract Domain (continue)

« computational order C [ D], where D € I:

e between defined leaf nodes:

» otherwise (i.e., when one or both leaf nodes are undefined):

Tr
f: ZM 5 N

Lr




Piecewise-Defined Functions Domain

o € (LEAF: f| f€ F} U{NODE{c}: t:t, | c € G A1y, 1, € )

» concretization functiony,: & = (& — O):

7,0 E 7,1210)

where7,: P(€/ =) - A — (& — O):

7,[CILEAF: 1) &y la (O)1(f)

VALCI(NODE {c}: t; 1)) = 74lC U {c}1(2) U74[C U {~c}](5)

andyp: D - F — (& — O):

yrlD)( Fd>ef: %
}’F:D:(TF =,

Abstract Interpretation



Piecewise-Defined Functions Domain

Abstract Domain Operators

 They manipulate elements in &/ - ({NIL} U of

* The binary operators rely on a tree unification algorithm

e approximation order <, and computational order L ,
» approximation join Y, and computational join LI,

* meet Ay

» widening V4

* The unary operators rely on a tree pruning algorithm

b
« assignment ASSIGN4[[X « e]|
o test FILTER4[ €]




Piecewise-Defined Functions Domain

Abstract Domain Operators

 They manipulate elements in &/ - «NIL} U

* The binary operators rely on a tree unification algorithm

e approximation order <, and computational order L ,
» approximation join Y, and computational join LI,

* meet Ay

e widening V4

* The unary operators rely on a tree pruning algorithm

(_
« assignment ASSIGN,4[[X « e]]
e test FILTER4[[e]]




Piecewise-Defined Functions Domain

Goal: find a common refinement for the given decision trees

e Base cases:

Caterina Urban

Abstract Interpretation



Piecewise-Defined Functions Domain

Tree Unification (continue)

C, Is redundant
» Case (1)

Abstract Interpretation



Piecewise-Defined Functions Domain

Tree Unification (continue)

» Case (2) (simmetric to (1))

e Case @ c is redundant

Abstract Interpretation



Piecewise-Defined Functions Domain

Tree Unification (continue) Example

Abstract Interpretation



Piecewise-Defined Functions Domain

Abstract Domain Operators

 They manipulate elements in &/ - «NIL} U

* The binary operators rely on a tree unification algorithm

« approximation order <, and computational order L ,
» approximation join Y, and computational join LI,

* meet Ay

e widening V4

* The unary operators rely on a tree pruning algorithm

(_
« assignment ASSIGN,4[[X « e]]
e test FILTER4[[e]]




Piecewise-Defined Functions Domain
Order

1. Perform tree unification

2. Recursively descend the trees while accumulating the linear constraints
encountered along the paths into a set of constraints C

3. Compare the leaf nodes using
the approximation order <, | (C)]

or the computational order C.[a(C)]

The concretization function y, is monotonic with respect to <4:

L emma

Vit € A1) S, 1 = yat) X y7a(h)




Piecewise-Defined Functions Domain

Abstract Domain Operators

 They manipulate elements in &/ - «NIL} U

* The binary operators rely on a tree unification algorithm

e approximation order <, and computational order L ,
« approximation join Y, and computational join Ll,
* meet Ay

e widening V4

* The unary operators rely on a tree pruning algorithm

(_
« assignment ASSIGN,4[[X « e]]
e test FILTER4[[e]]




Piecewise-Defined Functions Domain
Join

1. Perform tree unification

2. Recursively descend the trees while accumulating the linear constraints
encountered along the paths into a set of constraints C

3. NIL v, t ¥

(v, NIL €'

4. Join the leaf nodes using
the approximation join Y [a-(C)]
or the computational join L [a-(C)]

Abstract Interpretation




Piecewise-Defined Functions Domain

Join (continue)

e approximation join Y [D], where D € -

e between defined leaf nodes:

def { f:/lp S yD(D) max(fl(“wp(Xi)a )9f2(9p(X1)9 )) fe LC%T\{ F o TF}

hHYrlD] f, =

Tr otherwise

Example:
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Abstract Interpretation
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Piecewise-Defined Functions Domain

Join (continue)

e approximation join Y [D], where D € -

e between defined leaf nodes:

£, 1Dl £, def { f=2p € yp(D): max(fi(...,p(X),...), H(...,p(X),...)) feF\{Lp, T}

Tr otherwise

* otherwise (i.e., when one or both leaf nodes are undefined):

def

Ly Ve lD] fdzf L fe€F\ Tr} 1, T,

J Yr D] J_Fd:efJ_F JeF\{ Tr} : -
VIR

J Yr D] TFd:efTF feF\{ Lr} J: 2 :




Piecewise-Defined Functions Domain

Join (continue) Example

Abstract Interpretation



Piecewise-Defined Functions Domain

Join (continue)

« computational join LI [D], where D € I:

e between defined leaf nodes:

def { f:/lp S }/D(D) max(fl(°'°9p(Xi)9 )9f2(910(Xl)9 )) fe LC%V\{ F o TF}

hYrlID] f, =

Tr otherwise

* otherwise (i.e., when one or both leaf nodes are undefined):

TF
LU DI 2SS feF
fUplD] Lp = f fe £ 7ZM SN
TFUF[D]fdzf TF fEJ'
fuz[Dl Tz = T, fesF J_

F




Piecewise-Defined Functions Domain

Abstract Domain Operators

 They manipulate elements in &/ - ({NIL} U of

* The binary operators rely on a tree unification algorithm

e approximation order <, and computational order L ,
» approximation join Y, and computational join LI,

