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Recap of Lecture I

I Proof theory: structure of proofs and proof systems.

I Proof formalisms:

I Hilbert systems

I Natural deduction

I Sequent calculi

I Brief introduction to modal logic.

I Relational semantics.
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In this lecture: more modal logics!

I Dive deep into Kripke semantics.

I Proof theory for modal logics.

I Extensions.
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Outline
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Beyond classical and intuitionistic logics
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Bonus track: intuitionism

4 / 41



Outline

Axioms and Kripke

Relating syntax with semantics

Beyond classical and intuitionistic logics

Extensions

Sequent systems

Bonus track: intuitionism

5 / 41



Modal Logics

I Formulas: A ::= p | ⊥ | A ∧ A | A ∨ A | A→ A | 2A | 3A

I Duality by De Morgan laws and ¬2A = 3¬A
I Axioms: classical propositional logic and

k: 2(A→ B)→ (2A→ 2B)

I Rules: modus ponens:
A A→ B

B
necessitation:

A

2A

I Semantics: Relational Models
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Recap of Kripke models

M = 〈W ,R,V 〉, where W 6= ∅,R ⊆W ×W and V : At → ℘(W ).Relational models

2
Semantics

w

vℳ = ⟨W, R, V⟩

p

q
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2
Semantics

w

vℳ = ⟨W, R, V⟩

p

q

wRv vRv

V(p) = 1

V(q) = 1

For non-atomic propositional formulas: 
Just check the truth table 

in each world!
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Recap of Kripke models

M = 〈W ,R,V 〉, where W 6= ∅,R ⊆W ×W and V : At → ℘(W ).Relational models

2
Semantics

w

vℳ = ⟨W, R, V⟩

p

q

wRv vRv

ℳ, w /⊧ p → q ℳ, v ⊧ p → q

V(p) = 1

V(q) = 1

Modal Logic Playground
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2
Semantics

w

vℳ = ⟨W, R, V⟩

p

q

wRv vRv

V(p) = 1

V(q) = 1

ℳ, w /⊧ □ p ℳ, v /⊧ □ p

ℳ, w ⊧ □ q ℳ, v ⊧ □ q

ℳ, w ⊧ □ (p → q) ℳ, v ⊧ □ (p → q)

Modal Logic Playground
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Recap of Kripke models

M = 〈W ,R,V 〉, where W 6= ∅,R ⊆W ×W and V : At → ℘(W ).

Satisfiability relation M,w |= A:

M,w |= p iff p ∈ V (w);
M,w |= ⊥ never holds;
M,w |= ¬A iff M,w 6|= A;
M,w |= A ∧ B iff M,w |= A and M,w |= B;
M,w |= A ∨ B iff M,w |= A or M,w |= B;
M,w |= A→ B iff M,w 6|= A or M,w |= B;
M,w |= 2A iff for all v .wRv implies M, v |= A;
M,w |= 3A iff there exists v .wRv and M, v |= A.
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M,w |= 2A iff for all v .wRv implies M, v |= A;
M,w |= 3A iff there exists v .wRv and M, v |= A.

A modal formula A is valid if it is valid in every model (|= A).

How can I prove that??
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The axiom k

k: 2(A→ B)→ (2A→ 2B)
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The axiom k

k: 2(A→ B)→ (2A→ 2B)

If M,w |= 2(A→ B) and M,w |= 2A then M,w |= 2B for all models M
and all worlds w in it.
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The axiom k

2(A→ B),2A |= 2B

2
Semantics

□ (A → B), □ A ⊧ □ B

□ (A → B) □ A
w

v u...
A → B A → B

□ B

An example: the axiom $
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The axiom T

T: 2A→ A
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The axiom T

T: 2A→ A
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The axiom 4

4: 2A→ 22A
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The axiom 4

4: 2A→ 22A
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Outline

Axioms and Kripke

Relating syntax with semantics

Beyond classical and intuitionistic logics
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Sequent systems
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Back to classical logic!

G3cp is the most beautiful system!

