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Termination Static Analysis
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Abstract Program Termination Semantics

concrete semantics 
mathematical models of the program behavior

abstract semantics, abstract domains 
algorithmic approaches to decide program properties

practical tools  
targeting specific programs
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Piecewise-Defined Ranking Functions
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Definite Termination 
Semantics

 

Abstract 
Definite Termination 

Semantics
 

𝛾

ℛx ♮ dom(γ(⊆∀
M)) : ⊆M(x) ∈ γ(⊆∀

M)(x)
dom(γ(⊆∀

M)) ≤ dom(⊆M)

⊆M ⊆∀
M



Termination Static Analysis

   (x < 0) …

x = x - 1

while
 (…) 

…

the analysis tries to predict a valid ranking function
!"
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Piecewise-Defined Function Domain
⟨ℰ, ⇀A 𝕆
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1x  [- , + ] 
while 2(x  0) do 
        3x  - 2  x + 10  
done4

≼ ⟩ ⟩
𝒜

≼ 𝗌

2 4 6 x. 1ℓ

x  0𝒜

x - 3  0𝒜

x - 4  0𝒜

x - 6  0𝒜

x. 3ℓ

x. 7ℓ

x. 9ℓ

x. 5ℓ

Example
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Piecewise-Defined Function Domain
Linear Constraints Auxiliary Abstract Domain
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• Parameterized by an underlying numerical abstract domain  (e.g., intervals, polyhedra):⟨𝗍, 𝗆D 𝕆

x. 1ℓ

x  0𝒜

x - 3  0𝒜

x - 4  0𝒜

x - 6  0𝒜

x. 3ℓ

x. 7ℓ

x. 9ℓ

x. 5ℓ

⟨⊇(∧/ ℒC ), 𝗆D 𝕆 ⟨𝗍, 𝗆D 𝕆
λC

γC

Example: 
X → [←⟩,3], Y → [0,⟩] γC∞ {3 ← X 𝒜 0, Y 𝒜 0}

•  is a set of linear constraints in canonical form, equipped with a total order :  ∧ ∈C
∧ def= {c1 𝗌 X1 + ck 𝗌 Xk + ck+1 𝒜 0 ≥ X1, …, Xk ♮ ⋅ 𝒟 c1, …, ck+1 ♮ ⊑ 𝒟 gcd( |c1 | , …, |ck+1 | ) = 1}
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Natural-Valued Ranking Functions
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Piecewise-Defined Function Domain
Functions Auxiliary Abstract Domain
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•  
 
 
We consider affine functions: 
 

𝒫 def= { 𝒞F } ≡ (⊑|⋅| → −) ≡ { ⟶F }

𝒫A
def= { 𝒞F } ≡ {f : ⊑|⋅| → − ≥

f(X1, …, Xk) =
k

∑
i=1

mi 𝗌 Xi + q

} ≡ { ⟶F }
x. 1ℓ

x  0𝒜

x - 3  0𝒜

x - 4  0𝒜

x - 6  0𝒜

x. 3ℓ

x. 7ℓ

x. 9ℓ

x. 5ℓ

• Parameterized by an underlying numerical abstract domain ⟨𝗍, 𝗆D 𝕆
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Piecewise-Defined Function Domain
Functions Auxiliary Abstract Domain (continue)
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• approximation order , where :


• between defined leaf nodes:  
 




• otherwise (i.e., when one or both leaf nodes are undefined):

⇀F [D] D ♮ 𝗍

f1 ⇀F [D] f2
def= ℛα ♮ γD(D) : f1(…, α(Xi), …) ∈ f2(…, α(Xi), …)

⟶F𝒞F

f : ⊑|⋅| → −
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Piecewise-Defined Function Domain
Functions Auxiliary Abstract Domain (continue)
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• computational order , where :


• between defined leaf nodes:  
 




• otherwise (i.e., when one or both leaf nodes are undefined):

𝗆F [D] D ♮ 𝗍

f1 ⇀F [D] f2
def= ℛα ♮ γD(D) : f1(…, α(Xi), …) ∈ f2(…, α(Xi), …)

f : ⊑|⋅| → −

𝒞F

⟶F
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Piecewise-Defined Functions Domain
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ℰ def= {∣𝕍ℤℱ : f ≥ f ♮ 𝒫} ≡ {⊥∪ℕ𝕍{c}: t1; t2 ≥ c ♮ ∧ 𝒟 t1, t2 ♮ ℰ}

• concretization function :  
 

 
 
where :  
 
where  
where  
 
and : 
 
where  
where  
where 

γA : ℰ → (⊤ 𝖫 𝖤)

γA(t) def= γA[𝖠](t)

γA : ⊇(∧/ ℒC ) → ℰ → (⊤ 𝖫 𝖤)

γA[C](∣𝕍ℤℱ : f ) def= γF[λC(C)]( f )
γA[C](⊥∪ℕ𝕍{c}: t1; t2)

def= γA[C ≡ {c}](t1) ·≡ γA[C ≡ {¬c}](t2)

γF : 𝗍 → 𝒫 → (⊤ 𝖫 𝖤)

γF[D]( 𝒞F ) def= ·𝖠
γF[D]( f ) def= ℓα ♮ γD(D) : f(…, α(Xi), …)
γF[D]( ⟶F ) def= ·𝖠
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Piecewise-Defined Functions Domain
Abstract Domain Operators
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• They manipulate elements in  

• The binary operators rely on a tree unification algorithm 

• approximation order  and computational order 

• approximation join  and computational join 

• meet 

• widening 


• The unary operators rely on a tree pruning algorithm 

• assignment 

• test 

ℰ⊥𝖥∣
def= {⊥𝖥∣} ≡ ℰ

⇀A 𝗆A
𝖭A 𝖮A

𝖣A
∅A

𝖨ℤ⋎⋎𝖥⊔⊥A[[X ≼ e]]
ℱ𝖥∣⋏𝕍▿A[[e]]
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Piecewise-Defined Functions Domain
Abstract Domain Operators
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• They manipulate elements in  

• The binary operators rely on a tree unification algorithm 

• approximation order  and computational order 

• approximation join  and computational join 

• meet 

• widening 


• The unary operators rely on a tree pruning algorithm 

• assignment 

• test 

ℰ⊥𝖥∣
def= {⊥𝖥∣} ≡ ℰ

⇀A 𝗆A
𝖭A 𝖮A

𝖣A
∅A

𝖨ℤ⋎⋎𝖥⊔⊥A[[X ≼ e]]
ℱ𝖥∣⋏𝕍▿A[[e]]
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Piecewise-Defined Functions Domain
Tree Unification
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Goal: find a common refinement for the given decision trees

f2f1

• Base cases:

f2f1

f1

f2

⊥𝖥∣

⊥𝖥∣

⊥𝖥∣ ⊥𝖥∣

f1

f2

⊥𝖥∣

⊥𝖥∣

⊥𝖥∣ ⊥𝖥∣
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Piecewise-Defined Functions Domain
Tree Unification (continue)
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• Case   1

f1

R1

c1

L1 R2

c2

L2

1a    is redundantc2

1b    is redundant¬c2

1c    is added to c2 t1

f1

f1

c2

R2

R2

c2

L2

L2

R2

R1

c1

L1
c2 ∈C c1

L2

R1

c1

L1
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Piecewise-Defined Functions Domain
Tree Unification (continue)
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• Case   2   (simmetric to  1  )


• Case   3

R1

c

L1 R2

c

L2

1a    is redundantc

1b    is redundant¬c

1c    is kept in  and c t1 t2
c

L2

R2

L1

R1

L2L1 R2R1
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Piecewise-Defined Functions Domain
Tree Unification (continue)
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Example

ρ

x  0𝒜

⊥𝖥∣⊥𝖥∣

x + 1  0𝒜

x. x + 4ℓ

⊥𝖥∣

x + 1  0𝒜

x  0𝒜

x. x + 4ℓ

x. x + 4ℓ ρ

x + 1  0𝒜

x  0𝒜

⊥𝖥∣

ρ
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Piecewise-Defined Functions Domain
Abstract Domain Operators
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• They manipulate elements in  

• The binary operators rely on a tree unification algorithm 

• approximation order  and computational order  
• approximation join  and computational join 

• meet 

• widening 


• The unary operators rely on a tree pruning algorithm 

• assignment 

• test 

ℰ⊥𝖥∣
def= {⊥𝖥∣} ≡ ℰ

⇀A 𝗆A
𝖭A 𝖮A

𝖣A
∅A

𝖨ℤ⋎⋎𝖥⊔⊥A[[X ≼ e]]
ℱ𝖥∣⋏𝕍▿A[[e]]
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Piecewise-Defined Functions Domain
Order
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1. Perform tree unification


2. Recursively descend the trees while accumulating the linear constraints 
encountered along the paths into a set of constraints 


3. Compare the leaf nodes using  
the approximation order   
or the computational order 

C

⇀F [λC(C)]
𝗆F [λC(C)]

ℛt1, t2 ♮ ℰ : t1 ⇀A t2 ⟵ γA(t1) ⇀ γA(t2)
Lemma

The concretization function  is monotonic with respect to :γA ⇀A
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Piecewise-Defined Functions Domain
Abstract Domain Operators
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• They manipulate elements in  

• The binary operators rely on a tree unification algorithm 

• approximation order  and computational order 

• approximation join  and computational join  
• meet 

• widening 


• The unary operators rely on a tree pruning algorithm 

• assignment 

• test 

ℰ⊥𝖥∣
def= {⊥𝖥∣} ≡ ℰ

⇀A 𝗆A
𝖭A 𝖮A

𝖣A
∅A

𝖨ℤ⋎⋎𝖥⊔⊥A[[X ≼ e]]
ℱ𝖥∣⋏𝕍▿A[[e]]
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Piecewise-Defined Functions Domain
Join
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1. Perform tree unification


2. Recursively descend the trees while accumulating the linear constraints 
encountered along the paths into a set of constraints 


3.  