* meet Ay

» widening V4

* The unary operators rely on a tree pruning algorithm

b
« assignment ASSIGN4[[X « e]|
o test FILTER4[ €]




Piecewise-Defined Functions Domain
Meet

1. Perform tree unification

2. Recursively descend the trees while accumulating the linear constraints
encountered along the paths into a set of constraints C

3. NIL v, &' NIL

£ v, NIL %' NIL

4. Join the leaf nodes using the approximation join Y [a(C)]

Abstract Interpretation



Piecewise-Defined Functions Domain

Meet (continue) Example

Abstract Interpretation



Piecewise-Defined Functions Domain

Abstract Domain Operators

 They manipulate elements in &/ - «NIL} U

* The binary operators rely on a tree unification algorithm

e approximation order <, and computational order L ,
» approximation join Y, and computational join LI,

* meet Ay

* widening V 4

* The unary operators rely on a tree pruning algorithm

(_
« assignment ASSIGN,4[[X « e]]
e test FILTER4[[e]]




Piecewise-Defined Functions Domain

Goal: try to predict a valid ranking function

Example

Ny MUY

g?#




Piecewise-Defined Functions Domain

1. Check for case A (i.e., wrong domain predictions)

2. Perform domain widening

3. Check for case B or C (i.e., wrong value predictions)

Caterina Urban

Abstract Interpretation




Plecewise-Defined Functions Domain
Widening (continue) Check for Case A

L emma

Let dom(yA(%ﬂ‘(f MM\dom(Z£,,(£)) # &. Then, in case A, we have
dom(y, (A3 + (£))\dom(R,(£)) C dom(y,(R1(£)))\dom(R(£)).

1. Perform tree unification

2. Recursively descend the trees while accumulating the linear constraints
encountered along the paths into a set of constraints C

.




Piecewise-Defined Functions Domain

Goal: limit the size of the decision trees

e Base case:

Abstract Interpretation



Piecewise-Defined Functions Domain

Widening (continue) Domain Widening

e Case @ C, Is redundant

Abstract Interpretation



Piecewise-Defined Functions Domain

Widening (continue) Domain Widening

» Case (2) (as for tree unification)

» Case (3)

c IS redundant

Abstract Interpretation



Piecewise-Defined Functions Domain

Widening (continue) Check for Case Bor C

L emma

Let yA(%}E‘(f N(P) < R, (€)(p) for some p € dom(HK£,,(£)) N dom(}/A(%ﬁZ‘)(f )) (case B). Then, there
exists p € dom(yA(%ﬂ’“(f ) N dom(%ﬂ’(f )) such that yA(@ﬂ‘(f )(p) < }/A(%}Zl“(f )(p).

L emma

Let dom(yA(%ﬂ‘(f MM\dom(£,,(¢)) # &. Then, for all
p E dom(}/A(%%‘(f )\dom(£,,(¢)) in case C, we have

YA(RT(EN(P) < (RO (p).

Abstract Interpretation



Piecewise-Defined Functions Domain

1. Recursively descend the trees while accumulating the linear constraints
encountered along the paths into a set of constraints C

HEF\ Lp, Tt AL Zp[a(O)] fi

Abstract Interpretation Caterina Urban



Piecewise-Defined Functions Domain

Widening (continue) Value Widening

1. Recursively descend the trees while accumulating the linear constraints
encountered along the paths into a set of constraints C

2. Widen each (defined) leaf node f with respect to each of their adjacent

(defined) leaf node f using the extrapolation operator v [a(C), a (O)],
where C is the set of constraints along the path tof

Example:

‘k | | | | | | “‘ | | | ‘k | | |
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e
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Piecewise-Defined Functions Domain

Abstract Domain Operators

 They manipulate elements in &/ - «NIL} U

* The binary operators rely on a tree unification algorithm

e approximation order <, and computational order L ,
» approximation join Y, and computational join LI,

* meet Ay

e widening V4

* The unary operators rely on a tree pruning algorithm

(_
« assignment ASSIGN,4[[X « e]]
e test FILTER4[[e]]




Piecewise-Defined Functions Domain

Tree Pruning

Goal: add a set J of linear constraints to the decision tree

* Base case (J = &)

@ C Is redundant @ cis keptint

-----------------
““““

G *
--------------------

-----------------
tttt

. * . *
--------------------------------------

- *
--------------------
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Plecewise-Defined Functions Domain
Tree Pruning (continue)

. min J is redundant

+ Case (1)

Abstract Interpretation



Piecewise-Defined Functions Domain

Tree Pruning (continue)

C Is redundant @ cis keptint

Abstract Interpretation



Piecewise-Defined Functions Domain

Tree Pruning (continue) Example

JE v 23>0

*
*
*
*
*
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*
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*
*
.
.
-
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Piecewise-Defined Functions Domain

Abstract Domain Operators

 They manipulate elements in &/ - «NIL} U

* The binary operators rely on a tree unification algorithm

e approximation order <, and computational order L ,
» approximation join Y, and computational join LI,

* meet Ay

e widening V4

* The unary operators rely on a tree pruning algorithm

(_
« assignment ASSIGN,[[X « ]
o test FILTER4[ €]




Piecewise-Defined Functions Domaln
Assignments ASSIGNA[[X — ¢]