Γ ` A,∆ Γ ` B,∆

Γ ` A ∧ B,∆
∧R

Γ,A,B ` ∆

Γ,A ∧ B ` ∆
∧L

Γ ` A,B,∆

Γ ` A ∨ B,∆
∨R

Γ,A ` ∆ Γ,B ` ∆

Γ,A ∨ B ` ∆
∨L

Γ,A ` B,∆

Γ ` A→ B,∆
→ R

Γ ` A,∆ Γ,B ` ∆

Γ,A→ B ` ∆
→ L

Γ,⊥ ` ∆
⊥L

Γ,A ` A,∆
init

Γ,A ` ∆

Γ ` ¬A,∆
(¬R)

Γ ` A,∆

Γ,¬A ` ∆
(¬L)
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axiom, then the sequent is not provable!
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Counter-model:
q ; T , p ; F
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Beyond classical logic?

Question: How about intuitionistic logic?
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Relational (Kripke) model for intuitionistic logic

M = 〈W ,≤,V 〉, where W 6= ∅ and V : At → ℘(W ).
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A formula A is valid if it is valid in every model (|= A).

The argument from a set of formulas Γ to a set of formulas ∆ is valid if, for
every model M and every world w ∈W , if M,w |= B for each B ∈ Γ, then
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A little digression

Theorem 2. If A→ B is a tautology then the following rules are admissible in
G3cp/G3ip:

Γ ` A,∆

Γ ` B,∆

Γ,B ` ∆

Γ,A ` ∆
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Proof. Consider the derivations

` A→ B

Γ ` A,∆ Γ,B ` B,∆
init

A→ B, Γ ` B,∆
→ L

Γ ` B,∆
cut

and

` A→ B
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A→ B, Γ,A ` ∆
→ L

Γ,A ` ∆
cut
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Transforming semantics into syntax

M,w |= A ∧ B iff M,w |= A and M,w |= B
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Relational model for modal logic

M = 〈W ,R,V 〉, where W 6= ∅,R ⊆W ×W and V : At → ℘(W ).
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A modal formula A is valid if it is valid in every model (|= A).

The argument from a set of formulas Γ to a set of formulas ∆ is valid if, for
every model M and every world w ∈W , if M,w |= B for each B ∈ Γ, then
M,w |= A for some A ∈ ∆ (Γ |= ∆).
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Labeled system: classical modal logic

Γ ` w : A,∆ Γ ` w : B,∆

Γ ` w : A ∧ B,∆
∧R

Γ,w : A,w : B ` ∆

Γ,w : A ∧ B ` ∆
∧L

Γ,w : A ` w : B,∆

Γ ` w : A→ B,∆
→ R

Γ ` w : A,∆ Γ,w : B ` ∆

Γ,w : A→ B ` ∆
→ L

Γ ` w : A,w : B,∆

Γ ` w : A ∨ B,∆
∨R

Γ, v : A ` ∆ Γ, v : B ` ∆

Γ,w : A ∨ B ` ∆
∨L

Γ,wRv ` v : A,∆

Γ ` w : 2A,∆
2R

Γ,wRv , v : A ` ∆

Γ,wRv ,w : 2A ` ∆
2L
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Axiom D
3

Extensions

The beautiful correspondence
Principles about modalities Properties on the accessibility relation
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wRv ,w : 2A ` w : ¬2¬A ¬R

wRv ` w : 2A→ ¬2¬A → R

` w : 2A→ ¬2¬A Ser
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Sequent systems for (normal) modal logics

k : 2(A→ B)→ 2A→ 2B

Γ ` A

Γ′,2Γ ` 2A,∆
k

T : 2A→ A

Γ,A ` ∆

Γ,2A ` ∆
t

4 : 2A→ 22A

2Γ ` A

Γ′,2Γ ` 2A,∆
4

D : 2A→¬2¬A
Γ ` ⊥

Γ′,2Γ ` ∆
d
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The boundary of sequent calculus

Let S5 = K plus

T 2A→ A 5 3A→ 23A (4 2A→ 22A)

Sequent rules (sound and complete):

Γ,A ` ∆

Γ,2A ` ∆
T

2Γ ` A,2∆

Γ′,2Γ ` 2A,2∆,∆′ 45

Not cut-free!!!!!