4. Join the leaf nodes using  
the approximation join   
or the computational join 

C

⊥𝖥∣ 𝖭A t def= t
t 𝖭A ⊥𝖥∣ def= t

𝖭F [λC(C)]
𝖮F [λC(C)]
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Piecewise-Defined Functions Domain
Join (continue)
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• approximation join , where :


• between defined leaf nodes: 
 




• Example:  
 

 
 
 

𝖭F [D] D ♮ 𝗍

f1 𝖭F [D] f2
def= { f = ℓα ♮ γD(D) : max( f1(…, α(Xi), …), f2(…, α(Xi), …)) f ♮ 𝒫∖{ 𝒞F , ⟶F }

⟶F otherwise

𝒞F 𝖭F [D] f def= 𝒞F f ♮ 𝒫∖{ ⟶F }
f 𝖭F [D] 𝒞F

def= 𝒞F f ♮ 𝒫∖{ ⟶F }
⟶F 𝖭F [D] f def= ⟶F f ♮ 𝒫∖{ 𝒞F }
f 𝖭F [D] ⟶F

def= ⟶F f ♮ 𝒫∖{ 𝒞F }
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Piecewise-Defined Functions Domain
Join (continue)
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• approximation join , where :


• between defined leaf nodes: 
 




• otherwise (i.e., when one or both leaf nodes are undefined): 
 

 
 
 

𝖭F [D] D ♮ 𝗍

f1 𝖭F [D] f2
def= { f = ℓα ♮ γD(D) : max( f1(…, α(Xi), …), f2(…, α(Xi), …)) f ♮ 𝒫∖{ 𝒞F , ⟶F }

⟶F otherwise

𝒞F 𝖭F [D] f def= 𝒞F f ♮ 𝒫∖{ ⟶F }
f 𝖭F [D] 𝒞F

def= 𝒞F f ♮ 𝒫∖{ ⟶F }
⟶F 𝖭F [D] f def= ⟶F f ♮ 𝒫∖{ 𝒞F }
f 𝖭F [D] ⟶F

def= ⟶F f ♮ 𝒫∖{ 𝒞F }

⟶F𝒞F

f : ⊑|⋅| → −
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Piecewise-Defined Functions Domain
Join (continue)
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Example

ρ

x + 1  0𝒜

x  0𝒜

⊥𝖥∣

ρ⊥𝖥∣

x + 1  0𝒜

x  0𝒜

x. x + 4ℓ

x. x + 4ℓ

ρ

x + 1  0𝒜

x  0𝒜

x. x + 4ℓ

x. x + 4    ℓ 𝖭F ρ
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Piecewise-Defined Functions Domain
Join (continue)
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• computational join , where :


• between defined leaf nodes: 
 




• otherwise (i.e., when one or both leaf nodes are undefined): 
 

 
 
 

𝖮F [D] D ♮ 𝗍

f1 𝖭F [D] f2
def= { f = ℓα ♮ γD(D) : max( f1(…, α(Xi), …), f2(…, α(Xi), …)) f ♮ 𝒫∖{ 𝒞F , ⟶F }

⟶F otherwise

𝒞F 𝖮F [D] f def= f f ♮ 𝒫
f 𝖮F [D] 𝒞F

def= f f ♮ 𝒫
⟶F 𝖮F [D] f def= ⟶F f ♮ 𝒫
f 𝖮F [D] ⟶F

def= ⟶F f ♮ 𝒫

f : ⊑|⋅| → −

𝒞F

⟶F
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Piecewise-Defined Functions Domain
Abstract Domain Operators
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• They manipulate elements in  

• The binary operators rely on a tree unification algorithm 

• approximation order  and computational order 

• approximation join  and computational join 

• meet  
• widening 


• The unary operators rely on a tree pruning algorithm 

• assignment 

• test 

ℰ⊥𝖥∣
def= {⊥𝖥∣} ≡ ℰ

⇀A 𝗆A
𝖭A 𝖮A

𝖣A
∅A

𝖨ℤ⋎⋎𝖥⊔⊥A[[X ≼ e]]
ℱ𝖥∣⋏𝕍▿A[[e]]
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Piecewise-Defined Functions Domain
Meet
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1. Perform tree unification


2. Recursively descend the trees while accumulating the linear constraints 
encountered along the paths into a set of constraints 


3.  



4. Join the leaf nodes using the approximation join 

C

⊥𝖥∣ 𝖭A t def= ⊥𝖥∣
t 𝖭A ⊥𝖥∣ def= ⊥𝖥∣

𝖭F [λC(C)]
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Piecewise-Defined Functions Domain
Meet (continue)
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Example

ρ

x + 1  0𝒜

x  0𝒜

⊥𝖥∣

ρ⊥𝖥∣

x + 1  0𝒜

x  0𝒜

x. x + 4ℓ

x. x + 4ℓ

x + 1  0𝒜

x  0𝒜

x. x + 4    ℓ 𝖭F ρ ⊥𝖥∣

⊥𝖥∣
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Piecewise-Defined Functions Domain
Abstract Domain Operators
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• They manipulate elements in  

• The binary operators rely on a tree unification algorithm 

• approximation order  and computational order 

• approximation join  and computational join 

• meet 

• widening  

• The unary operators rely on a tree pruning algorithm 

• assignment 

• test 

ℰ⊥𝖥∣
def= {⊥𝖥∣} ≡ ℰ

⇀A 𝗆A
𝖭A 𝖮A

𝖣A
∅A

𝖨ℤ⋎⋎𝖥⊔⊥A[[X ≼ e]]
ℱ𝖥∣⋏𝕍▿A[[e]]
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Piecewise-Defined Functions Domain
Widening
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Goal: try to predict a valid ranking function

98 5. Piecewise-Defined Ranking Functions

0 0 0

1
1

3 2

(a) Most precise ranking function.

2 2 22

0 0 0

1
1

A B C

(b) Unsound abstraction.

Figure 5.10: Unsound abstraction (b) of a most precise ranking function (a).

on which it is not yet defined. The only requirement is that, when the iter-
ation sequence with widening is stable for the computational order, its limit
is a sound abstraction of the termination semantics with respect to the ap-
proximation order. In the following, we discuss in detail how the widening
guarantees the soundness of the analysis.

As running example, let us consider Figure 5.10. In Figure 5.10a we de-
pict a transition system and the value of the termination semantics for the
well-founded part of its transition relation. In Figure 5.10b we represent the
concretization of a possible iterate of the analysis: we assume that the first
iterate has individuated the states marked with value zero, the second iter-
ate has individuated the states marked with value one, and the widening at
the third iterate has extrapolated the ranking function over the states marked
with value two. In this case the abstraction both under-approximates the
value of the termination semantics (on the second state from the left — case
B) and over-approximates its domain of definition (including the first and the
last state from the left — case A and C, respectively). In case A, the non-
terminating loop is outside the domain of definition of the unsound abstract
function, while in case C the loop is inside. The analysis continues iterating
until all these discrepancies are solved and, in the following, we explain and
justify why this works in general.

For a loop while lbexp do stmt od, given a sound over-approximation
R 2 D of ⌧I(l), we define the iteration sequence with widening as follows:

y0
def
= ?T

yn+1
def
=

(
yn �\

Mt(yn) vT [R] yn ^ �\
Mt(yn) 4T [R] yn

yn OT �\
Mt(yn) otherwise

(5.2.24)

The prediction can (temporarily) be wrong!, i.e., it can

• under-approximate the value of 

and/or

• over-approximate the domain  of 

⊆M

dom(⊆M) ⊆M
98 5. Piecewise-Defined Ranking Functions

0 0 0

1
1

3 2

(a) Most precise ranking function.

2 2 22

0 0 0

1
1

A B C

(b) Unsound abstraction.

Figure 5.10: Unsound abstraction (b) of a most precise ranking function (a).

on which it is not yet defined. The only requirement is that, when the iter-
ation sequence with widening is stable for the computational order, its limit
is a sound abstraction of the termination semantics with respect to the ap-
proximation order. In the following, we discuss in detail how the widening
guarantees the soundness of the analysis.

As running example, let us consider Figure 5.10. In Figure 5.10a we de-
pict a transition system and the value of the termination semantics for the
well-founded part of its transition relation. In Figure 5.10b we represent the
concretization of a possible iterate of the analysis: we assume that the first
iterate has individuated the states marked with value zero, the second iter-
ate has individuated the states marked with value one, and the widening at
the third iterate has extrapolated the ranking function over the states marked
with value two. In this case the abstraction both under-approximates the
value of the termination semantics (on the second state from the left — case
B) and over-approximates its domain of definition (including the first and the
last state from the left — case A and C, respectively). In case A, the non-
terminating loop is outside the domain of definition of the unsound abstract
function, while in case C the loop is inside. The analysis continues iterating
until all these discrepancies are solved and, in the following, we explain and
justify why this works in general.

For a loop while lbexp do stmt od, given a sound over-approximation
R 2 D of ⌧I(l), we define the iteration sequence with widening as follows:

y0
def
= ?T

yn+1
def
=

(
yn �\

Mt(yn) vT [R] yn ^ �\
Mt(yn) 4T [R] yn

yn OT �\
Mt(yn) otherwise

(5.2.24)

Example

⊆M ⊆#
M
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Piecewise-Defined Functions Domain
Widening (continue)
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1. Check for case A (i.e., wrong domain predictions)


2. Perform domain widening 

3. Check for case B or C (i.e., wrong value predictions)


4. Perform value widening

98 5. Piecewise-Defined Ranking Functions

0 0 0

1
1

3 2

(a) Most precise ranking function.

2 2 22

0 0 0

1
1

A B C

(b) Unsound abstraction.

Figure 5.10: Unsound abstraction (b) of a most precise ranking function (a).

on which it is not yet defined. The only requirement is that, when the iter-
ation sequence with widening is stable for the computational order, its limit
is a sound abstraction of the termination semantics with respect to the ap-
proximation order. In the following, we discuss in detail how the widening
guarantees the soundness of the analysis.

As running example, let us consider Figure 5.10. In Figure 5.10a we de-
pict a transition system and the value of the termination semantics for the
well-founded part of its transition relation. In Figure 5.10b we represent the
concretization of a possible iterate of the analysis: we assume that the first
iterate has individuated the states marked with value zero, the second iter-
ate has individuated the states marked with value one, and the widening at
the third iterate has extrapolated the ranking function over the states marked
with value two. In this case the abstraction both under-approximates the
value of the termination semantics (on the second state from the left — case
B) and over-approximates its domain of definition (including the first and the
last state from the left — case A and C, respectively). In case A, the non-
terminating loop is outside the domain of definition of the unsound abstract
function, while in case C the loop is inside. The analysis continues iterating
until all these discrepancies are solved and, in the following, we explain and
justify why this works in general.

For a loop while lbexp do stmt od, given a sound over-approximation
R 2 D of ⌧I(l), we define the iteration sequence with widening as follows:

y0
def
= ?T

yn+1
def
=

(
yn �\

Mt(yn) vT [R] yn ^ �\
Mt(yn) 4T [R] yn

yn OT �\
Mt(yn) otherwise

(5.2.24)
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Piecewise-Defined Functions Domain
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Check for Case A

1. Perform tree unification


2. Recursively descend the trees while accumulating the linear constraints 
encountered along the paths into a set of constraints 


3.

