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Motivation II – What are modalities?

According to the Merrian-Webster:
1. the quality or state of being modal.
2. the classification of logical propositions according to their asserting or

denying the possibility, impossibility, contingency, or necessity of their
content.

But we can give a better answer ,

A modal is an expression that is used to qualify the truth of a judgement
(SEP).
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I Classical logic can express:
“the server is running”
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I But often we want to express things like:

“the server must eventually respond”
“the agent knows that the password is valid”

“it is permitted to access this file”
“after every request, it is possible to recover”

I Classical logic tells us what is true at a point.

I Modal logic lets us talk about truth relative to possibility, time,
knowledge, obligation, or state transitions for example.

I Modal logic is powerful because the same proof-theoretic and semantic
machinery can be reused across many notions of qualified truth.
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Motivation IV – Modalities and CS

I Verification of programs and protocols

“something bad never happens”

“a request can always eventually be served”

I Reasoning about distributed systems / multi-agent systems

“what agents know, believe, or can infer”

I Security and access control

“permissions, obligations, capabilities”

I Specification languages

“temporal and dynamic logics for describing system behaviour”
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In this tutorial: Modal logics!!

I Proof theory

I Semantics: Kripke, Truth-table, Games

I Applications
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Proof Theory

Hilbert systems
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What is Proof Theory?

discipline mathematical objects (some) tools
set theory sets functions

model theory models & theories definable & type-definable sets
complexity theory algorithms time & memory
recursion theory computable functions algorithms

proof theory proofs formalisms
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Proof theory according to Sonia Marin

It is all about proofs:

I are they equal? (by the way, what is equal??)

I can we transform one proof into another?

I can we identify patterns?

I for answering all this: formalisation of proofs in a purely mathematical
language;

I discipline: proof theory;

I Applications: automatic theorem provers/checkers; extract algorithms
from a proof; extract counter-examples from failed proof-search (proof
mining); extract proof systems from counter-examples; determine which
axioms are required to prove which theorems (reverse mathematics);
determine sizes of the proofs (proof complexity).
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Hilbert calculus

I Syntax:

I countable set of propositional variables p1, p2, . . .;

I logical connectives →,∧,∨,⊥;

I formulas A,B ::= p | A → B | A ∧ B | A ∨ B | ⊥.

I Axiom schemata (schematic variable A,B, C stand for formulas):

K A → B → A
S (A → B → C)→ (A → B)→ A→ C

plus a single rule modus ponens (MP):

A → B A
B MP

I Derivation: finite sequence of formulas where each element is an axiom
instance or follows from two earlier elements by modus ponens.
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Trying to prove A → A (with help of Revantha and Björn)

K A → B → A
S (A → B → C)→ (A → B)→ A→ C

1. (A→ (B → A)→ A)→ (A→ (B → A))→ A→ A (S)
2. A→ (B → A)→ A (K)
3. (A→ (B → A))→ A→ A (MP1, 2)
4. A→ (B → A) (K)
5. A→ A (MP3, 4)

13 / 42



Trying to prove A → A (with help of Revantha and Björn)

K A → B → A
S (A → B → C)→ (A → B)→ A→ C

1. (A→ (B → A)→ A)→ (A→ (B → A))→ A→ A (S)
2. A→ (B → A)→ A (K)
3. (A→ (B → A))→ A→ A (MP1, 2)
4. A→ B → A (K)
5. A→ A (MP3, 4)

13 / 42



Trying to prove A → A (with help of Revantha and Björn)

K A → B → A
S (A → B → C)→ (A → B)→ A→ C

1. (A→ (B → A)→ A)→ (A→ (B → A))→ A→ A (S)
2. A→ (B → A)→ A (K)
3. (A→ (B → A))→ A→ A (MP1, 2)
4. A→ (B → A) (K)
5. A→ A (MP3, 4)

I how could we construct its derivation (algorithm)?

I complexity?

I structural relationship between A→ A and its derivation?

I why on earth we have to start with that instance of S?

I difficulty of finding the instances of axioms to start with.
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Gentzen: natural deduction

Usual way of making inferences in mathematics.

BHK (Brouwer-Heyting-Kolmogorov) conditions:

H1 A proof of A ∧ B is given by presenting a proof of A and a proof of B.

H2 A proof of A∨B is given by presenting either a proof of A or a proof of B.

H3 A proof of A→ B is a construction which permits us to transform any
proof of A into a proof of B.

H4 Absurdity ⊥ (contradiction) has no proof.
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Reasoning about Brouwer-Heyting-Kolmogorov conditions

H1 A proof of A ∧ B is given by presenting a proof of A and a proof of B.

A B
A ∧ B

∧I

H2 A proof of A∨B is given by presenting either a proof of A or a proof of B.