Theorem 3.
The sequent p ` 23p is not cut-free derivable in S5.

Is there a cut-free sequent calculus for S5?

Trivial answer: of course! Take the rules {` A | A valid in S5}.

Non-trivial answer: it depends on what you call a rule!

Nested systems, hypersequents, labeled systems.
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End of Part II

Thank you!!!

Obrigada!!!

Gracias!!!

,
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Homework II

Implement your own sequent-based theorem prover for modal logics K, KT and
S4 in Lean or Rocq.

There will be a companion file with a proposed implementation of propositional
classical logic. All you need to do it to extend it to modalities, or just start
your own project.

If you want/can, make the prover modular
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References and useful links

References:

1. B. F. Chellas, Modal Logic (Cambridge University Press, 1980)

2. Patrick Blackburn, Maarten de Rijke and Yde Venema, Modal Logic
(Cambridge University Press, 2001)

3. Sara Negri and Jan von Plato, Structural Proof Theory (Cambridge
University Press, 2001)

Useful links:

I L-Framework: https://carlosolarte.github.io/L-framework/

I Lean 4 Web: https://live.lean-lang.org/

I A Lean intro to Logic:
https://adam.math.hhu.de/#/g/trequetrum/lean4game-logic

I SeqCalc: https://seqcalc.dev/

I ELVis: https://nomuras.github.io/ELVis/

I Modal Logic Playground: https://rkirsling.github.io/modallogic/

I Accessible theorem provers:
https://staff.cs.manchester.ac.uk/~schmidt/tools/#provers
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You don’t need to go classical every time..
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... and this may be good for something ,

I Mathematicians often prefer a direct proof over a proof by contradiction.

I Prove p → q directly: assume p, make some intermediary conclusions r1,
r2 then deduce q. Thus, our proof not only establishes that p implies q,
but also, that p implies r1 and r2 etc. So we come to a fuller
understanding of what is going on in the p worlds.

I Prove the contrapositive ¬q → ¬p directly: assume ¬q, make intermediary
conclusions r1, r2 then conclude ¬p. Thus, we have also established not
only that ¬q implies ¬p, but also, that it implies r1 and r2 etc. Thus, the
proof tells us about what else must be true in worlds where q fails.

I Prove p ∧ ¬q → ⊥: argue r1, r2, and so on, before arriving at a
contradiction. The statements r1 and r2 are all deduced under the
contradictory hypothesis, which ultimately does not hold in any
mathematical situation. The proof has provided extra knowledge about a
nonexistent, contradictory land.
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but also, that p implies r1 and r2 etc. So we come to a fuller
understanding of what is going on in the p worlds.

I Prove the contrapositive ¬q → ¬p directly: assume ¬q, make intermediary
conclusions r1, r2 then conclude ¬p. Thus, we have also established not
only that ¬q implies ¬p, but also, that it implies r1 and r2 etc. Thus, the
proof tells us about what else must be true in worlds where q fails.

I Prove p ∧ ¬q → ⊥: argue r1, r2, and so on, before arriving at a
contradiction. The statements r1 and r2 are all deduced under the
contradictory hypothesis, which ultimately does not hold in any
mathematical situation. The proof has provided extra knowledge about a
nonexistent, contradictory land.

Source: Joel David Hamkins in mathoverflow.
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... and this may be good for something ,

I Mathematicians prefer a direct proof over a proof by contradiction.

I In analysis, proofs by contraposition tend to be finitary in nature and yield
effective bounds, whereas proofs by contradiction (especially when
combined with compactness arguments) tend to be infinitary in nature and
do not easily yield such bounds.

I Computational problem of trying to find a path in a maze from A to B.

I Direct approach: start from A and explore all reasonable-looking directions
from A until one reaches B.

I Contrapositive: start backwards from B and try to reach A; then at the end
one simply reverses the path.