C

𝒞Ff ⟶Ff

Let . Then, in case A, we have 
.

dom(γA(⊆#n
M (δ)))∖dom(⊆M(δ)) 𝖲 𝖠

dom(γA(⊆#n+1
M (δ)))∖dom(⊆M(δ)) 𝖦 dom(γA(⊆#n

M (δ)))∖dom(⊆M(δ))

Lemma

98 5. Piecewise-Defined Ranking Functions

0 0 0

1
1

3 2

(a) Most precise ranking function.

2 2 22

0 0 0

1
1
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(b) Unsound abstraction.

Figure 5.10: Unsound abstraction (b) of a most precise ranking function (a).

on which it is not yet defined. The only requirement is that, when the iter-
ation sequence with widening is stable for the computational order, its limit
is a sound abstraction of the termination semantics with respect to the ap-
proximation order. In the following, we discuss in detail how the widening
guarantees the soundness of the analysis.

As running example, let us consider Figure 5.10. In Figure 5.10a we de-
pict a transition system and the value of the termination semantics for the
well-founded part of its transition relation. In Figure 5.10b we represent the
concretization of a possible iterate of the analysis: we assume that the first
iterate has individuated the states marked with value zero, the second iter-
ate has individuated the states marked with value one, and the widening at
the third iterate has extrapolated the ranking function over the states marked
with value two. In this case the abstraction both under-approximates the
value of the termination semantics (on the second state from the left — case
B) and over-approximates its domain of definition (including the first and the
last state from the left — case A and C, respectively). In case A, the non-
terminating loop is outside the domain of definition of the unsound abstract
function, while in case C the loop is inside. The analysis continues iterating
until all these discrepancies are solved and, in the following, we explain and
justify why this works in general.

For a loop while lbexp do stmt od, given a sound over-approximation
R 2 D of ⌧I(l), we define the iteration sequence with widening as follows:

y0
def
= ?T

yn+1
def
=

(
yn �\

Mt(yn) vT [R] yn ^ �\
Mt(yn) 4T [R] yn

yn OT �\
Mt(yn) otherwise

(5.2.24)
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Domain Widening
Goal: limit the size of the decision trees

Left unification: variant of tree unification that forces the structure of  on t1 t2

f2f1

• Base case:

f2f1
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Widening (continue) Domain Widening

• Case   1

f1

R1

c1

L1 R2

c2

L2

1a    is redundantc2

1b    is redundant¬c2

1c    is removed from c2 t2

f1

f1
R2

c2

L2

L2

R2

c2 ∈C c1

L2 𝖮A R2

R1

c1

L1
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Widening (continue) Domain Widening

• Case   2   (as for tree unification)


• Case   3

R1

c

L1 R2

c

L2

1a    is redundantc

1b    is redundant¬c

1c    is kept in  and c t1 t2
c

L2

R2

L1

R1

L2L1 R2R1
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Widening (continue) Check for Case B or C

Let  for some  (case B). Then, there 
exists  such that .

γA(⊆#n
M (δ))(α) < ⊆M(δ)(α) α ♮ dom(⊆M(δ)) 𝖳 dom(γA(⊆#n

M )(δ))
α ♮ dom(γA(⊆#n+1

M (δ))) 𝖳 dom(⊆#n
M (δ)) γA(⊆#n

M (δ))(α) < γA(⊆#n+1
M (δ))(α)

Lemma

Let . Then, for all 
 in case C, we have 

.

dom(γA(⊆#n
M (δ)))∖dom(⊆M(δ)) 𝖲 𝖠

α ♮ dom(γA(⊆#n
M (δ)))∖dom(⊆M(δ))

γA(⊆#n
M (δ))(α) < γA(⊆#n+1

M (δ))(α)

Lemma
98 5. Piecewise-Defined Ranking Functions

0 0 0

1
1

3 2

(a) Most precise ranking function.

2 2 22

0 0 0

1
1

A B C

(b) Unsound abstraction.

Figure 5.10: Unsound abstraction (b) of a most precise ranking function (a).

on which it is not yet defined. The only requirement is that, when the iter-
ation sequence with widening is stable for the computational order, its limit
is a sound abstraction of the termination semantics with respect to the ap-
proximation order. In the following, we discuss in detail how the widening
guarantees the soundness of the analysis.

As running example, let us consider Figure 5.10. In Figure 5.10a we de-
pict a transition system and the value of the termination semantics for the
well-founded part of its transition relation. In Figure 5.10b we represent the
concretization of a possible iterate of the analysis: we assume that the first
iterate has individuated the states marked with value zero, the second iter-
ate has individuated the states marked with value one, and the widening at
the third iterate has extrapolated the ranking function over the states marked
with value two. In this case the abstraction both under-approximates the
value of the termination semantics (on the second state from the left — case
B) and over-approximates its domain of definition (including the first and the
last state from the left — case A and C, respectively). In case A, the non-
terminating loop is outside the domain of definition of the unsound abstract
function, while in case C the loop is inside. The analysis continues iterating
until all these discrepancies are solved and, in the following, we explain and
justify why this works in general.

For a loop while lbexp do stmt od, given a sound over-approximation
R 2 D of ⌧I(l), we define the iteration sequence with widening as follows:

y0
def
= ?T

yn+1
def
=

(
yn �\

Mt(yn) vT [R] yn ^ �\
Mt(yn) 4T [R] yn

yn OT �\
Mt(yn) otherwise

(5.2.24)
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Widening (continue) Check for Case B or C

98 5. Piecewise-Defined Ranking Functions

0 0 0

1
1

3 2

(a) Most precise ranking function.

2 2 22

0 0 0

1
1

A B C

(b) Unsound abstraction.

Figure 5.10: Unsound abstraction (b) of a most precise ranking function (a).

on which it is not yet defined. The only requirement is that, when the iter-
ation sequence with widening is stable for the computational order, its limit
is a sound abstraction of the termination semantics with respect to the ap-
proximation order. In the following, we discuss in detail how the widening
guarantees the soundness of the analysis.

As running example, let us consider Figure 5.10. In Figure 5.10a we de-
pict a transition system and the value of the termination semantics for the
well-founded part of its transition relation. In Figure 5.10b we represent the
concretization of a possible iterate of the analysis: we assume that the first
iterate has individuated the states marked with value zero, the second iter-
ate has individuated the states marked with value one, and the widening at
the third iterate has extrapolated the ranking function over the states marked
with value two. In this case the abstraction both under-approximates the
value of the termination semantics (on the second state from the left — case
B) and over-approximates its domain of definition (including the first and the
last state from the left — case A and C, respectively). In case A, the non-
terminating loop is outside the domain of definition of the unsound abstract
function, while in case C the loop is inside. The analysis continues iterating
until all these discrepancies are solved and, in the following, we explain and
justify why this works in general.

For a loop while lbexp do stmt od, given a sound over-approximation
R 2 D of ⌧I(l), we define the iteration sequence with widening as follows:

y0
def
= ?T

yn+1
def
=

(
yn �\

Mt(yn) vT [R] yn ^ �\
Mt(yn) 4T [R] yn

yn OT �\
Mt(yn) otherwise

(5.2.24)

1. Recursively descend the trees while accumulating the linear constraints 
encountered along the paths into a set of constraints 


2.

C

f2f1 ⟶Ff1
f1 ♮ 𝒫∖{ 𝒞F , ⟶F } 𝒟 f2 /⇀F [λc(C)] f1
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Widening (continue) Value Widening
1. Recursively descend the trees while accumulating the linear constraints 

encountered along the paths into a set of constraints 


2. Widen each (defined) leaf node  with respect to each of their adjacent 
(defined) leaf node  using the extrapolation operator , 
where  is the set of constraints along the path to  
 
Example:

C

f
f 𝖱F [λC(C), λC(C)]

C f
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• They manipulate elements in  

• The binary operators rely on a tree unification algorithm 

• approximation order  and computational order 

• approximation join  and computational join 

• meet 

• widening 


• The unary operators rely on a tree pruning algorithm 

• assignment 

• test 

ℰ⊥𝖥∣
def= {⊥𝖥∣} ≡ ℰ

⇀A 𝗆A
𝖭A 𝖮A

𝖣A
∅A

𝖨ℤ⋎⋎𝖥⊔⊥A[[X ≼ e]]
ℱ𝖥∣⋏𝕍▿A[[e]]



Caterina UrbanAbstract InterpretationOPLSS 2025

Piecewise-Defined Functions Domain
Tree Pruning

41

Goal: add a set  of linear constraints to the decision treeJ

• Base case ( )J = 𝖠

R

c

L

a    is redundantc

b    is redundant¬c

c    is kept in c t

L

R

f

R

c

L

f
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• Case   1

1a    is redundantmin J

1b    is redundant¬min J

1c    is added to min J t

f

min J

min J ∈C c

R

c

L

f

⊥𝖥∣

J∖{min J}
R

c

L

⊥𝖥∣

R

c

L J∖{min J}

min J

⊥𝖥∣f

J∖{min J}
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• Case   2

c ∈C min J

R

c

L

2a    is redundantc

2b    is redundant¬c

2c    is kept in c t

L

R

R

c

L

• Case   3

R

min J

L

3a    is redundantmin J

3b    is redundant¬min J

3c    is kept in min J t

L J∖{min J}

⊥𝖥∣

c

L ⊥𝖥∣

J∖{min J}
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Example

J def= {x ← 2 𝒜 0}

ρ3

x + 1  0𝒜

x  0𝒜

ρ1

ρ2

ρ3

x + 1  0𝒜

x  0𝒜

x - 2  0𝒜

ρ1

ρ2

⊥𝖥∣
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• They manipulate elements in  

• The binary operators rely on a tree unification algorithm 

• approximation order  and computational order 

• approximation join  and computational join 

• meet 

• widening 


• The unary operators rely on a tree pruning algorithm 

• assignment  
• test 

ℰ⊥𝖥∣
def= {⊥𝖥∣} ≡ ℰ

⇀A 𝗆A
𝖭A 𝖮A

𝖣A
∅A

𝖨ℤ⋎⋎𝖥⊔⊥A[[X ≼ e]]
ℱ𝖥∣⋏𝕍▿A[[e]]
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𝖨ℤ⋎⋎𝖥⊔⊥A[[X ≼ e]]
• Base case (             )  
 
Apply  on the defined leaf nodes 
 

 

where  
 
 
 
Example:  
 

 
(since  and 

𝖨ℤ⋎⋎𝖥⊔⊥F[[X ≼ e]][λC(C)]