 Base case ( )

b
Apply ASSIGNg[ X « e]lla-(C)] on the defined leaf nodes

T, otherwise

ASSIGNF[[X < ell[D](f) = {f fEFN L. Tr ] feF\{ Lp, T}

where 7(.... X, X, ...) = max{f(..., p(X),v,...) + 1 | p € yo(ASSIGNp[X < e[D) A v € E[[e]lp)

Example:

ASSIGNx < x+ [1,2]0[ Ty 1(Ax.x + 1) = Ax.x + 4
(since f(x+ 12D+ 1 =x+[1,2]+1+1=x+41[3,4] and max(3,4) =




Piecewise-Defined Functions Domaln
Assignments ASSIGNA[[X — ¢]

Convert ASSIGN pllX < ell(a-({c}) and
ASSIGND[[X — ell(a-({ —c})

into sets / and J of linear constraints in canonical form

Case®l J @ case@l ONLl-€J

2. Join the results with Y 4

Abstract Interpretation



Piecewise-Defined Functions Domain

Abstract Domain Operators

 They manipulate elements in &/ - «NIL} U

* The binary operators rely on a tree unification algorithm

e approximation order <, and computational order L ,
» approximation join Y, and computational join LI,

* meet Ay

e widening V4

* The unary operators rely on a tree pruning algorithm

(_
« assignment ASSIGN,4[[X « e]]
o test FILTER,[le]]




Piecewise-Defined Functions Domain

1. Recursively descend the tree and apply STEP£ on the defined leaf nodes
to account for one more execution step needed before termination:

def o
STEPHS) = AX;, ... X, . f(X;, ..., X)) + 1 feF\{ 1y, Tr}

Example: a(FILTERplle]] T )
where (2, T, ) is the underlying numerical domain

3. Perform tree pruning with J

Abstract Interpretation

Caterina Urban



Abstract Definite Termination Semantics

For each program instruction stmt, we define a transformer %?\}[[stmt]] A - A

def S

X « ellr = ASSIGN,4[[X « e]t

Lemma (Soundness)

RulX < ellys() < (R IX < elld)

Abstract Interpretation



Abstract Definite Termination Semantics

For each program instruction stmt, we define a transformer %?\}[[stmt]] A - A

o X e = ASSIGNA[[X — e]|t

. 7' [if ¢ 0 then s end]lr = FILTERa[e M OT(R* [[s, 1) V- FILTER,[[e b4 OT(1)

Lemma (Soundness)

Ryllif e X 0 then s end[ly,(7) < yA(% [if e < O then s end]|?)

Abstract Interpretation



Abstract Definite Termination Semantics

For each program instruction stmt, we define a transformer %?\}[[stmt]] A - A

o X e = ASSIGNA[[X — e]|t

. 7' [if ¢ 0 then s end]lr = FILTERa[e M OT(R* [[s, 1) V- FILTER,[[e b4 OT(1)

def

o while ¢} 0 do s donellr = Ifp"F 1#(4

where " FILTER[Te 4 OT(A" [[sTx) v FILTER4[[e b OT(?)

Lemma (Soundness)

R, [while e 0 do s done]ly,(r) < y,(Z#% [while e 0 do s done]))

Abstract Interpretation



Abstract Definite Termination Semantics

For each program instruction stmt, we define a transformer %?\}[[stmt]] A - A

o X e = ASSIGNA[[X — e]|t

. 7' [if ¢ 0 then s end]lr = FILTERa[e M OT(R* [[s, 1) V- FILTER,[[e b4 OT(1)

o while e < 0 do s done d=ef fp"F 1#(4

where " FILTER[Te 4 OT(A" [[sTx) v FILTER4[[e b OT(?)

def
o By lIspsllt = R s 1R, ]l0)

Lemma (Soundness)

Rullsy; s:llya(0) < ya( R lsy; 5,110)




Abstract Definite Termination Semantics

Definition

The abstract definite termination semantics @?‘}[[sf | € o of a program s’ is:

def

R s°] = R [sI(LEAF: AX,, ..., X,.0)

where @?‘}[[s]] . o — 4 is the abstract definite termination semantics of each program instruction s

Theorem (Soundness)

Rulls’1 < (R [s°])

Corollary (Soundness)
4

must terminate starting from a set of initial states / if I C dom(yA(@ [sD)

A program s

Abstract Interpretation



Abstract Definite Termination Semantics

Example

1X < [-00,00
2y <« :_OO’OO:
while 3(x > 0) do

X — X-YV
done>

.
.
.
.
.
.
.

Abstract Interpretation




Abstract Definite Termination Semantics

Example
1X < [-00,00
2y < [-00,00
while 5.5 G de™"
4 <N\ - Y
FILTER4[[x < O]

.
.
.
.

Abstract Interpretation




Abstract Definite Termination Semantics

Example

1X < [-00,00
2y «— [-00,00
while 3x S0 do

X — X-YV
done>

Abstract Interpretation




Abstract Definite Termination Semantics

Example

1X < [-00,00]
2y «— [-00,00

-
.
P

while 3x'S 0) do
%X Y
done?

b
ASSIGNy[[x <« x — ]|

Abstract Interpretation



Abstract Definite Termination Semantics

Example

Abstract Interpretation



Abstract Definite Termination Semantics

Example

1X < [-00,00
2y <« :_OO’OO:
while 3(x > 0) do
X = X-y
done?®
. Va4

*
*
*
*
*
*
*
*
*
*
.
*
*
*
*
*
*
-

Abstract Interpretation




Abstract Definite Termination Semantics

Example

1X < [-00,00
2y <« :_OO’OO:
while 3(x>0) do

X=X -y
done® X

Abstract Interpretation




Abstract Definite Termination Semantics

Example

1X < [-00,00]
2y «— [-00,00

while 3(x'S0) do
X = X -y
done>

Abstract Interpretation




Abstract Definite Termination Semantics

Example

1X < [-00,00]
2y «— [-00,00

while 3(x'S ) do

X=Xy
done®
yA
=T 'X

Abstract Interpretation



Abstract Definite Termination Semantics

Example

1X < [-00,00]
2y «— [-00,00

while 3(X>O)do .................