I Contradiction = meet-in-the-middle strategy: explore both forwards from A
and backwards from B until one gets an intersection. This is a faster
strategy, with a run time which is typically the square root of the run time
of the other two approaches.
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Brouwer!

On the significance ef the principle ef excluded middle 

in mathematics, especially in function theory 

LUITZEN EGBERTUS JAN BROUWER 

( 1923b) 

The text below is the translation of an 
address delivered in German on 21 Sept­
ember 1923 at the annual convention 
of the Deutsche Mathematiker-Vereinig­
ung in Marburg an der Lahn. It had 
been delivered in Dutch at the 22nd 
Vlaamsch Natuur- en Geneeskundig Con­
gres, in Antwerp in August 1923, in an 
approximately similar form (Brouwer 
1923a). 

§ I shows how the principles of logic, 
which have their origin in finite mathe­
matics, came to be applied to discourse 
about the physical world and then to non­
finite mathematics; but in that last field 
there is not necessarily a justification for 
each of these principles. In particular, 
such a justification seems to be lacking 
for the principle of excluded middle and 
that of double negation. 

§ 2 shows how several important re­
sults of classical analysis become unjusti­
fied once the principle of excluded 
middle is abandoned. Here Brouwer's 
critique is essentially negative, being 
based on counterexamples to classical 
theorems; but elsewhere he investigates 
which fragments of the Bolzano-W eier­
strass theorem can be preserved in intui­
tionistic analysis (1919, sec. 1, and 1952a; 
see also Heyting 1956, arts. 3.4.4 and 
8.1.3) and gives an intuitionistic form of 
the Heine-Borel theorem (1926a and 
1926b; see also Heyting 1956, art. 5.2.2). 
There are further counterexamples to 

theorems of classical analysis in Brouwer 
1928a. 

§ 3 is an example of the "splitting" of 
a classical notion, that of a convergent 
sequence, into several overlapping but 
distinct intuitionistic notions, here posi­
tively convergent sequence, negatively 
convergent sequence, and nonoscillating 
sequence. These notions were further in­
vestigated by one of Brouwer's disciples, 
M. J. Belinfante, and we refer the reader 
to Belinfante's papers listed below, p. 
630. In order to avoid a number of 
complications that arise in the theory of 
infinite sequences as elaborated by 
Brouwer and Belinfante, J. G. Dijkman 
found it convenient (1948) to introduce 
the notions of strictly negatively conver­
gent sequence and of strictly nonoscilla­
ting sequence. 

Two notes, "Addenda and corrigenda" 
and " Further addenda and corrigenda ", 
published by Brouwer in 1954, are appen­
ded to the 1923 paper. They reflect the 
development of Brouwer's ideas in the 
intervening years. In the main paper 
below (1923b) Brouwer had introduced 
an infinite sequence whose definition de­
pends upon the occurrence of a certain 
finite sequence of digits in the decimal 
expansion of 7T. In 1948 he introduced an 
infinitely proceeding sequence whose defi­
nition depends upon whether a certain 
mathematical problem has, or has not, 
been solved at a certain time : let ex be a 
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Brouwer! PRINCIPLE OF EXCLUDED MIDDLE 337 

§ 2 

The following two fundamental properties, which follow from the principle of 
excluded middle, have been of basic significance for this incorrect "logical" mathe­
matics of infinity(" logical" because it makes use of the principle of excluded middle), 
especially for the theory of real fundions (developed mainly by the Paris school): 

1. The points of the continuum form an ordered point species ;3 

2. Every mathematical species is either finite or infinite. 4 

The following example shows that the first fundamental property is incorrect. 
Let dv be the vth digit to the right of the decimal point in the decimal expansion of Tr, 

and let m = kn if, as the decimal expansion of Tr is progressively written, it happens 
at dm for the nth time that the segment dmdm + 1 • • .  dm + 9 of this decimal expansion 
forms the sequence 0123456789. Further, let cv = ( - l)k1 if v � k1, otherwise let 
cv = ( - t)

v
; then the infinite sequence c1, c2, c3, ... defines a real number r for which 

none of the conditions r = 0, r > 0, or r < 0 holds.5 
When the first fundamental property ceases to hold, the Paris school's notion of 

integral, the notion of L-integral, as it is called, ceases to be useful, because this 
notion of integral is bound to the notion "measurable function" and, according to 
the above, not even a constant function satisfies the conditions of "measurability ". 
For in the case of the function f(x) = r, where r represents the real number defined 
above, the values of x for whichf(x) > 0 do not form a measurable point species.6 

That the second fundamental property is incorrect is seen from the example 
provided by the species of the positive integers kn defined above. 