𝖨ℤ⋎⋎𝖥⊔⊥F[[X ≼ e]][D]( f ) def= {f f ♮ 𝒫∖{ 𝒞F , ⟶F }
⟶F otherwise

f ♮ 𝒫∖{ 𝒞F , ⟶F }

f(…, Xi, X, …) def= max{f(…, α(Xi), v, …) + 1 ≥ α ♮ γD( 𝖨ℤ⋎⋎𝖥⊔⊥D[[X ≼ e]]D) 𝒟 v ♮ E[[e]]α}

𝖨ℤ⋎⋎𝖥⊔⊥F[[x ≼ x + [1,2]]][ ⟶D ](ℓx . x + 1) = ℓx . x + 4
f(x + [1,2]) + 1 = x + [1,2] + 1 + 1 = x + [3,4] max(3,4) = 4

f
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𝖨ℤ⋎⋎𝖥⊔⊥A[[X ≼ e]]

• XXX

R

c

L

Convert  and 
 

into sets  and  of linear constraints in canonical form

𝖨ℤ⋎⋎𝖥⊔⊥D[[X ≼ e]](λC({c})𝖨ℤ⋎⋎𝖥⊔⊥D[[X ≼ e]](λC({¬c})
I J

case   1    I = J = 𝖠 case   2    I = 𝖠 𝒟 𝒞C ♮ J

L R𝖭A L

R

case   3   𝒞C ♮ I 𝒟 J = 𝖠 case   4  


1. perform tree pruning on XXXXX and XXXXX


2. join the results with 𝖭A

L R
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• They manipulate elements in  

• The binary operators rely on a tree unification algorithm 

• approximation order  and computational order 

• approximation join  and computational join 

• meet 

• widening 


• The unary operators rely on a tree pruning algorithm 

• assignment 

• test 

ℰ⊥𝖥∣
def= {⊥𝖥∣} ≡ ℰ

⇀A 𝗆A
𝖭A 𝖮A

𝖣A
∅A

𝖨ℤ⋎⋎𝖥⊔⊥A[[X ≼ e]]
ℱ𝖥∣⋏𝕍▿A[[e]]
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ℱ𝖥∣⋏𝕍▿A[[e]]
1. Recursively descend the tree and apply  on the defined leaf nodes  

to account for one more execution step needed before termination: 
 




2. Convert  into a set  of linear constraints in canonical form 
 
Example:   
where  is the underlying numerical domain


3. Perform tree pruning with 

⋎⋏𝕍⇒F

⋎⋏𝕍⇒F( f ) def= ℓX1, …, Xk . f(X1, …, Xk) + 1 f ♮ 𝒫∖{ 𝒞F , ⟶F }

e J

λC(ℱ𝖥∣⋏𝕍▿D[[e]] ⟶D )
⟨𝗍, 𝗆D 𝕆

J
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For each program instruction , we define a transformer :


• 


•  



•  
where 


•

≠⊂∩⊂ ⊆#
M[[≠⊂∩⊂]] : ℰ → ℰ

⊆#
M[[X ≼ e]]t def= 𝖨ℤ⋎⋎𝖥⊔⊥A[[X ≼ e]]t

⊆#
M[[if .δ e ▾ 0 then s]]t def=

ℱ𝖥∣⋏𝕍▿A[[e ▾ 0]](⊆#
M[[s1]]t) 𝖭T ℱ𝖥∣⋏𝕍▿A[[e /▾ 0]](⊆#

M[[s2]]t)

⊆#
M[[while .δ e ▾ 0 do s done]]t def= lfp#F#

M
F#

M(x) def= ℱ𝖥∣⋏𝕍▿A[[e ▾ 0]](⊆#
M[[s]]x) 𝖭T ℱ𝖥∣⋏𝕍▿A[[e /▾ 0]](t)

⊆#
M[[s1; s2]]t

def= ⊆#
M[[s1]](⊆#

M[[s2]]t)

⊆M[[X ≼ e]]γA(t) ⇀ γA(⊆#
M[[X ≼ e]]t)

Lemma (Soundness)



Caterina UrbanAbstract InterpretationOPLSS 2025

Abstract Definite Termination Semantics

51

For each program instruction , we define a transformer :


• 


• 


•  
where 


•

∀∈ℛ∈ ♮#
M[[∀∈ℛ∈]] : ≤ ⊆ ≤

♮#
M[[X ⟨ e]]t def= ℰ⇀𝕆𝕆≼⟩𝒜A[[X ⟨ e]]t

♮#
M[[if . e 𝗌 0 then s end]]t def= 𝗍≼𝗆⊇∧ℒA[[e 𝗌 0]](♮#

M[[s1]]t) →T 𝗍≼𝗆⊇∧ℒA[[e /𝗌 0]](t)

♮#
M[[while .γ e 𝗌 0 do s done]]t def= lfp#F#

M
F#

M(x) def= 𝗍≼𝗆⊇∧ℒA[[e 𝗌 0]](♮#
M[[s]]x) →T 𝗍≼𝗆⊇∧ℒA[[e /𝗌 0]](t)

♮#
M[[s1; s2]]t

def= ♮#
M[[s1]](♮#

M[[s2]]t)

♮M[[if . e 𝗌 0 then s end]]ℓA(t) ← ℓA(♮#
M[[if . e 𝗌 0 then s end]]t)

Lemma (Soundness)
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For each program instruction , we define a transformer :


• 


• 


•  
 
where 


•

∀∈ℛ∈ ♮#
M[[∀∈ℛ∈]] : ≤ ⊆ ≤

♮#
M[[X ⟨ e]]t def= ℰ⇀𝕆𝕆≼⟩𝒜A[[X ⟨ e]]t

♮#
M[[if . e 𝗌 0 then s end]]t def= 𝗍≼𝗆⊇∧ℒA[[e 𝗌 0]](♮#

M[[s1]]t) →T 𝗍≼𝗆⊇∧ℒA[[e /𝗌 0]](t)

♮#
M[[while . e 𝗌 0 do s done]]t def= lfp#F#

M

F#
M(x) def= 𝗍≼𝗆⊇∧ℒA[[e 𝗌 0]](♮#

M[[s]]x) →T 𝗍≼𝗆⊇∧ℒA[[e /𝗌 0]](t)

♮#
M[[s1; s2]]t

def= ♮#
M[[s1]](♮#

M[[s2]]t)
♮M[[while . e 𝗌 0 do s done]]ℓA(t) ← ℓA(♮#

M[[while . e 𝗌 0 do s done]]t)
Lemma (Soundness)
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For each program instruction , we define a transformer :


• 


• 


•  
 
where 


•

∀∈ℛ∈ ♮#
M[[∀∈ℛ∈]] : ≤ ⊆ ≤

♮#
M[[X ⟨ e]]t def= ℰ⇀𝕆𝕆≼⟩𝒜A[[X ⟨ e]]t

♮#
M[[if . e 𝗌 0 then s end]]t def= 𝗍≼𝗆⊇∧ℒA[[e 𝗌 0]](♮#

M[[s1]]t) →T 𝗍≼𝗆⊇∧ℒA[[e /𝗌 0]](t)

♮#
M[[while . e 𝗌 0 do s done]]t def= lfp#F#

M

F#
M(x) def= 𝗍≼𝗆⊇∧ℒA[[e 𝗌 0]](♮#

M[[s]]x) →T 𝗍≼𝗆⊇∧ℒA[[e /𝗌 0]](t)

♮#
M[[s1; s2]]t

def= ♮#
M[[s1]](♮#

M[[s2]]t)

♮M[[s1; s2]]ℓA(t) ← ℓA(♮#
M[[s1; s2]]t)

Lemma (Soundness)
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A program  must terminate starting from a set of initial states  if ≠δ I I ≤ dom(γA(⊆#
M[[≠δ]]))

Corollary (Soundness)

The abstract definite termination semantics  of a program  is:





where  is the abstract definite termination semantics of each program instruction 

⊆#
M[[≠δ]] ♮ ℰ ≠δ

⊆#
M[[≠δ]] def= ⊆#

M[[≠]](∣𝕍ℤℱ : ℓX1, …, Xk.0)

⊆#
M[[≠]] : ℰ → ℰ ≠

Definition

⊆M[[≠δ]] ⇀ γA(⊆#
M[[≠δ]])

Theorem (Soundness)
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x

y

0

Abstract Definite Termination Semantics

1x  [- , ] 
2y  [- , ] 
while 3(x  0) do 
        4x  x - y 
done5

≼ ⟩ ⟩
≼ ⟩ ⟩

>
≼

Example
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x

y

0

x

y

x  0∈

1
x

y

ℱ𝖥∣⋏𝕍▿A[[x ∈ 0]]
⊥𝖥∣

Abstract Definite Termination Semantics

1x  [- , ] 
2y  [- , ] 
while 3(x  0) do 
        4x  x - y 
done5

≼ ⟩ ⟩
≼ ⟩ ⟩

>
≼

Example
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x

y

x  0∈

1
x

y

𝒞F

Abstract Definite Termination Semantics

1x  [- , ] 
2y  [- , ] 
while 3(x  0) do 
        4x  x - y 
done5

≼ ⟩ ⟩
≼ ⟩ ⟩

>
≼

Example
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𝒞F

x  0∈

1
x

y

𝖨ℤ⋎⋎𝖥⊔⊥A[[x ≼ x ← y]]

𝒞F

x - y  0∈

2
x

y

Abstract Definite Termination Semantics

1x  [- , ] 
2y  [- , ] 
while 3(x  0) do 
        4x  x - y 
done5

≼ ⟩ ⟩
≼ ⟩ ⟩

>
≼

Example
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𝒞F

x  0∈

1
x

y

𝒞F

x - y  0∈

2
x

y

ℱ𝖥∣⋏𝕍▿A[[x > 0]]