X = X -y
done® :

Abstract Interpretation



Abstract Definite Termination Semantics

Example

1X < [-00,00

2y «— [-00,00

while 3()'('"5”'(5)'“&6 .................
X — X-YV

done>

Abstract Interpretation




Abstract Definite Termination Semantics

Example

1X < [-00,00]
2y «— [-00,00

while 3(x'S ) do
X — X-YV
done®

Abstract Interpretation

Better Widening




Ordinal-Valued Ranking Functions

Abstract Interpretation



Need for Ordinals

------------
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Caterina Urban
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Ordinals

successorfordinals
0 succ(a) € aVU{a}

limit ordinals

| ] g
O 3 /

\\ Wy2+1 / 2
N
w4 /
\\ l>§\\\\\\ wI:; ////// - /
~ §\\\\ i //////Suf_'_b% _
=
3‘*’”&- Wt
S - —3
\{Qzﬂu 2\\

finite ordinals

Caterina Urban

transfinite ordinals

OPLSS 2025 Abstract Interpretation
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Ordinal Arithmetic

Addition
a+0=a (zero case)
a+succ(f) = succ(a + p) (successor case)
a+p= U (a+7y) (limit case)
y<p
Properties
e associative (a+p)+y=a+(p+7y)
« not commutative l+wo=wFw+1

Abstract Interpretation




Ordinal Arithmetic

Multiplication

a-0=20 (zero case)
a-succ(f)=(ax:-p)+a (successor case)

a-f= U (a-7) (limit case)

y<p

Properties
 associative (a-p)-y=a- -(f-y)
» left distributive a-(f+y)=(a-p)+ (a:y)
« not commutative 2-0=wWFw-?2

* notright distributive (w+ 1) - o =w - 0w F#Fw- -w+ w




Piecewise-Defined Function Domain

Functions Auxiliary Abstract Domain

» Parameterized by an underlying numerical abstract domain (<, C,, )

’ Wdzef{lW}U{

Za)lfl | € F\ Lp, T}

Cantor Normal Form
T
PUL T ) o’ n 4+ .. +ofion

cFE L u@Y SN U{ T,

Abstract Interpretation




Piecewise-Defined Function Domain

Functions Auxiliary Abstract Domain (continue)

e approximation order < [D], where D € &:

e between defined leaf nodes:

Za)i- ! SW[D]Za)i-fi2 dzef‘v’p Eyp(D) :Za)i-fl-l( L pX) . ) SZa)i-fiz( L pX) . )

e otherwise (i.e., when one or both leaf nodes are undefined):

*
0.. R .
* *
*
0’ .

f: 7ZM - O

Abstract Interpretation



Piecewise-Defined Function Domain

Functions Auxiliary Abstract Domain (continue)

» computational order C.[D], where D € 9:

e between defined leaf nodes:

Y wi-f. CyIDTY wi-f, EVpeyp(D):Y w'-fi(..pX). V<Y o' -fi(.p(X)..)

e otherwise (i.e., when one or both leaf nodes are undefined):

Tw

f: 7z 5 O

Abstract Interpretation



Piecewise-Defined Functions Domain

o C{LEAF: | fe F) U [NODE(c): 11, | c € G Aty 1, € A )

e concretization functiony,: & — (& — 0O):

7,0 F 7,121

where 7,: P(Cl =) > A — (& — O):

7,[CILEAF: 1) ¥y la(O)(f)

7AlCI(INODE{c}: #; 1)) =t YALC U {c}](#) UP4IC U { ~c}](5)

andyp: I - F — (& — 0):

rlPIC L) (.jzef 2, |
7DICY @' f) = dp € pD): Y @' fi....pX), ...)

DT E &




Piecewise-Defined Functions Domain

Abstract Domain Operators

 They manipulate elements in &/ - ({NIL} U of

* The binary operators rely on a tree unification algorithm

e approximation order <, and computational order L ,
» approximation join Y, and computational join LI,

* meet Ay

* widening V4

* The unary operators rely on a tree pruning algorithm

(_
« assignment ASSIGN,4[[X « e]]
o test FILTER4[ €]




Piecewise-Defined Functions Domain

Abstract Domain Operators

 They manipulate elements in &/ - «NIL} U

* The binary operators rely on a tree unification algorithm

e approximation order <, and computational order L ,
« approximation join Y, and computational join Ll,
* meet Ay

* widening V4

* The unary operators rely on a tree pruning algorithm

(_
« assignment ASSIGN4[[X « e]|
e test FILTER [ €]