When the second fundamental property ceases to hold, so does the "extended 
disjunction principle", according to which, if a fundamental sequence of elements is 
contained in the union G(p, q) of two mathematical species p and q, either p or q 
contains a fundamental sequence of elements; and when the extended disjunction 
principle ceases to hold, so does the Bolzano-Weierstrass theorem, which rests upon 
it and according to which every bounded infinite point species has a limit point. 

The following two theorems are less basic and simple than the fundamental pro­
perties mentioned, yet they are equally indispensable for the construction of the 
"logical" theory of functions. 

1. Every continuous function f(x) defined everywhere in a closed interval i possesses a 
maximum, that is, an abscissa value x1 having a neighborhood a such that f(x1) � f(x) 

for every x that belongs to the intersection of a and i. 

3 That is, if on the one hand a < b either holds or is impossible, or on the other a > b either 
holds or is impossible, then one of the conditions a < b or a > b or a = b holds. 

4 For according to the principle of excluded middle a species s either is finite or cannot possibly 
be finite. In the latter case s possesses an element, 81; for otherwise, on the basis of the principle 
of excluded middle, s could not possibly possess an element and would therefore be finite, which 
is excluded. Furthermore s possesses an element, 82, distinct from 81; for otherwise s would not 
possibly possess an element distinct from e1 and would therefore be finite, which is excluded. 
Continuing in this manner, we show thats possesses a fundamental sequence of distinct elements, 
81, 82, . • . • [For the definition of "fundamental sequence" see below, p. 455.] 

5 Of course, we can also define r by means of any other property x whose existence or impossi­
bility can be derived for every definite positive integer, while we can neither determine a positive 
integer that possesses x nor prove the impossibility of x for all positive integers. 

6 However, the notion of R-integral, that is, the notion of Riemann integral, can be applied to 
j(x) without further ado. 
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j(x) without further ado. 
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81, 82, . • . • [For the definition of "fundamental sequence" see below, p. 455.] 

5 Of course, we can also define r by means of any other property x whose existence or impossi­
bility can be derived for every definite positive integer, while we can neither determine a positive 
integer that possesses x nor prove the impossibility of x for all positive integers. 

6 However, the notion of R-integral, that is, the notion of Riemann integral, can be applied to 
j(x) without further ado. 

PRINCIPLE OF EXCLUDED MIDDLE 337 

§ 2 

The following two fundamental properties, which follow from the principle of 
excluded middle, have been of basic significance for this incorrect "logical" mathe­
matics of infinity(" logical" because it makes use of the principle of excluded middle), 
especially for the theory of real fundions (developed mainly by the Paris school): 

1. The points of the continuum form an ordered point species ;3 

2. Every mathematical species is either finite or infinite. 4 

The following example shows that the first fundamental property is incorrect. 
Let dv be the vth digit to the right of the decimal point in the decimal expansion of Tr, 

and let m = kn if, as the decimal expansion of Tr is progressively written, it happens 
at dm for the nth time that the segment dmdm + 1 • • .  dm + 9 of this decimal expansion 
forms the sequence 0123456789. Further, let cv = ( - l)k1 if v � k1, otherwise let 
cv = ( - t)

v
; then the infinite sequence c1, c2, c3, ... defines a real number r for which 

none of the conditions r = 0, r > 0, or r < 0 holds.5 
When the first fundamental property ceases to hold, the Paris school's notion of 

integral, the notion of L-integral, as it is called, ceases to be useful, because this 
notion of integral is bound to the notion "measurable function" and, according to 
the above, not even a constant function satisfies the conditions of "measurability ". 
For in the case of the function f(x) = r, where r represents the real number defined 
above, the values of x for whichf(x) > 0 do not form a measurable point species.6 

That the second fundamental property is incorrect is seen from the example 
provided by the species of the positive integers kn defined above. 