𝒞F

⊥𝖥∣ x - y  0∈

x  0∈

3
x

y

Abstract Definite Termination Semantics

1x  [- , ] 
2y  [- , ] 
while 3(x  0) do 
        4x  x - y 
done5

≼ ⟩ ⟩
≼ ⟩ ⟩

>
≼

Example
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𝖭A

x

y

𝒞F

x - y  0∈

x  0∈

1

3

Abstract Definite Termination Semantics

1x  [- , ] 
2y  [- , ] 
while 3(x  0) do 
        4x  x - y 
done5

≼ ⟩ ⟩
≼ ⟩ ⟩

>
≼

Example
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x

y

𝒞F

x - y  0∈

x  0∈

1

3

x

y

x - y  0∈

x  0∈

1

3

𝒞F

x - 2y  0𝒜

5

Abstract Definite Termination Semantics

1x  [- , ] 
2y  [- , ] 
while 3(x  0) do 
        4x  x - y 
done5

≼ ⟩ ⟩
≼ ⟩ ⟩

>
≼

Example
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x - y  0∈

x  0∈

1

3 𝒞F55

∅A
x - y  0∈

x  0∈

1

3
x

y

x

y

𝒞F

x - y  0∈

x  0∈

1

3

Abstract Definite Termination Semantics

1x  [- , ] 
2y  [- , ] 
while 3(x  0) do 
        4x  x - y 
done5

≼ ⟩ ⟩
≼ ⟩ ⟩

>
≼

Example
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x

y

5

x - y  0∈

x  0∈

1

3

x

y

x - y  0∈

x  0∈

1

3

7

x - 2y  0𝒜

5

Abstract Definite Termination Semantics

1x  [- , ] 
2y  [- , ] 
while 3(x  0) do 
        4x  x - y 
done5

≼ ⟩ ⟩
≼ ⟩ ⟩

>
≼

Example
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x - y  0∈

x  0∈

1

3 57

∅A
x - y  0∈

x  0∈

1

3
x

y

x

y

x

y

5

x - y  0∈

x  0∈

1

3

Abstract Definite Termination Semantics

1x  [- , ] 
2y  [- , ] 
while 3(x  0) do 
        4x  x - y 
done5

≼ ⟩ ⟩
≼ ⟩ ⟩

>
≼

Example
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x - y  0∈

x  0∈

1

3 ⟶F

x - y  0∈

x  0∈

1

3
x

y

x

y

x

y

Abstract Definite Termination Semantics

1x  [- , ] 
2y  [- , ] 
while 3(x  0) do 
        4x  x - y 
done5

≼ ⟩ ⟩
≼ ⟩ ⟩

>
≼

Example
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x

y

x - y  0∈

x  0∈

1

3

𝒞F

- y  0𝒜

2x + 1

x

y

Abstract Definite Termination Semantics

1x  [- , ] 
2y  [- , ] 
while 3(x  0) do 
        4x  x - y 
done5

≼ ⟩ ⟩
≼ ⟩ ⟩

>
≼

Example Better Widening
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Ordinal-Valued Ranking Functions
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Need for Ordinals
Example

72

1x  [- , + ] 
while 2(x  0) do 
        3x  x - 1 
done4

≼ ⟩ ⟩
>

≼
ω

00 1 2 n ……

0 1

10

0

n-1
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Ordinals

73

0

1

2

3

ω
ω+1

ω+2
ω+3

ω·2

ω·3

ω·2+1
ω·2+2

ω·4
ω²ω²+1

ω²+2

ω²+ω

ω²+ω·2

ω²·2

ω²·3

ω²·4
ω³
ω⁴ ω³+ω

ω³+ω²

ω·5

4

5

ω+4

ωω

finite ordinalstransfinite ordinals

successor ordinals 
succ(λ) def= λ ≡ {λ}

limit ordinals
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Ordinal Arithmetic
Addition

74

λ + 0 = λ (zero case)
λ+succ(β) = succ(λ + β) (successor case)

λ + β = ⋃
γ<β

(λ + γ) (limit case)

Properties 

• associative                  

• not commutative                  

(λ + β) + γ = λ + (β + γ)
1 + ω = ω 𝖲 ω + 1
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Ordinal Arithmetic
Multiplication

75

λ 𝗌 0 = 0 (zero case)
λ 𝗌 succ(β) = (λ 𝗌 β) + λ (successor case)

λ 𝗌 β = ⋃
γ<β

(λ 𝗌 γ) (limit case)

Properties 

• associative                     

• left distributive              
• not commutative                    
• not right distributive   

(λ 𝗌 β) 𝗌 γ = λ 𝗌 (β 𝗌 γ)
λ 𝗌 (β + γ) = (λ 𝗌 β) + (λ 𝗌 γ)

2 𝗌 ω = ω 𝖲 ω 𝗌 2
(ω + 1) 𝗌 ω = ω 𝗌 ω 𝖲 ω 𝗌 ω + ω
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•
 

•  
 
 

𝖯 def= { 𝒞W } ≡ {

∑
i

ωi 𝗌 fi ≥ fi ♮ 𝒫∖{ 𝒞F , ⟶F }

} ≡ { ⟶W }

𝒫 def= { 𝒞F } ≡ (⊑|⋅| → −) ≡ { ⟶F }

•  𝖯 def= { 𝒞W } ≡ {

Piecewise-Defined Function Domain
Functions Auxiliary Abstract Domain

76

x. 1ℓ

x  0𝒜

x - 3  0𝒜

x - 4  0𝒜

x - 6  0𝒜

x. 3ℓ

x. 7ℓ

x. 9ℓ

x. 5ℓ

• Parameterized by an underlying numerical abstract domain ⟨𝗍, 𝗆D 𝕆

Cantor Normal Form 
ωβ1 𝗌 n1 + … + ωβk 𝗌 nk
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Piecewise-Defined Function Domain
Functions Auxiliary Abstract Domain (continue)

77

• approximation order , where :


• between defined leaf nodes: 
 




• otherwise (i.e., when one or both leaf nodes are undefined):

⇀F [D] D ♮ 𝗍

∑
i

ωi𝗌fi1 ⇀W [D]∑
i

ωi𝗌fi2
def= ℛα♮γD(D) :∑

i
ωi𝗌fi1( . . α(Xi) . . )∈∑

i
ωi𝗌fi2( . . α(Xi) . . )

⟶W𝒞W

f : ⊑|⋅| → 𝖤
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Piecewise-Defined Function Domain
Functions Auxiliary Abstract Domain (continue)

78

• computational order , where :


• between defined leaf nodes: 
 




• otherwise (i.e., when one or both leaf nodes are undefined):

𝗆F [D] D ♮ 𝗍

∑
i

ωi𝗌fi1 𝗆W [D]∑
i

ωi𝗌fi2
def= ℛα♮γD(D) :∑

i
ωi𝗌fi1( . . α(Xi) . . )∈∑

i
ωi𝗌fi2( . . α(Xi) . . )

f : ⊑|⋅| → 𝖤

𝒞W

⟶W
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Piecewise-Defined Functions Domain

79

ℰ def= {∣𝕍ℤℱ : f ≥ f ♮ 𝒫} ≡ {⊥∪ℕ𝕍{c}: t1; t2 ≥ c ♮ ∧ 𝒟 t1, t2 ♮ ℰ}

• concretization function :  
 

 
 
where :  
 
where  
where  
 
and :  
 
where  
where  

where 

γA : ℰ → (⊤ 𝖫 𝖤)

γA(t) def= γA[𝖠](t)

γA : ⊇(∧/ ℒC ) → ℰ → (⊤ 𝖫 𝖤)

γA[C](∣𝕍ℤℱ : f ) def= γF[λC(C)]( f )
γA[C](⊥∪ℕ𝕍{c}: t1; t2)

def= γA[C ≡ {c}](t1) ·≡ γA[C ≡ {¬c}](t2)

γF : 𝗍 → 𝒫 → (⊤ 𝖫 𝖤)

γF[D]( 𝒞F ) def= ·𝖠
γF[D](∑

i
ωi 𝗌 fi)

def= ℓα ♮ γD(D) : ∑
i

ωi 𝗌 fi(…, α(Xi), …)

γF[D]( ⟶F ) def= ·𝖠
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Piecewise-Defined Functions Domain
Abstract Domain Operators

80

• They manipulate elements in  

• The binary operators rely on a tree unification algorithm 

• approximation order  and computational order 

• approximation join  and computational join 

• meet 

• widening 


• The unary operators rely on a tree pruning algorithm 

• assignment 

• test 

ℰ⊥𝖥∣
def= {⊥𝖥∣} ≡ ℰ

⇀A 𝗆A
𝖭A 𝖮A

𝖣A
∅A

𝖨ℤ⋎⋎𝖥⊔⊥A[[X ≼ e]]
ℱ𝖥∣⋏𝕍▿A[[e]]
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Piecewise-Defined Functions Domain
Abstract Domain Operators

81

• They manipulate elements in  

• The binary operators rely on a tree unification algorithm 

• approximation order  and computational order 

• approximation join  and computational join  
• meet 

• widening 


• The unary operators rely on a tree pruning algorithm 

• assignment 

• test 

ℰ⊥𝖥∣
def= {⊥𝖥∣} ≡ ℰ

⇀A 𝗆A
𝖭A 𝖮A

𝖣A
∅A

𝖨ℤ⋎⋎𝖥⊔⊥A[[X ≼ e]]
ℱ𝖥∣⋏𝕍▿A[[e]]
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Piecewise-Defined Functions Domain
Approximation Join

86

• approximation join , where :


• between defined leaf nodes:  
 
approximation join  in ascending powers of 


• Example: 
 

𝖭F [D] D ♮ 𝗍

𝖭F [D] ω

f1 ℒ ω2 𝗌 x1 + ω 𝗌 x2 + 3
f2 ℒ ω2 𝗌 x1 + ω 𝗌 (←x2) + 4

f1 𝖭W [ ⟶D ] f2 ℒ ω2 𝗌 (x1 + 1) + ω 𝗌 0 + 4
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Piecewise-Defined Functions Domain
Approximation Join

87

• approximation join , where :


• between defined leaf nodes:  
 
approximation join  in ascending powers of 


• otherwise (i.e., when one or both leaf nodes are undefined): 
 

 
 
 

𝖭F [D] D ♮ 𝗍

𝖭F [D] ω

𝒞W 𝖭W [D] f def= 𝒞W f ♮ 𝖯∖{ ⟶W }
f 𝖭W [D] 𝒞W

def= 𝒞W f ♮ 𝖯∖{ ⟶W }
⟶W 𝖭W [D] f def= ⟶W f ♮ 𝖯∖{ 𝒞W }
f 𝖭W [D] ⟶W

def= ⟶W f ♮ 𝖯∖{ 𝒞W }

⟶F𝒞F

f : ⊑|⋅| → −
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Piecewise-Defined Functions Domain
Computational Join

88

• computational join , where :


• between defined leaf nodes:  
 
computational join  in ascending powers of 


• otherwise (i.e., when one or both leaf nodes are undefined): 
 

 
 
 

𝖮F [D] D ♮ 𝗍

𝖮W [D] ω

𝒞W 𝖮W [D] f def= f f ♮ 𝖯
f 𝖮W [D] 𝒞W

def= f f ♮ 𝖯
⟶W 𝖮W [D] f def= ⟶W f ♮ 𝖯
f 𝖮W [D] ⟶W

def= ⟶W f ♮ 𝖯
f : ⊑|⋅| → −

𝒞F

⟶F
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Piecewise-Defined Functions Domain
Abstract Domain Operators