A
A ∨ B

∨I1 B
A ∨ B

∨I2

H3 A proof of A→ B is a construction which permits us to transform any
proof of A into a proof of B.

[A]
...
B

A→ B
→ I
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Reasoning about Brouwer-Heyting-Kolmogorov conditions

Elimination rules – inversion principle:
“Whatever follows from the direct grounds for deriving a proposition,
must follow from that proposition.”
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Elimination rules – inversion principle:
“Whatever follows from the direct grounds for deriving a proposition,
must follow from that proposition.”

I A ∧ B
A ∧ B
A

∧E1
A ∧ B
B

∧E2

I A ∨ B: either it has been derived from A and C is derivable from
assumption A, or it has been derived from B and C is derivable from
assumption B:
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...
C

[B]
...
C

C
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Elimination rules – inversion principle:
“Whatever follows from the direct grounds for deriving a proposition,
must follow from that proposition.”

I A ∧ B
A ∧ B
A

∧E1
A ∧ B
B

∧E2

I A ∨ B

A ∨ B

[A]
...
C

[B]
...
C

C
∨E

I A→ B
A→ B A

B
→ E

I ⊥: ‘direct grounds’ for deriving ⊥ are empty:

⊥
C
⊥E
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Reasoning about Brouwer-Heyting-Kolmogorov conditions
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A B
A ∧ B
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∧E1
A ∧ B
B

∧E2

I A ∨ B
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A ∨ B

∨I1 B
A ∨ B

∨I2 A ∨ B

[A]
...
C

[B]
...
C

C
∨E

I A→ B
[A]

...
B

A→ B
→ I

A→ B A
B

→ E

I ⊥
⊥
C
⊥E

Derivation: tree with vertices labelled by formulas.
Example:

[A]

A→ A
→ I
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Reasoning about Brouwer-Heyting-Kolmogorov conditions

I A ∧ B
A B
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∨I1 B
A ∨ B
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[A]
...
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[B]
...
C

C
∨E

I A→ B
[A]

...
B

A→ B
→ I

A→ B A
B

→ E

I ⊥
⊥
C
⊥E

Derivation: tree with vertices labelled by formulas.

A problem: prove analyticity! (called normalisation)

Another problems: harmony, pure systems, etc...
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Examples

A B
A ∧ B

∧I A ∧ B
A

∧E1
A ∧ B
B

∧E2

A
A ∨ B

∨I1 B
A ∨ B

∨I2 A ∨ B

[A]
...
C

[B]
...
C

C
∨E

[A]
...
B

A→ B
→ I

A→ B A
B

→ E

⊥
C
⊥E

1. Prove B ∧ C from A ∧ B and C
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Examples

Lean

A ∧ B
B

(∧E2)
C

B ∧ C
(∧I )
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Gentzen: sequent calculus
Some locality: sequents keep track of open assumptions

Gentzen: sequent calculus

Some locality: sequents keep track of open assumptions

What is the structure of proofs?

A1 � � � An
B

� Deriving (vertical): proof-level implication (A → B)
� Branching (horizontal): proof-level conjunction (A1 ∧ · · · ∧ An)
� Modus ponens: mixes formula-implication and proof-conjunction

� Proof composition: implements proof-level modus ponens

A B

C
+
C D

E

⇒
A B

C D

E

;

What is the structure of proofs?

A1 · · · An � B

� Deriving (vertical): proof-level implication

� Branching (horizontal): proof-level conjunction

� Sequents (A1 · · · An � B): another proof-level implication (A → B)
� Contexts (A1 · · · An): another proof-level conjunction (A1 ∧ · · · ∧An)
� Cut-rule: mixes sequent-implication and branching-conjunction

� Implication-left: mixes formula-implication and
branching-conjunction

Γ � A A ∆ � BΓ ∆ � B Γ � A B ∆ � CΓ A → B ∆ � C

where � = A1, . . . , An is the context.

Rules: right = introduction rules; left = re-reading elimination rules.

Derivation: tree with vertices labelled by sequents.

Analyticity = cut-elimination.

Analyticity ; sub-formula property: induces a structure on the proofs
(in terms of the end formula).

Thus, proof structure can be exploited to formalise reasoning,
investigate meta-logical properties of the logic e.g. decidability,
complexity and interpolation, and develop automated deduction
procedures.

Elaine Pimentel (UFRN) Proof theory for ML and SL WoLLIC 2018 9 / 46
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Γ,A→ B ` C
→ L

I ⊥
Γ,⊥ ` C

⊥L
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Gentzen: sequent calculus

I Initial rule:
Γ,A ` A

I Derivation: tree with vertices labelled by sequents.

I Analyticity = cut-admissibility.

Γ ` A ∆,A ` C

Γ,∆ ` C
cut

I Analyticity ; sub-formula property: induces a structure on the proofs (in
terms of the end formula).