When the second fundamental property ceases to hold, so does the "extended 
disjunction principle", according to which, if a fundamental sequence of elements is 
contained in the union G(p, q) of two mathematical species p and q, either p or q 
contains a fundamental sequence of elements; and when the extended disjunction 
principle ceases to hold, so does the Bolzano-Weierstrass theorem, which rests upon 
it and according to which every bounded infinite point species has a limit point. 

The following two theorems are less basic and simple than the fundamental pro­
perties mentioned, yet they are equally indispensable for the construction of the 
"logical" theory of functions. 

1. Every continuous function f(x) defined everywhere in a closed interval i possesses a 
maximum, that is, an abscissa value x1 having a neighborhood a such that f(x1) � f(x) 

for every x that belongs to the intersection of a and i. 

3 That is, if on the one hand a < b either holds or is impossible, or on the other a > b either 
holds or is impossible, then one of the conditions a < b or a > b or a = b holds. 

4 For according to the principle of excluded middle a species s either is finite or cannot possibly 
be finite. In the latter case s possesses an element, 81; for otherwise, on the basis of the principle 
of excluded middle, s could not possibly possess an element and would therefore be finite, which 
is excluded. Furthermore s possesses an element, 82, distinct from 81; for otherwise s would not 
possibly possess an element distinct from e1 and would therefore be finite, which is excluded. 
Continuing in this manner, we show thats possesses a fundamental sequence of distinct elements, 
81, 82, . • . • [For the definition of "fundamental sequence" see below, p. 455.] 

5 Of course, we can also define r by means of any other property x whose existence or impossi­
bility can be derived for every definite positive integer, while we can neither determine a positive 
integer that possesses x nor prove the impossibility of x for all positive integers. 

6 However, the notion of R-integral, that is, the notion of Riemann integral, can be applied to 
j(x) without further ado. 

PRINCIPLE OF EXCLUDED MIDDLE 337 

§ 2 

The following two fundamental properties, which follow from the principle of 
excluded middle, have been of basic significance for this incorrect "logical" mathe­
matics of infinity(" logical" because it makes use of the principle of excluded middle), 
especially for the theory of real fundions (developed mainly by the Paris school): 

1. The points of the continuum form an ordered point species ;3 

2. Every mathematical species is either finite or infinite. 4 

The following example shows that the first fundamental property is incorrect. 
Let dv be the vth digit to the right of the decimal point in the decimal expansion of Tr, 

and let m = kn if, as the decimal expansion of Tr is progressively written, it happens 
at dm for the nth time that the segment dmdm + 1 • • .  dm + 9 of this decimal expansion 
forms the sequence 0123456789. Further, let cv = ( - l)k1 if v � k1, otherwise let 
cv = ( - t)

v
; then the infinite sequence c1, c2, c3, ... defines a real number r for which 

none of the conditions r = 0, r > 0, or r < 0 holds.5 
When the first fundamental property ceases to hold, the Paris school's notion of 

integral, the notion of L-integral, as it is called, ceases to be useful, because this 
notion of integral is bound to the notion "measurable function" and, according to 
the above, not even a constant function satisfies the conditions of "measurability ". 
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j(x) without further ado. 
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is excluded. Furthermore s possesses an element, 82, distinct from 81; for otherwise s would not 
possibly possess an element distinct from e1 and would therefore be finite, which is excluded. 
Continuing in this manner, we show thats possesses a fundamental sequence of distinct elements, 
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integer that possesses x nor prove the impossibility of x for all positive integers. 