89

• They manipulate elements in  

• The binary operators rely on a tree unification algorithm 

• approximation order  and computational order 

• approximation join  and computational join 

• meet 

• widening  

• The unary operators rely on a tree pruning algorithm 

• assignment 

• test 

ℰ⊥𝖥∣
def= {⊥𝖥∣} ≡ ℰ

⇀A 𝗆A
𝖭A 𝖮A

𝖣A
∅A

𝖨ℤ⋎⋎𝖥⊔⊥A[[X ≼ e]]
ℱ𝖥∣⋏𝕍▿A[[e]]
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Value Widening
Piecewise-Defined Functions Domain

90

Widening
1. Recursively descend the trees while accumulating the linear constraints 

encountered along the paths into a set of constraints 


2. Widen each (defined) leaf node  with respect to each of their adjacent 
(defined) leaf node  using the extrapolation operator , 
where  is the set of constraints along the path to  
in ascending powers of  

C

f
f 𝖱F [λC(C), λC(C)]

C f
ω

yield  when the extrapolation of natural-valued functions yields ⟶W ⟶F



Caterina UrbanAbstract InterpretationOPLSS 2025

Piecewise-Defined Functions Domain
Abstract Domain Operators

91

• They manipulate elements in  

• The binary operators rely on a tree unification algorithm 

• approximation order  and computational order 

• approximation join  and computational join 

• meet 

• widening 


• The unary operators rely on a tree pruning algorithm 

• assignment  
• test 

ℰ⊥𝖥∣
def= {⊥𝖥∣} ≡ ℰ

⇀A 𝗆A
𝖭A 𝖮A

𝖣A
∅A

𝖨ℤ⋎⋎𝖥⊔⊥A[[X ≼ e]]
ℱ𝖥∣⋏𝕍▿A[[e]]
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Piecewise-Defined Functions Domain
Assignments

92

𝖨ℤ⋎⋎𝖥⊔⊥A[[X ≼ e]]
• Base case (             )  
 
Apply  on the defined leaf nodes 
in ascending powers of  
 
 
 
Example:  
 

𝖨ℤ⋎⋎𝖥⊔⊥F[[X ≼ e]][λC(C)]
ω

f ℒ ω 𝗌 x1 + x2
𝖨ℤ⋎⋎𝖥⊔⊥W[[x1 ≼ [←⟩,+⟩]]][⟶D] ℒ ω2 𝗌 1 + ω 𝗌 0 + x2 + 1

f

ω 𝗌 ω = ω2 𝗌 1 + ω 𝗌 0
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Abstract Definite Termination Semantics
Example

93

1x1  [- , ] 
2x2  [- , ] 
0while 3(x1  0  x2  0) do 
        4b  [- , ] 
        if 5(b  0) then 
                6x1  x1 - 1 
                7x2  [- , ] 
        else 
                8x2  x2 - 1 
done9

≼ ⟩ ⟩
≼ ⟩ ⟩

> 𝒟 >
≼ ⟩ ⟩

𝒜
≼
≼ ⟩ ⟩

≼

f3
def= {1 x1 ∈ 0 ⋈ x2 ∈ 0

ω 𝗌 (x1 ← 7) + 7x1 + 3x2 ← 5 x1 > 0 𝒟 x2 > 0
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Static Termination Analysis
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FuncTion

concrete semantics 
mathematical models of the program behavior

abstract semantics, abstract domains 
algorithmic approaches to decide program properties

practical tools  
targeting specific programs



FuncTion

95

INTERVALS

OCTAGONS

POLYHEDRA

AFFINE

ORDINALS

ω 𝗌 + 9

WIDENING

CDCL

PROGRAM

CTL PROPERTY

PRECONDITION

HEURISTIC

VALUE

DELAY

COEFFICIENTS

DOMAIN

ASSIGNMENTS

FRONT-END SUFFICIENT 
PRECONDITION

ANALYSIS 
ENGINE

CFG

A
B

S
T
R

A
C

T
 D

O
M

A
IN
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Liveness Properties
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Liveness Properties

98

• Guarantee Properties 
“something good eventually happens at least once”


• Example: Program Termination


• Recurrence Properties 
“something good eventually happens infinitely often”


• Example: Starvation Freedom

Amir PnueliZohar Manna
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Computation Tree Logic (CTL)
Branching Temporal Logic

99

ϕ ::= a ≥ ¬ϕ ≥ ϕ 𝒟 ϕ ≥ ϕ ⋈ ϕ ≥ ℤ𝒲ϕ ≥ ℤ⊔ϕ ≥ ℤ(ϕ∨ϕ) ≥ 𝕍𝒲ϕ ≥ 𝕍⊔ϕ ≥ 𝕍(ϕ∨ϕ)

𝕍ℱϕ ℒ 𝕍(true ∨ ϕ)

ℤ⊔ϕ ℤℱϕ

𝕍⊔ϕ 𝕍ℱϕ

ϕ

ϕ

ϕϕ

ϕ

ϕϕ

ϕ

ϕ

ϕ

ϕϕ

ϕ ϕ

ℤℱϕ ℒ ℤ(true ∨ ϕ)

E. Allen EmersonEdmund Clarke
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Guarantee Properties
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Guarantee Properties
“something good eventually happens at least once”

101

1x  [- , + ] 
while 2(x  0) do 
        3x  x + 1 
done4 

while 5(0  0) do 
        if 6(x  10) do 
                7x  x + 1 
        else 
                8x  -x 
done9

≼ ⟩ ⟩
𝒜

≼

𝒜
∈

≼

≼

Example:
 is satisfied for ℤℱ (x = 3) I def= {(1,α) ♮ 𝖷 ≥ α(x) ∈ 3}

ℤℱ ϕ
ϕ ::= e ▾ 0 ≥ δ : e ▾ 0 ≥ ϕ 𝒟 ϕ | ϕ ⋈ ϕ δ ♮ 𝖴
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Static Guarantee Analysis

102

3-Step Recipe

concrete semantics 
mathematical models of the program behavior

abstract semantics, abstract domains 
algorithmic approaches to decide program properties

practical tools  
targeting specific programs
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Static Guarantee Analysis

103

Program Guarantee Semantics

concrete semantics 
mathematical models of the program behavior

abstract semantics, abstract domains 
algorithmic approaches to decide program properties

practical tools  
targeting specific programs
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Guarantee Program Semantics

104

Definite Termination Program Semantics







⊆M = lfpΣ FM

FM( f )σ def=
0 σ ♮ ⪯
sup{f(σℬ ) + 1 ≥ (σ, σℬ ) ♮ τ} σ ♮ ′

preτ(dom( f ))
undefined otherwise


⊆φ
G

def= lfpΣ FG [{σ ♮ 𝖷 ≥ σ ∼ φ}]

FG[S]f def= ℓσ .
0 σ ♮ S
sup{f(σℬ ) + 1 ≥ (σ, σℬ ) ♮ τ} σ ⊧ S 𝒟 σ ♮ ′

preτ(dom( f ))
undefined otherwise
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Guarantee Program Semantics

105


⊆φ
G

def= lfpΣ FG [{σ ♮ 𝖷 ≥ σ ∼ φ}]

FG[S]f def= ℓσ .
0 σ ♮ S
sup{f(σℬ ) + 1 ≥ (σ, σℬ ) ♮ τ} σ ⊧ S 𝒟 σ ♮ ′

preτ(dom( f ))
undefined otherwise

0 

0 

0 ✔

A program satisfies a guarantee property  starting from a set of initial states  if and only if  ℤℱ φ I I ≤ dom(⊆φ
G)

Theorem (Soudness and Completeness)

0 

0 
1 

0 
2 

0 

0 
1 

0 
2 

0 

0 
1 

0 

✘
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Static Guarantee Analysis
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Abstract Program Guarantee Semantics

concrete semantics 
mathematical models of the program behavior

abstract semantics, abstract domains 
algorithmic approaches to decide program properties

practical tools  
targeting specific programs
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Abstract Program Guarantee Semantics
Piecewise-Defined Ranking Functions Abstract Domain

107

For each program instruction , we define a transformer :


• 


• 


•  
 
where 


•

≠⊂∩⊂ ⊆φ#
G [[≠⊂∩⊂]] : ℰ → ℰ

⊆φ#
G [[X ≼ e]]t def= ▿𝕍⋎𝕍⋏G

A[[φ]]( 𝖨ℤ⋎⋎𝖥⊔⊥A[[X ≼ e]]t)

⊆φ#
G [[if . e ▾ 0 then s end]]t def= ▿𝕍⋎𝕍⋏G

A[[φ]](ℱ𝖥∣⋏𝕍▿A[[e ▾ 0]](⊆φ#
G [[s]]t) 𝖭T ℱ𝖥∣⋏𝕍▿A[[e /▾ 0]]t))

⊆φ#
G [[while . e ▾ 0 do s done]]t def= lfp#Fφ#

G

Fφ#
G (x) def= ▿𝕍⋎𝕍⋏G

A[[φ]](ℱ𝖥∣⋏𝕍▿A[[e ▾ 0]](⊆φ#
G [[s]]x) 𝖭T ℱ𝖥∣⋏𝕍▿A[[e /▾ 0]](t)))

⊆φ#
G [[s1; s2]]t

def= ⊆φ#
G [[s1]](⊆φ#

G [[s2]]t)



Caterina UrbanAbstract InterpretationOPLSS 2025

Abstract Program Guarantee Semantics
Piecewise-Defined Ranking Functions Abstract Domain
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The abstract guaranteee semantics  of a program  is:





where  is the abstract guarantee semantics of each program instruction 

⊆φ#
G [[≠δ]] ♮ ℰ ≠δ

⊆φ#
G [[≠δ]] def= ⊆φ#

G [[≠]](▿𝕍⋎𝕍⋏G
A[[φ]](∣𝕍ℤℱ : 𝒞F ))

⊆φ#
G [[≠]] : ℰ → ℰ ≠

Definition

⊆G[[≠δ]] ⇀ γA(⊆#
G[[≠δ]])

Theorem (Soundness)

A program  satisfies a guarantee property  starting from a set of initial states  if ≠δ ℤℱ φ I I ≤ dom(γA(⊆φ#
G [[≠δ]]))

Corollary (Soundness)
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Abstract Program Guarantee Semantics
Example
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1

2

3

4

5 6

7

x < 0x � 0x := x + 1

false

true

x  10 x > 10

x := x + 1
x := �x

x

0 10

50

0

while 1(x  0) do 
        2x  x + 1 
done 

while 3(0  0) do 
        if 4(x  10) do 
                5x  x + 1 
        else 
                6x  -x 
done7