Piecewise-Defined Functions Domain

Approximation Join

e approximation join Y [D], where D € I:

e between defined leaf nodes:

approximation join Y [ D] in ascending powers of @

Example:
fi — C()z * xl + Q - Xz 1 3
]3 — a)z * Xl + Q - (_X2) + 4

o’ (x+1) + -0 + 4

hYwl Tpl

Abstract Interpretation



Piecewise-Defined Functions Domain

Approximation Join

e approximation join Y [D], where D € I:

e between defined leaf nodes:

approximation join Y [ D] in ascending powers of @

* otherwise (i.e., when one or both leaf nodes are undefined):

def

Ly Yw D] fdzf Ly €W\ Ty}

J YwlD] Ly d:efJ_W JEWDN\ Ty |} J_F‘ ‘TF
Tw Yw DI f = Tw feW\{ Ly}
fYw Dl Ty = Ty feW\{ Ly} £ 7M S N




Piecewise-Defined Functions Domain

Computational Join

« computational join LI [D], where D € I:

e between defined leaf nodes:

computational join Lly, [D] in ascending powers of @

* otherwise (i.e., when one or both leaf nodes are undefined):

def

Ly W[D]fdsz JTew Tr
fuy D] Ly d:ff few
TyUyDIf =Ty €W f: ZM = N

fUw D] Ty = Ty JEW




Piecewise-Defined Functions Domain

Abstract Domain Operators

 They manipulate elements in &/ - ({NIL} U of

* The binary operators rely on a tree unification algorithm

e approximation order <, and computational order L ,
» approximation join Y, and computational join LI,

* meet Ay

* widening V 4

* The unary operators rely on a tree pruning algorithm

(_
« assignment ASSIGN4[[X « e]|
o test FILTER4[ €]




Plecewise-Defined Functions Domain
Widening Value Widening

1. Recursively descend the trees while accumulating the linear constraints
encountered along the paths into a set of constraints C

2. Widen each (defined) leaf node f with respect to each of their adjacent

(defined) leaf node f using the extrapolation operator v [a(C), a(C)],
where C is the set of constraints along the path tof
In ascending powers of @

yield Ty, when the extrapolation of natural-valued functions yields T

Abstract Interpretation




Piecewise-Defined Functions Domain

Abstract Domain Operators

 They manipulate elements in &/ - «NIL} U

* The binary operators rely on a tree unification algorithm

e approximation order <, and computational order L ,
» approximation join Y, and computational join LI,

* meet Ay

e widening V4

* The unary operators rely on a tree pruning algorithm

(_
« assignment ASSIGN,[[X « ]
o test FILTER4[ €]




Piecewise-Defined Functions Domain

 Base case ( )

b
Apply ASSIGNg[ X « e]lla-(C)] on the defined leaf nodes

Example:

f
ASSIGN y{Lx; < [—o0,+0o]1I[T )

a)'xl XZ

w1 + -0 + x2 + 1

w-o=0"1+w0-0

Caterina Urban

Abstract Interpretation



Abstract Definite Termination Semantics

1X1 « [-00,00]
2x2 «— [-00, 00}
while 3{x1'> 0 A x2 > 0) do
4 « [-00, 0]
if 5(b > 0) then
6x1 «— x1 - 1
X2 « [-00, 0]
else
8x2 «— x2 -1

done®

fd_Gf{l XISOVX2SO
3 =

@-(x;=7+Tx;+3% -5 x;>0Ax,>0

Caterina Urban
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Static Termination Analysis

FuncTion

practical tools

targeting specific programs

Abstract Interpretation



FuncTlion
Q CDCL
E PROGRAM\

CTL PROPERTY ------veenn=--

CFG

-
-
-
-
-
-
-
-
. =
-
-

POLYHEDRA
0 ORDINALS

OCTAGONS WIDENING
AFFINE

INTERVALS

ABSTRACT DOMAIN

Q ASSIGNMENTS
Q COEFFICIENTS

a DELAY
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Liveness Properties

*something good eventually happens at least once”

 Example: Program Termination

“*something good eventually happens infinitely often”

 Example: Starvation Freedom

Caterina Urban
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Computation Tree Logic (CTL)

AF@ = A(true U ¢) EF¢$ = E(true U ¢)
® ® 0O G ﬁ‘ A
‘ | Q D ‘f\ﬁ ® D

-----
e 8

Edmund Clarke = Alle Eme rson
OPLSS 2025
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Guarantee Properties

“something good eventually happens at least once”

AF ¢
p.:=eX0 | C:eXO | oAP | PV P re s

Example:
P def

X « [-00, +00] AF (x = 3) is satisfied for I = {(1,p) € 2 | p(x) < 3}
while 2(x > 0) do
X «— X + 1
done*
while 5(0 > 0) do
if (x < 10) do
X —x+1
else
8X «— -X
done?®




Static Guarantee Analysis
3-Step Recipe

practical tools

targeting specific programs

abstract semantics, abstract domains
algorithmic approaches to decide program properties

concrete semantics
mathematical models of the program behavior




Static Guarantee Analysis

Program Guarantee Semantics

concrete semantics

mathematical models of the program behavior




Guarantee Program Semantics

Definite Termination Program Semantics

0 c e A
Fu(fe € 3 sup(fic) + 1| (0.0) €7} o€ pre (dom(f))

undefined otherwise

RY. = ifp=F [{6 eX|oE gﬂ}]
0 cES

FelSlf €' Jo. {sup{f(a’) +1](0.0) €1} o &S A0 E pre(dom(f))
undefined otherwise




Guarantee Program Semantics

9?2 o fp=F [{0 eEX|oFE qo}]
0 cES

F[S]f = Ao. S sup{f(c)+1|(c,06)E T} 6&SACE p?ef(dom(f))
undefined otherwise

Theorem (Soudness and Completeness)