I Thus, proof structure can be exploited to formalise reasoning, investigate
meta-logical properties of the logic e.g. consistency, decidability,
complexity and interpolation, and develop automated deduction
procedures.
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Examples

Γ ` A Γ ` B
Γ ` A ∧ B

∧R
Γ,A ` C

Γ,A ∧ B ` C
∧L1

Γ,B ` C

Γ,A ∧ B ` C
∧L2

Γ ` A
Γ ` A ∨ B

∨R1
Γ ` B

Γ ` A ∨ B
∨R2

Γ,A ` C Γ,B ` C

Γ,A ∨ B ` C
∨L

Γ,A ` B

Γ ` A→ B
→ R

Γ ` A Γ,B ` C

Γ,A→ B ` C
→ L

Γ,⊥ ` C
⊥L

Γ,A ` A
init

1. Prove B ∧ C from A ∧ B and C
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Adding negation

Negation ¬A is defined as A→ ⊥.
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Adding negation

Negation ¬A is defined as A→ ⊥.
Hence:

[A]
...
⊥
¬A (¬I ) ¬A A

⊥ (¬E)

In sequent calculus:

Γ,A ` ⊥
Γ ` ¬A (¬R)

Γ ` A
Γ,¬A ` C

(¬L)
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Is there something missing?

Let’s try to prove A ∨ ¬A:
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Double negation!

Is there something missing?

The answer is: it depends!

If you are in the intuitionistic (constructive) setting, you are completely fine!

If you are in the classical setting, you are not at all fine!

In natural deduction: double negation rule

[¬A]
...
⊥
A

DN

In sequent calculus: multiple conclusion sequents

Γ ` A,A,∆

Γ ` A,∆
C R

Consequence: the following rule is admissible

Γ ` A,B,∆

Γ ` A ∨ B,∆
∨R
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Natural deduction rules for (propositional) classical logic

A B
A ∧ B

∧I A ∧ B
A

∧E1
A ∧ B
B

∧E2

A
A ∨ B

∨I1 B
A ∨ B

∨I2 A ∨ B

[A]
...
C

[B]
...
C

C
∨E

[A]
...
B

A→ B
→ I

A→ B A
B

→ E

⊥
C
⊥E

[¬A]
...
⊥
A

DN

[A]
...
⊥
¬A (¬I ) ¬A A

⊥ (¬E)
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A
A ∨ B

∨I1 B
A ∨ B

∨I2 A ∨ B

[A]
...
C

[B]
...
C

C
∨E

⊥
C
⊥E

[¬A]
...
⊥
A

DN

[A]
...
⊥
¬A (¬I ) ¬A A

⊥ (¬E)

4. Prove A ∨ ¬A.
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Lean

[¬(A ∨ ¬A)]

[¬(A ∨ ¬A)]

[A]
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¬A ¬I
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Natural deduction rules for (first-order) classical logic

A B
A ∧ B

∧I A ∧ B
A

∧E1
A ∧ B
B

∧E2

A
A ∨ B

∨I1 B
A ∨ B

∨I2 A ∨ B

[A]
...
C

[B]
...
C

C
∨E

[A]
...
B

A→ B
→ I

A→ B A
B

→ E

⊥
C
⊥E

[¬A]
...
⊥
A

DN

[A]
...
⊥
¬A (¬I ) ¬A A

⊥ (¬E)

A(y)

∀x .A(x)
∀I

∀x .A(x)

A(t)
∀E

A(t)

∃x .A(x)
∃I

∃x .A(x)

[A(y)]
...
C

C
∃E
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Sequent calculus rules for (propositional) classical logic

Γ ` A,∆ Γ ` B,∆

Γ ` A ∧ B,∆
∧R

Γ,A,B ` ∆

Γ,A ∧ B ` ∆
∧L

Γ ` A,B,∆

Γ ` A ∨ B,∆
∨R

Γ,A ` ∆ Γ,B ` ∆

Γ,A ∨ B ` ∆
∨L

Γ,A ` B,∆

Γ ` A→ B,∆
→ R

Γ ` A,∆ Γ,B ` ∆

Γ,A→ B ` ∆
→ L

Γ,⊥ ` ∆
⊥L

Γ,A ` A,∆
init

Γ,A ` ∆

Γ ` ¬A,∆
(¬R)

Γ ` A,∆

Γ,¬A ` ∆
(¬L)
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4. Prove ` A ∨ ¬A.

A ` A
init

` A,¬A ¬R

` A ∨ ¬A ∨R

Interactive sequent prover
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Sequent calculus rules for (first order) classical logic
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init

Γ,A ` ∆

Γ ` ¬A,∆
(¬R)

Γ ` A,∆

Γ,¬A ` ∆
(¬L)

Γ ` A(y),∆

Γ ` ∀x .A(x),∆
∀R

Γ,A(t) ` ∆

Γ, ∀x .A(x) ` ∆
∀L

Γ ` ∃x .A(x),A(t),∆

Γ ` ∃x .A(x),∆
∃R

Γ,A(y) ` ∆

Γ,∃x .A(x) ` ∆
∃L
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What is Modal Logic?