𝒜
≼

𝒜
∈

≼

≼

ℤℱ (x = 3)
Property



Caterina UrbanAbstract InterpretationOPLSS 2025

Abstract Program Guarantee Semantics
Example

112

1

2

3

4

5 6

7

x < 0x � 0x := x + 1

false

true

x  10 x > 10

x := x + 1
x := �x

x

0 10

50

0

x

0 10

50

0 x

0 10

50

0while 1(x  0) do 
        2x  x + 1 
done 

while 3(0  0) do 
        if 4(x  10) do 
                5x  x + 1 
        else 
                6x  -x 
done7

𝒜
≼

𝒜
∈

≼

≼

ℤℱ (x = 3)
Property
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Abstract Program Guarantee Semantics
Example

113

1

2

3

4

5 6

7

x < 0x � 0x := x+ 1

false

true

x  10 x > 10

x := x + 1
x := �x

x

0 10

50

0

x

0 10

50

0 x

0 10

50

0

x

0 10

50

0

while 1(x  0) do 
        2x  x + 1 
done 

while 3(0  0) do 
        if 4(x  10) do 
                5x  x + 1 
        else 
                6x  -x 
done7

𝒜
≼

𝒜
∈

≼

≼

ℤℱ (x = 3)
Property
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Abstract Program Guarantee Semantics
Example
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1

2

3

4

5 6

7

x < 0x � 0x := x + 1

false

true

x  10 x > 10

x := x + 1
x := �x

x

0 10

50

0 x

0 10

50

0

x

0 10

50

0

x

0 10

50

0

while 1(x  0) do 
        2x  x + 1 
done 

while 3(0  0) do 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while 1(x  0) do 
        2x  x + 1 
done 

while 3(0  0) do 
        if 4(x  10) do 
                5x  x + 1 
        else 
                6x  -x 
done7
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≼

𝒜
∈

≼

≼

ℤℱ (x = 3)
Property
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1x  [- , + ] 
while 2(x  0) do 
        3x  x + 1 
done4 

while 5(0  0) do 
        if 6(x  10) do 
                7x  x + 1 
        else 
                8x  -x 
done9

≼ ⟩ ⟩
𝒜

≼

𝒜
∈

≼

≼

Example:
 is satisfied for ℤ⊔ ℤℱ (x = 3) I def= {(1,α) ♮ 𝖷 ≥ α(x) < 0}

ℤ⊔ ℤℱ ϕ
ϕ ::= e ▾ 0 ≥ δ : e ▾ 0 ≥ ϕ 𝒟 ϕ | ϕ ⋈ ϕ δ ♮ 𝖴
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algorithmic approaches to decide program properties
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Guarantee Semantics


⊆φ
R

def= gfp⊆φ
G

Σ FR

FR( f )σ def= {f(σ) σ ♮ dom( f ) 𝖳 ′
preτ(dom( f ))

undefined otherwise


⊆φ
G

def= lfpΣ FG [{σ ♮ 𝖷 ≥ σ ∼ φ}]

FG[S]f def= ℓσ .
0 σ ♮ S
sup{f(σℬ ) + 1 ≥ (σ, σℬ ) ♮ τ} σ ⊧ S 𝒟 σ ♮ ′

preτ(dom( f ))
undefined otherwise

build upon the semantics of sub-formulas
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⊆φ
R

def= gfp⊆φ
G

Σ FR

FR( f )σ def= {f(σ) σ ♮ dom( f ) 𝖳 ′
preτ(dom( f ))

undefined otherwise

A program satisfies a recurrence property  starting from a set of initial states  if and only if  ℤ⊔ ℤℱ φ I I ≤ dom(⊆φ
F)

Theorem (Soudness and Completeness)

0 

0 

0 

1 
2 ✔

0 

0 

1 
2 

0 
1 

0 
1 



Caterina UrbanAbstract InterpretationOPLSS 2025

Static Recurrence Analysis

126

Abstract Program Recurrence Semantics
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mathematical models of the program behavior

abstract semantics, abstract domains 
algorithmic approaches to decide program properties

practical tools  
targeting specific programs
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For each program instruction , we define a transformer :


• 


• 


•  

where  

where 


•

≠⊂∩⊂ ⊆φ#
R [[≠⊂∩⊂]] : ℰ → ℰ

⊆φ#
R [[X ≼ e]]t def= ▿𝕍⋎𝕍⋏R

A[[φ]]( 𝖨ℤ⋎⋎𝖥⊔⊥A[[X ≼ e]]t)

⊆φ#
R [[if . e ▾ 0 then s end]]t def= ▿𝕍⋎𝕍⋏R

A[[φ]](ℱ𝖥∣⋏𝕍▿A[[e ▾ 0]](⊆φ#
G [[s]]t) 𝖭T ℱ𝖥∣⋏𝕍▿A[[e /▾ 0]]t))

⊆φ#
G [[while . e ▾ 0 do s done]]t def= gpf#G(t)F

φ#
R

G def= ⊆φ#
G [[while . e ▾ 0 do s done]]

Fφ#
R (x) def= ▿𝕍⋎𝕍⋏R

A[[φ]](ℱ𝖥∣⋏𝕍▿A[[e ▾ 0]](⊆φ#
G [[s]]x) 𝖭T ℱ𝖥∣⋏𝕍▿A[[e /▾ 0]](t)))

⊆φ#
G [[s1; s2]]t

def= ⊆φ#
G [[s1]](⊆φ#

G [[s2]]t)
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Let  be a poset. A dual widening  is such that:

(i) for all elements  we have  and 

(ii) for all decreasing chains  the chain




     is ultimately stationary

⟨𝗍, 𝗆 𝕆 ∅ : 𝗍 ∉ 𝗍 → 𝗍
x, y ♮ 𝗍 x × x ∅ y y × x ∅ y

x0 × x1 × … × xn × …
y0

def= x0 yn+1
def= yn ∅ xn+1

Definition

Introduction
Termination

Guarantee and Recurrence
Conclusion

Guarantee Properties
Recurrence Properties
Implementation

Dual Widening

Definition

Let hD,vi be a poset. A dual widening Ō : D ⇥D ! D obeys:

(1) for all element x , y 2 D, we have x w x Ō y and y w x Ō y

(2) for all decreasing chains x0 w x1 w · · · w xn w · · · , the chain

y0
def
= x0 yn+1

def
= yn Ō xn+1

is ultimately stationary

Example

x
5 9

ŌOO
x

2 5 9

=

x
5 9

26 / 33
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The abstract recurrence semantics  of a program  is:





where  is the abstract recurrence semantics of each program instruction 

⊆φ#
R [[≠δ]] ♮ ℰ ≠δ

⊆φ#
R [[≠δ]] def= ⊆φ#

R [[≠]](∣𝕍ℤℱ : 𝒞F )

⊆φ#
R [[≠]] : ℰ → ℰ ≠

Definition

⊆R[[≠δ]] ⇀ γA(⊆#
R[[≠δ]])

Theorem (Soundness)

A program  satisfies a recurrence property  starting from a set of initial states  if ≠δ ℤ⊔ ℤℱ φ I I ≤ dom(γA(⊆φ#
R [[≠δ]]))

Corollary (Soundness)
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x < 0x � 0x := x + 1

false

true

x  10 x > 10

x := x + 1
x := �x

x
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50

0

while 1(x  0) do 
        2x  x + 1 
done 

while 3(0  0) do 
        if 4(x  10) do 
                5x  x + 1 
        else 
                6x  -x 
done7

𝒜
≼

𝒜
∈

≼

≼

ℤ⊔ ℤℱ (x = 3)
Property
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        2x  x + 1 
done 

while 3(0  0) do 
        if 4(x  10) do 
                5x  x + 1 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algorithmic approaches to decide program properties

practical tools  
targeting specific programs
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Abstract Interpretation of CTL Properties

Caterina Urban, Samuel Ueltschi, and Peter Müller

Department of Computer Science
ETH Zurich, Switzerland

Abstract. CTL is a temporal logic commonly used to express program
properties. Most of the existing approaches for proving CTL properties
only support certain classes of programs, limit their scope to a subset of
CTL, or do not directly support certain existential CTL formulas. This
paper presents an abstract interpretation framework for proving CTL
properties that does not su↵er from these limitations. Our approach au-
tomatically infers su�cient preconditions, and thus provides useful infor-
mation even when a program satisfies a property only for some inputs.
We systematically derive a program semantics that precisely captures
CTL properties by abstraction of the operational trace semantics of a
program. We then leverage existing abstract domains based on piecewise-
defined functions to derive decidable abstractions that are suitable for
static program analysis. To handle existential CTL properties, we aug-
ment these abstract domains with under-approximating operators.
We implemented our approach in a prototype static analyzer. Our exper-
imental evaluation demonstrates that the analysis is e↵ective, even for
CTL formulas with non-trivial nesting of universal and existential path
quantifiers, and performs well on a wide variety of benchmarks.

1 Introduction

Computation tree logic (CTL) [6] is a temporal logic introduced by Clarke and
Emerson to overcome certain limitations of linear temporal logic (LTL) [33]
for program specification purposes. Most of the existing approaches for proving
program properties expressed in CTL have limitations that restrict their ap-
plicability: they are limited to finite-state programs [7] or to certain classes of
infinite-state programs (e.g., pushdown systems [36]), they limit their scope to a
subset of CTL (e.g., the universal fragment of CTL [11]), or support existential
path quantifiers only indirectly by considering their universal dual [8].

In this paper, we propose a new static analysis method for proving CTL
properties that does not su↵er from any of these limitations. We set our work
in the framework of abstract interpretation [16], a general theory of semantic
approximation that provides a basis for various successful industrial-scale tools
(e.g., Astrée [3]). We generalize an existing abstract interpretation framework
for proving termination [18] and other liveness properties [41].

Following the theory of abstract interpretation [14], we abstract away from
irrelevant details about the execution of a program and systematically derive
a program semantics that is sound and complete for proving a CTL property.

Caterina UrbanAbstract Interpretation
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The Art of Losing Precision No Surprises, Please

What Could  
Possibly Go Right? It’s Complicated
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P ♮ ⊇(⊇(𝖷⟩))Program Properties
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1 

a  [0, + ] 
2 

b  [0, + ] 
3 

q  0 
4 

r  a 
5 

while 6(r  b) do  
    7 
      r  r  b 
    8 
      q  q  1 
    9 
done 
10

≼ ⟩

≼ ⟩

≼

≼

𝒜

≼ ←

≼ +

• Determinism: P def= {{σ} ≥ σ ♮ 𝖷⟩}
Example

Program Property Verification

⊒ ♮ P ℳ {⊒} ≤ P⊒
Collecting Semantics
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function f(x) { 
 
   1  
   2z  10 
   3if (  ) then 
      0while 4(z  0) do 
          5z  z - x  
       done6 
   else  
      0while 7(z  x) do  
          8c [-2, 1] 
          9z z + c 
       done10   
   end 
 
}11

…
≼

…
𝒜

≼

𝒜
≼
≼

diverges when x  0=!