6 However, the notion of R-integral, that is, the notion of Riemann integral, can be applied to 
j(x) without further ado. 
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bility can be derived for every definite positive integer, while we can neither determine a positive 
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338 BROUWER 

The incorrectness of this theorem appears from the following example: If we 
enumerate the irreducible binary fractions between 0 and 1 (excluding 0 and 1) by 
means of a fundamental sequence ov 02, • • •  in the ordinary way, that is, so that any 
fraction follows all those with a smaller denominator and fractions with the same 
denominator are ordered according to the magnitude of the numerator, if we assign 
to k1 the same meaning as above, if by fn(x) we understand the function that has the 
value 2-n for x = on and vanishes for x = 0 as well as for x = 1, while it remains 
linear between x = 0 and x = on as well as between x = on and x = 1, and if we put 
gn(x) = fn(x) for n = k1, otherwise gn(x) = 0, then the continuous function 

00 

g(x) = I: gn(x), n=l 

which is defined everywhere in the closed unit interval, possesses no maximum. 
2. (Heine-Borel covering theorem.) If a neighborhood is assigned to every point 

core7 of the point species A formed by the points and the limit points of a bounded entire8 
point species B, then the whole point species A can be covered by a finite number of these 
neighborhoods. 

The incorrectness of this theorem appears from the following example: If we choose 
for B the number sequence c1, c2, c3, • • •  , defined above, while we assign to the number 
c., for v � kv the interval (cv - 2-k1 -2, cv + 2-k1 -2

), otherwise the interval 
(cv - 2-•-

2
, cv + 2-v-2), and to a limit point e (if any) of the sequence the interval 

(e - i, e + l), then A cannot be covered by a finite number of these neighborhoods.9 
In view of the fact that the foundations of the logical theory of functions are 

indefensible according to what was said above, we need not be surprised that a large 
part of its results becomes untenable in the light of a more precise critique. As an 
example, we shall refute one of the best-known classical theorems in this domain, 
namely, the theorem that a monotonic continuous function defined everywhere is 
"almost everywhere" differentiable, by constructing a monotonic continuous func­
tion that is defined everywhere in the closed unit interval but is nowhere differentiable. 

Let 0 � x1 < x2 � 1. By the elementary function corresponding to the interval 
(x1, x2) we shall understand the continuous function, defined everywhere in the closed 
unit interval, that, for x1 � x � x2, is equal to 

and, for 0 � x � x1 and x2 � x � 1, is equal to 0; by ,\', ,\", ,\'", ... we shall under­
stand the intervals (a/2n, (a + 2)/2n) (where a and n denote positive integers) belong­
ing to the closed unit interval and enumerated in the customary way; and by fn(x) 
we shall understand the elementary function corresponding to ,\<n>. Furthermore we 

7 [For the definition of "point core" see below, p. 458.] 
8 ["The species of the points that coincide with points of the point species Q is called the 

completing [erganzende] point species or, for short, the completion [Erganzung] ofQ. A point species 
that is identical with its completion is called an entire [ganze] Punktspecies." (Brouwer 1919, p. 6.) 
For the definition of "coincide" see below, p. 458. and for that of" identical with", p. 454.] 

9 Nor does the theorem hold for a closed bounded entire point species A. Counterexample: take 
for A a species of abscissas ( - 2)-v such that an abscissa ( - 2)-v belongs to A if and only if a 
natural number k1 satisfying the characterization above is known and v is a natural number 
� k1 ; then with each abscissa that may belong to A associate the same interval as in the text. 
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§ 2 

The following two fundamental properties, which follow from the principle of 
excluded middle, have been of basic significance for this incorrect "logical" mathe­
matics of infinity(" logical" because it makes use of the principle of excluded middle), 
especially for the theory of real fundions (developed mainly by the Paris school): 