A program satisfies a guarantee property AF ¢ starting from a set of initial states / if and only if I C dom(%?;)




Static Guarantee Analysis

abstract semantics, abstract domains
algorithmic approaches to decide program properties

Caterina Urban
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Abstract Program Guarantee Semantics

Piecewise-Defined Ranking Functions Abstract Domain

For each program instruction stmt, we define a transformer @(p#[[stmt]] A - A

def

. X «ellr = RESETA [[qﬂ]](ASSIGNA[[X «— e]l?)
: if ¢4 0 then s end]r = RESETS[@I(FILTER,[e bt OT(Z%*[s]) Y, FILTER4[[e b 0]))
g while ¢ X 0 do s done o fp* F" 9(”;#

where “E' RESETSI@I(FILTER[e b4 ON(%#*[sTlx) v FILTER,[[e 4 OT(1)))

d f
: spsollt = RO R s, ]In)




Abstract Program Guarantee Semantics

Piecewise-Defined Ranking Functions Abstract Domain

Definition

The abstract guaranteee semantics 55?2”;#[[55 I € & of a program s’ is:

F'sT = AT (RESETSI@N(LEAF: 1;))

where %g#[[s]] . o — g is the abstract guarantee semantics of each program instruction s

Theorem (Soundness)

RN < yu(RELST)

Corollary (Soundness)

A program s satisfies a guarantee property AF ¢ starting from a set of initial states [ if I C dom(yA(%g#[[s”ﬂ D)




Abstract Program Guarantee Semantics

while 1(x > 0) do
2X «— X + 1
done
while 3(0 > 0) do
if 4x < 10) do
X «— X + 1
else
6X «— -X

done’

AF (x = 3) . .



Abstract Prq_ arantee Semantics

Example

while 1(x > 0) do
2X «— X + 1
done

a4
1

while 3(0 > 0) do x=x+1{  |x>0 \x<0
2

if 4x < 10) do
X «— X + 1

else
6X «— -X

done’

X =x-+1
tr X 1= —

Property o > 10

AF (x = 3)




Abstract Prc

while 1(x > 0) do
2X «— X + 1
done
while 3(0 > 0) do
if 4(x < 10) do
X «— X + 1
else
6X «— -X

done’

AF (x = 3)




Abstract Prc

while 1(x > 0) do
2X «— X + 1
done
while 3(0 > 0) do
if 4(x < 10) do
X «— X + 1
else
6X «— -X

done’

AF(x=3
( ) 5 6




Abstract Pr¢

while 1(x > 0) do
2X «— X + 1
done
while 3(0 > 0) do
if 4(x < 10) do
X «— X + 1
else
6X «— -X

done’

AF (x = 3)

4
5 6




Abstract Prc

while 1(x > 0) do
2X «— X + 1
done
while 3(0 > 0) do
if 4(x < 10) do
X «— X + 1
else
6X «— -X

done’

AF(x=3
( ) 5 6




Abstract Prq_ arantee Semantics

Example

while 1(x > 0) do 0
2X «— X + 1
done
while 3(0 > 0) do
if 4(x < 10) do
X «— X + 1
else
6X «— -X

done’

> x|
Property /\ 4 /\
x < 10 x > 10
AF (x = 3)
5




Abstract Pre arantee Semantics

the analysis gives x < 3 as
sufficient precondition

while 1(x > 0) do
2X «— X + 1
done
while 3(0 > 0) do
if 4x < 10) do
X «— X + 1
else
6X «— -X

done’

X =x-+1
tr X 1= —

Property y > 10

AF (x = 3)

Caterina Urban



Static Guarantee Analysis
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Recurrence Properties

“something good eventually happens infinitely often”

AG AF ¢
p.:=eX0 | C:eXO | oAP | PV P re s

Example:
P def

1 — [-00, +00] AG AF (x = 3) is satisfied for I = {(1,p) € 2 | p(x) < 0}
while 2(x > 0) do
OX «— X + 1
done*
while 5(0 > 0) do
if 6(x < 10) do
X — X+ 1
else
8X « -X
done®




Static Recurrence Analysis
3-Step Recipe

practical tools

targeting specific programs

abstract semantics, abstract domains
algorithmic approaches to decide program properties

concrete semantics
mathematical models of the program behavior




Static Recurrence Analysis

Program Recurrence Semantics

concrete semantics

mathematical models of the program behavior




Recurrence Program Semantics

Guarantee Semantics

9?4(”; del Ifp=F [{0 eX|oFE (p}]
0 cES

FoISIf € 6.3 suplfic) + 1| (6,0) €7} o6& SAc € pre(dom(f))
undefined otherwise

s’
\ & > build upon the semantics of sub-formulas

K, = dfege Fr @
/(o) 6 € dom(f) N pre (dom(f))

undefined otherwise

F R(f )O {




Recurrence Program Semantics

def =

Fo(f)o def {f(a) o € dom(f) N p?ef(dom(f))

undefined otherwise

SR %"

Theorem (Soudness and Completeness)

A program satisfies a recurrence property AG AF ¢ starting from a set of initial states 7 if and only if 1 C dom(@lgﬁ)




Static Recurrence Analysis

abstract semantics, abstract domains
algorithmic approaches to decide program properties

Caterina Urban
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Abstract Program Recurrence Semantics

Piecewise-Defined Ranking Functions Abstract Domain

For each program instruction stmt, we define a transformer @(g#[[stmt]] A - A

def R A
: X <« ellt = RESET,[@lI(ASSIGN4[[X « e]lr)
. if e X 0O then s end = RESETA[[ga]](FILTERA[[e X} O]](%¢#[[s]]t) Y FILTER4[[e I O]]7))
. while ¢ X O do s done = gpf” Fy Fo7

G(7)
where o %¢#[[Whlle e X 0 do s done]|

e RESETAI@I(FILTER e X O1(%4 [s1x) V7 FILTER,[[e % 01(1)))

d f
. S15 8y - %¢#[[S1]](%¢#[[S2]] 1)




Dual Widening

Let (<, E ) be a poset. A dual widening V: &I X D — I is such that:

(i) for all elements x,y € & we have x 3

(i) for all decreasing chains xy Jd x; d ...