! diverges when c  0𝒜
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…
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…
𝒜
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𝒜
≼
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diverges when x  0∈!

! diverges when c  0𝒜

Robust Non-Termination
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function f(x) { 
 
   1  
   2z  10 
   3if (  ) then 
      0while 4(z  0) do 
          5z  z - x  
       done6 
   else  
      0while 7(z  x) do  
          8c [-2, 1] 
          9z z + c 
       done10   
   end 
 
}11

…
≼

…
𝒜

≼

𝒜
≼
≼

Robust Non-Termination
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diverges when x  0∈!

 Input  Non-Deterministic Choices  Program Diverges⇔ ℛ :
demonic non-determinism
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function f(x) { 
 
   1  
   2z  10 
   3if (  ) then 
      0while 4(z  0) do 
          5z  z - x  
       done6 
   else  
      0while 7(z  x) do  
          8c [-2, 1] 
          9z z + c 
       done10   
   end 
 
}11

…
≼

…
𝒜

≼

𝒜
≼
≼

Termination Resilience
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" terminates when c  0, independently of the value of x<
angelic non-determinism

 Inputs  Non-Deterministic Choice  Program Terminatesℛ ⇔ :
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concrete semantics 
mathematical models of the program behavior

abstract semantics, abstract domains 
algorithmic approaches to decide program properties

practical tools  
targeting specific programs
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concrete semantics 
mathematical models of the program behavior

abstract semantics, abstract domains 
algorithmic approaches to decide program properties

practical tools  
targeting specific programs
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function f(x) { 
 
   1a  [- , + ]  
   2z  10 
   3if (a*a  0) then 
      0while 4(z  0) do 
          5z  z - x  
       done6 
   else  
      0while 7(z  x) do  
          8c [-2, 1] 
          9z z + c 
       done10   
   end 
 
}11

≼ ⟩ ⟩
≼

𝒜
𝒜

≼

𝒜
≼
≼

Termination Resilience Semantics
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count execution steps backwards

0
1
2
3
4
∃



"✔


⋮ def= lfpΣ·𝖠 ℓf ℓs .

0 s ♮ Θτ

sup{f(sℬ ) + 1 ≥ ⟨s, sℬ 𝕆 ♮ τ} s ♮ ′
preτΩ(dom( f ))

inf{f(sℬ ) + 1 ≥ ⟨s, sℬ 𝕆 ♮ τ} s ♮ preτ𝗂(dom( f ))
undefined otherwise preτ𝗂(X) def= {s ≥ ⇔sℬ ♮ X : ⟨s, sℬ 𝕆 ♮ τ𝗂}

Termination Resilience Semantics
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0 

0 

0 

final states

totally undefined function

input transitions

regular transitions

0 

0 

0 

1 

1 

1 

0 

0 

0 

1 

1 
2 

1 

0 

0 

0 

1 

1 
2 

1 

3 

0 

0 

0 

1 

1 
2 

1 

3 

′
preτΩ(X) def= {s ≥ ℛsℬ : ⟨s, sℬ 𝕆 ♮ τ Ω ⟵ sℬ ♮ X}

f1 Σ f2
def= dom( f1) ≤ dom( f2) 𝒟 ℛx ♮ dom( f1) : f1(x) ∈ f2(x)

✘
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mathematical models of the program behavior

abstract semantics, abstract domains 
algorithmic approaches to decide program properties

practical tools  
targeting specific programs
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Termination Resilience  
Semantics

 

Abstract 
Termination Resilience  

Semantics
 

𝛾

ℛx ♮ dom(γ(⋮∀)) : ⋮(x) ∈ γ(⋮∀)(x)
dom(γ(⋮∀)) ≤ dom(⋮)

⋮ ⋮∀



Static Termination Resilience Analysis

   (x < 0) …

x = x - 1

while
 (…) 

…

the analysis tries to predict a valid ranking function
!"
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"✔


← def= lfp∞·≠ λf λs .

0 s ≤ ∃τ

sup{f(s∀ ) + 1 ⋮ Θs, s∀ ⊑ ≤ τ} s ≤ ∅
preτ∈(dom( f ))

inf{f(s∀ ) + 1 ⋮ Θs, s∀ ⊑ ≤ τ} s ≤ preτΩ(dom( f ))
undefined otherwise preτΩ(X) def= {s ⋮ ′s∀ ≤ X : Θs, s∀ ⊑ ≤ τΩ}

Termination Resilience Semantics

13

0 

0 

0 

final states

totally undefined function

input transitions

regular transitions

0 

0 

0 

1 

1 

1 

0 

0 

0 

1 

1 

2 

1 

0 

0 

0 

1 

1 

2 

1 

3 

0 

0 

0 

1 

1 

2 

1 

3 

∅
preτ∈(X) def= {s ⋮ ∣s∀ : Θs, s∀ ⊑ ≤ τ ∈ ⟨ s∀ ≤ X}

f1 ∞ f2
def= dom( f1) ⟩ dom( f2) ∼ ∣x ≤ dom( f1) : f1(x) 𝗂 f2(x)

✘



function f(x) { 
 
   1a  [- , + ]  
   2z  10 
   3if (a*a  0) then 
      0while 4(z  0) do 
          5z  z - x  
       done6 
   else  
      0while 7(z  x) do  
          8c [-2, 1] 
          9z z + c 
       done10   
   end 
 
}11

≼ ⟩ ⟩
≼

𝒜
𝒜

≼

𝒜
≼
≼
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Non-Deterministic Variable Assignments

⋈ =

xzac. 2ℓ

z + c - x  0𝒜

𝒞

z - x + 1  0𝒜

𝒞 ⊥𝖥∣

z + [-2,1] - x  0𝒜
z - x  [-1,2] 𝒜

z - x  -1 𝒜

z - x - 2  0𝒜

xzac. 3ℓ⊥𝖥∣

z + [-2,1] - x  0<
z - x  [-1,2] <
z - x  2 <

z - x - 2  0𝒜

xzac. 3ℓ𝒞

resilience join


← def= lfp∞·≠ λf λs .

0 s ≤ ∃τ

sup{f(s∀ ) + 1 ⋮ Θs, s∀ ⊑ ≤ τ} s ≤ ∅
preτ∈(dom( f ))

inf{f(s∀ ) + 1 ⋮ Θs, s∀ ⊑ ≤ τ} s ≤ preτΩ(dom( f ))
undefined otherwise preτΩ(X) def= {s ⋮ ′s∀ ≤ X : Θs, s∀ ⊑ ≤ τΩ}

Termination Resilience Semantics

13

0 

0 

0 

final states

totally undefined function

regular transitions

0 

0 

0 

1 

1 

1 

0 

0 

0 

1 

1 

2 

1 

f1 ∞ f2
def= dom( f1) ∣ dom( f2) ⟨ ⟩x ≤ dom( f1) : f1(x) ∼ f2(x)



function f(x) { 
 
   1a  [- , + ]  
   2z  10 
   3if (a*a  0) then 
      0while 4(z  0) do 
          5z  z - x  
       done6 
   else  
      0while 7(z  x) do  
          8c [-2, 1] 
          9z z + c 
       done10   
   fi  
 
}11

≼ ⟩ ⟩
≼

𝒜
𝒜

≼

𝒜
≼
≼

Static Termination Resilience Analysis
Approximation Join or Resilience Join?

𝖭 =

approximation join
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function f(x) { 
 
   1a  [- , + ]  
   2z  10 
   3if (a*a  0) then 
      0while 4(z  0) do 
          5z  z - x  
       done6 
   else  
      0while 7(z  x) do  
          8c [-2, 1] 
          9z z + c 
       done10   
   end 
 
}11

≼ ⟩ ⟩
≼

𝒜
𝒜

≼

𝒜
≼
≼

xzac. 2z + 3ℓ 𝒞

x  0>

z - x - 2  0𝒜 xzac. 1ℓ

z - x  0𝒜

xzac. 4ℓxzac. 3z - 3x + 1ℓ

z  0𝒜
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function f(x) { 
 
   1a  [- , + ]  
   2z  10 
   3if (a*a  0) then 
      0while 4(z  0) do 
          5z  z - x  
       od6 
   else  
      0while 7(z  x) do  
          8c [-2, 1] 
          9z z + c 
       od10   
   fi  
 
}11

≼ ⟩ ⟩
≼

𝒜
𝒜

≼

𝒜
≼
≼

𝒞

x  0>

!xzac. 24ℓ
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Static Termination Resilience Analysis
3-Step Recipe
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concrete semantics 
mathematical models of the program behavior

abstract semantics, abstract domains 
algorithmic approaches to decide program properties

practical tools  
targeting specific programs
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Benchmark Property Verified Alarms TO Time

SV-COMP 2024
Termination 0 119 0 7.2s

Termination Resilience 76 43 0 16.9s

Raad et al @ OOPSLA 2024
Termination 0 36 0 7.2s

Termination Resilience 16 20 0 16.9s

Shi et al. @ FSE 2022
Termination 0 85 0 69s

Termination Resilience 49 28 8 500sM
ul

tiv
ar

ia
te

 C
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st
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ts

Experimental Evaluation
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Benchmark Property Verified Alarms TO Time

SV-COMP 2024
Termination 0 119 0 3.5s

Termination Resilience 61 58 0 3.6s

Raad et al @ OOPSLA 2024
Termination 0 36 0 0.5s

Termination Resilience 16 20 0 0.5s

Shi et al. @ FSE 2022
Termination 0 85 0 2.0s

Termination Resilience 57 28 0 2.2sU
ni

va
ria

te
 C

on
st

ra
in

ts
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Experimental Evaluation
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Univariate vs Multivariate Constraints
M

ul
tiv

ar
ia

te
 C

on
st

ra
in

ts

Univariate Constraints

  equal precision 
  multivariate constraints are more precise  

    univariate constraints are more precise (!)

𝗋
∉
⋆



Static Analysis by Abstract Interpretation

THANKS!

24.95€

35.85€

4.85€

9.95€ 10€

40€

30€

10€

€ 10 + 
€ 40 + 
€ 30 + 
€ 10  
——— 
€ 90

€   9.95 + 
€ 35.85 + 
€ 24.95 + 
€   4.85  
———— 
€ 75.60 
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