What are modalities?

1
Modals Carlos ________________________ handsome.
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Modalities and propositions

Modalities and propositions

1
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 = Carlos       handsomep

◊p

Alethic interpretation
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Question 1

How to reason about sentences in modal logic?
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Relational models

Relational models

2
Semantics
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1

0
1 1
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Truth table
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 is a non-empty set of possible worlds.W
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vℳ = ⟨W, R, V⟩

p

q

wRv vRv

 is the relative accessibility relation: 
from the point of view of ,  is possible. 

R
w v
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w

vℳ = ⟨W, R, V⟩

p

q

wRv vRv

V(p) = 1

V(q) = 1

 assigns a truth value to a propositional 
variable at a world.  

V
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2
Semantics

w

vℳ = ⟨W, R, V⟩

p

q

wRv vRv

V(p) = 1

V(q) = 1

For non-atomic propositional formulas: 
Just check the truth table 

in each world!
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wRv vRv
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How about modal formulas?
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Relational models

Relational models

2
Semantics

w

vℳ = ⟨W, R, V⟩

p

q

wRv vRv

V(p) = 1

V(q) = 1

ℳ, w /⊧ □ p ℳ, v /⊧ □ p

ℳ, w ⊧ □ q ℳ, v ⊧ □ q

ℳ, w ⊧ □ (p → q) ℳ, v ⊧ □ (p → q)
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Kripke models and satisfiability

ELVis

Modal Logic Playground
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Kripke models and satisfiability

ELVis

Modal Logic Playground
Very nice page:
Accessible Theorem Provers

37 / 42

https://nomuras.github.io/ELVis/
https://rkirsling.github.io/modallogic/
https://staff.cs.manchester.ac.uk/~schmidt/tools/#provers


Exercises

In the model Modal I:

let’s try to prove:
1. 2(p → q)→ 2p → 2q in w0.

2. 2p → p and 2q → q in w0.
3. 2p → 22p and 2q → 22q in w0.
4. Play with random models in ELVis or the Modal Logic Playground
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Relational model for modal logic (formally)

M = 〈W ,R,V 〉, where W 6= ∅,R ⊆W ×W and V : At → ℘(W ).

39 / 42



Relational model for modal logic (formally)

M = 〈W ,R,V 〉, where W 6= ∅,R ⊆W ×W and V : At → ℘(W ).

Truth at a state in a model M,w |= A:
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M,w |= 3A iff there exists v .wRv and M, v |= A.

A formula A is satisfiable if there exists a model M and w ∈W such that
M,w |= A.

A modal formula A is valid if it is valid in every model (|= A).

The argument from a set of formulas Γ to a set of formulas ∆ is valid if, for
every model M and every world w ∈W , if M,w |= B for each B ∈ Γ, then
M,w |= A for some A ∈ ∆ (Γ |= ∆).
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End of Part I

Thank you!!!

Obrigada!!!

Gracias!!!

,
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Homework I

Prove the following sequents in classical logic:

1. ¬(A ∨ B) ` ¬A ∧ ¬B

2. A ∨ B ` ¬(¬A ∧ ¬B)

3. A ∨ B ` ¬A→ B

4. ¬(A ∧ B) ` ¬A ∨ ¬B

5. ` ((A→ B)→ A)→ A (Peirce’s law)

6. ` (A→ B) ∨ (B → A)

7. ` ∃x .(D(x)→ ∀y .D(y)) (drinker’s principle)

Prove the following equivalences in classical logic:

8. ¬¬A ≡ A

9. ¬A ≡ A→ ⊥

Which have constructive proofs?

10. Play the logic game!!! Lean4: game-logic
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References and useful links

References:

1. B. F. Chellas, Modal Logic (Cambridge University Press, 1980)

2. Patrick Blackburn, Maarten de Rijke and Yde Venema, Modal Logic
(Cambridge University Press, 2001)

3. Sara Negri and Jan von Plato, Structural Proof Theory (Cambridge
University Press, 2001)

Useful links:

I Lean 4 Web: https://live.lean-lang.org/

I A Lean intro to Logic:
https://adam.math.hhu.de/#/g/trequetrum/lean4game-logic

I SeqCalc: https://seqcalc.dev/

I ELVis: https://nomuras.github.io/ELVis/

I Modal Logic Playground: https://rkirsling.github.io/modallogic/

I Accessible theorem provers:
https://staff.cs.manchester.ac.uk/~schmidt/tools/#provers
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