IS ultimately stationary

Yo

def

xvyandy JdxVy
1 x, d ... the chain
def _
X0 Yn+1 = YV Xpqd

S

OPLSS 2025

S

Abstract Interpretation

Caterina Urban
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Abstract Program Recurrence Semantics

Piecewise-Defined Ranking Functions Abstract Domain

Definition

The abstract recurrence semantics %z#[[sf I € A of a program s’ is:

def

RN = RL[sI(LEAF: Lp)

where 3?%#[[5]] . o — 4 is the abstract recurrence semantics of each program instruction s

Theorem (Soundness)

R ESACH )

Corollary (Soundness)

A program s’ satisfies a recurrence property AG AF ¢ starting from a set of initial states 1 if / C dom(yA(Qf?z#[[sf D)




Abstract Program Recurrence Semantics

Example
while 1(x > 0) do
2X «— X + 1 1
done
while 3(0 > 0) do X;X+1< leO
if 4x < 10) do
OX «— X + 1 2
else
6X «— -X
done’
3
e ltrue X = —X
x < x > 10

AG AF (x = 3)

5 6




Abstract Prq_ currence Semantics

Example

while 1(x > 0) do 5

2X «— X + 1 e ‘1
done
while 3(0 > 0) do X;X+1< leO
if 4x < 10) do
OX «— X + 1 2
else
6K «— -X
done? RN
3 [
e ltrue X = —X
TR RN

AG AF (x = 3)

_ Abstract Interpretation




Abstract Prc

while 1(x > 0) do
2X «— X + 1
done
while 3(0 > 0) do
if 4(x < 10) do
X «— X + 1
else
6X «— -X

done’

AG AF (x = 3)




Abstract Prc

while 1(x > 0) do
2X «— X + 1
done
while 3(0 > 0) do
if 4(x < 10) do
X «— X + 1
else
6X «— -X

done’

AG AF (x = 3) .



Abstract Prq_ currence Semantics

Example

while 1(x > 0) do 0
2X «— X + 1
done
while 3(0 > 0) do
if 4(x < 10) do
X «— X + 1
else
6X «— -X

done’

AG AF (x = 3)



Abstract Pre currence Semantics

the analysis gives x < 0 as
_ sufficient precondition

while 1(x > 0) do
2X «— X + 1
done

a4

1
while 3(0 > 0) do X;X+1< leO

2

if 4x < 10) do
X «— X + 1

else

6X «— -X

done7 " /_\

3 7
= 1
" X ltrue X = —X
PR
x < 10 x > 10

_ Abstract Interpretation Caterina Urban

AG AF (x = 3)




Static Recurrence Analysis
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OPLSS 2025

Reading Suggestion

Abstract Interpretation of CTL Properties

Caterina Urban, Samuel Ueltschi, and Peter Miiller

Department of Computer Science
ETH Zurich, Switzerland

Abstract. CTL is a temporal logic commonly used to express program
properties. Most of the existing approaches for proving CTL properties
only support certain classes of programs, limit their scope to a subset of
CTL, or do not directly support certain existential CTL formulas. This
paper presents an abstract interpretation framework for proving CTL
properties that does not suffer from these limitations. Our approach au-
tomatically infers sufficient preconditions, and thus provides useful infor-
mation even when a program satisfies a property only for some inputs.
We systematically derive a program semantics that precisely captures
CTL properties by abstraction of the operational trace semantics of a
program. We then leverage existing abstract domains based on piecewise-
defined functions to derive decidable abstractions that are suitable for
static program analysis. To handle existential CTL properties, we aug-
ment these abstract domains with under-approximating operators.

We implemented our approach in a prototype static analyzer. Our exper-
imental evaluation demonstrates that the analysis is effective, even for
CTL formulas with non-trivial nesting of universal and existential path
quantifiers, and performs well on a wide variety of benchmarks.

Abstract Interpretation

Caterina Urban
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Static Analysis of HyperLiveness Properties

It’s Complicated

Abstract Interpretation



Program Properties

Example

1
a < [0, +o9] e Determinism: P aet {{o} | 0 € 2%}

2

b <« [0, +00]
3

q< 0
4

r < a
S

while 6(r > b) do
7

r—r—>D
8

q<qg+1
9

P < P

done
10

Caterina Urban
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Which Non-Termination Alarm is Worse?

function f(x) {

1...

27z < 10
S5if (... ) then
while 4z > 0) do > diverges when x = 0
57 «— 72 - X
done®
else

while 7(z > x) do < diverges when c > 0
8c «[-2, 1]
9z <~z +cC

done10
end

}1 1
_ Abstract Interpretation




Which Non-Termination Alarm is Worse?

Robust Non-Termination

function f(x) {

1...

27z < 10
S5if (... ) then
while 4(z > 0) do > diverges when x < 0
57 «— 7 - X
done®
else

while 7(z > x) do < diverges when c > 0
8c (_[_25 1]
9z <~z +cC

done10
end

}1 1
_ Abstract Interpretation




Robust Non-Termination

1 Input ¥V Non-Deterministic Choices : Program Diverges

function f(xH ...................................................................... demOnIC nOn_determlnlsm

1...

27z < 10
S5if (... ) then
while 4(z > 0) do > diverges when x < 0
57 «— 7 -X
done®
else
while 7(z > x) do
8c «[-2, 1]
97 «~z +C

done10
end

}1 1
_ Abstract Interpretation




Termination Resilience

7 Inputs 7 Non-Deterministic Choice : Program Terminates

function f(x) {

1...

27z < 10
S5if (... ) then
while 4z > 0) do
97 «— Z - X
done®
else

while 7(z > x) do Q) «——terminates when ¢ < 0, independently of the value of x
8¢ <_[_2, 1] € angelic non-determinism
97 <7 +cC
done10
end

}1 1
_ Abstract Interpretation




Static Termination Resilience Analysis
3-Step Recipe

practical tools
targeting specific programs

abstract semantics, abstract domains
algorithmic approaches to decide program properties

concrete semantics
mathematical models of the program behavior




Static Termination Resilience Analysis
3-Step Recipe

concrete semantics

mathematical models of the program behavior




Termination Resilience Semantics

function f(x) {
— / count execution steps backwards

1a « [-00, +00]
27z < 10
3if (@™a > 0) then
while 4z > 0) do
97 «— Z - X
done®
else

while 7(z > x) do
8c «[-2, 1]
97 <z +C

done10
end

}11

Caterina Urban
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Termination Resilience Semantics

e < £ aef dom(f;) € dom(f,) A Vx € dom(f;): fi(x) < fr(x)

~ def , - ,
_ 0 final states ¢ & QT “““““ preT(X) s | Vs’ (S,S> —= TAI > s’ € X}
o 2 pr. Af s sup{f(s)+ 1] (s,s) €1} s€E pre (dom(f)) input transitions -
? inf{f(sh+ 1| (s,sY €1} s€E pre._ (dom(f)) regular transitions

undetined {S | ds" € X: (s5,5) € T

- totally undefined function

.
.
.
»
>
.
L 4
.
.
‘e
°

149



Static Termination Resilience Analysis

abstract semantics, abstract domains
algorithmic approaches to decide program properties

Caterina Urban
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Piecewise-Defined Ranking Functions

Y

- - Abstract
Termination Resilience Termination Resilience
Semantics Semantics
FEES L
Lo dom(y(®%) C dom(®) T
RN Vx € dom(p(©F): O(x) < y(O%)(x) ™

Abstract Interpretation



Static Termination Resilience Analysis

the analysis tries to predict a valid ranking function

— A
? \%.# A A A A

| ] >
> >
Termination Resilience Semantics
: >
: = fy €., €l dom(f) € dom(fs) A Vix € dom(f): £i(x) < i)
(0 final states s € Q. v.,.‘.-'pwrefx(X) et {s|Vs": (s,5) € T: = s’ € X}
A S v B 5 . N
| 0% (ot 1pss 4 SPUS)+ 11 (s.5) €7) s € pra(dom(f))  Input ransitons -
Qg inf{f(sh+1]|(s,sYEr} s€E pre{r(dom(f)) regular transitions -
| undefined otherwise ... pre_(X) el {s|3s' € X: (s,5) € ;r}
— totally undefined function
>
—
152




Static Termination Resilience Analysis

Non-Deterministic Variable Assignments

functionf(x){ z+[-2,1]-x20 z+[-2,1]-x<0
z-x2[-1,2] z-x<[-1,2]
Z-X2>-1 Z-X<2

1a < [-00, +O0]
27z «— 10
Sif (@"a > 0) then

G

153

Termination Resilience Semantics

1 ChHh d:ef dom(f;) € dom(f;) A Vx € dom(f;): f;(x) < fo(x)

@ &f pré Af s .3

(0




Static Termination Resilience Analysis

Approximation Join or Resilience Join?

function f(x) {

approxma’uon join

while 7(z > x) do
ie <_[_2! 1]
97 <z +cC

done10
fi

}11




Static Termination Resilience Analysis

function f(x) {

while 4z > 0) do
97 «— Z - X
done®
else

while 7(z > x) do

8 _
c «[-2, 1] Axzac. 3z - 3x + 1
97 <7 + C

done10
end

}11




Static Termination Resilience Analysis

function f(x) {

13« [-00, +00]
2z <10
3if (@a*a > 0) then
while 4z > 0) do
2 «—Z-X
odb6
else
while 7(z > x) do
8c «[-2, 1]
9z <z +C

od10
fi

}11




Static Termination Resilience Analysis
3-Step Recipe

practical tools

targeting specific programs

Abstract Interpretation
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Experimental Evaluation
___---

SV-COMP 2024 Termination
__---
Termination
Raad et al @ OOPSLA 2024
__---

Termination

Shi et al. @ FSE 2022
| —_---
——_---

Termination
SV-COMP 2024
—_---
Termination
Raad et al @ OOPSLA 2024
—_---
Termination

o eraL @ PSR 20 __---




Experimental Evaluation

< equal precision
* X multivariate constraints are more precise
e univariate constraints are more precise (!)

=
(=)
o

o
4

Multivariate Constraints

o
N

10~

Univariate Constraints

Caterina Urban
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