1. The points of the continuum form an ordered point species ;3 

2. Every mathematical species is either finite or infinite. 4 

The following example shows that the first fundamental property is incorrect. 
Let dv be the vth digit to the right of the decimal point in the decimal expansion of Tr, 

and let m = kn if, as the decimal expansion of Tr is progressively written, it happens 
at dm for the nth time that the segment dmdm + 1 • • .  dm + 9 of this decimal expansion 
forms the sequence 0123456789. Further, let cv = ( - l)k1 if v � k1, otherwise let 
cv = ( - t)

v
; then the infinite sequence c1, c2, c3, ... defines a real number r for which 

none of the conditions r = 0, r > 0, or r < 0 holds.5 
When the first fundamental property ceases to hold, the Paris school's notion of 

integral, the notion of L-integral, as it is called, ceases to be useful, because this 
notion of integral is bound to the notion "measurable function" and, according to 
the above, not even a constant function satisfies the conditions of "measurability ". 
For in the case of the function f(x) = r, where r represents the real number defined 
above, the values of x for whichf(x) > 0 do not form a measurable point species.6 

That the second fundamental property is incorrect is seen from the example 
provided by the species of the positive integers kn defined above. 

When the second fundamental property ceases to hold, so does the "extended 
disjunction principle", according to which, if a fundamental sequence of elements is 
contained in the union G(p, q) of two mathematical species p and q, either p or q 
contains a fundamental sequence of elements; and when the extended disjunction 
principle ceases to hold, so does the Bolzano-Weierstrass theorem, which rests upon 
it and according to which every bounded infinite point species has a limit point. 

The following two theorems are less basic and simple than the fundamental pro­
perties mentioned, yet they are equally indispensable for the construction of the 
"logical" theory of functions. 

1. Every continuous function f(x) defined everywhere in a closed interval i possesses a 
maximum, that is, an abscissa value x1 having a neighborhood a such that f(x1) � f(x) 

for every x that belongs to the intersection of a and i. 

3 That is, if on the one hand a < b either holds or is impossible, or on the other a > b either 
holds or is impossible, then one of the conditions a < b or a > b or a = b holds. 

4 For according to the principle of excluded middle a species s either is finite or cannot possibly 
be finite. In the latter case s possesses an element, 81; for otherwise, on the basis of the principle 
of excluded middle, s could not possibly possess an element and would therefore be finite, which 
is excluded. Furthermore s possesses an element, 82, distinct from 81; for otherwise s would not 
possibly possess an element distinct from e1 and would therefore be finite, which is excluded. 
Continuing in this manner, we show thats possesses a fundamental sequence of distinct elements, 
81, 82, . • . • [For the definition of "fundamental sequence" see below, p. 455.] 

5 Of course, we can also define r by means of any other property x whose existence or impossi­
bility can be derived for every definite positive integer, while we can neither determine a positive 
integer that possesses x nor prove the impossibility of x for all positive integers. 

6 However, the notion of R-integral, that is, the notion of Riemann integral, can be applied to 
j(x) without further ado. 
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enumerate the irreducible binary fractions between 0 and 1 (excluding 0 and 1) by 
means of a fundamental sequence ov 02, • • •  in the ordinary way, that is, so that any 
fraction follows all those with a smaller denominator and fractions with the same 
denominator are ordered according to the magnitude of the numerator, if we assign 
to k1 the same meaning as above, if by fn(x) we understand the function that has the 
value 2-n for x = on and vanishes for x = 0 as well as for x = 1, while it remains 
linear between x = 0 and x = on as well as between x = on and x = 1, and if we put 
gn(x) = fn(x) for n = k1, otherwise gn(x) = 0, then the continuous function 

00 

g(x) = I: gn(x), n=l 

which is defined everywhere in the closed unit interval, possesses no maximum. 
2. (Heine-Borel covering theorem.) If a neighborhood is assigned to every point 

core7 of the point species A formed by the points and the limit points of a bounded entire8 
point species B, then the whole point species A can be covered by a finite number of these 
neighborhoods. 

The incorrectness of this theorem appears from the following example: If we choose 
for B the number sequence c1, c2, c3, • • •  , defined above, while we assign to the number 
c., for v � kv the interval (cv - 2-k1 -2, cv + 2-k1 -2

), otherwise the interval 
(cv - 2-•-

2
, cv + 2-v-2), and to a limit point e (if any) of the sequence the interval 

(e - i, e + l), then A cannot be covered by a finite number of these neighborhoods.9 
In view of the fact that the foundations of the logical theory of functions are 

indefensible according to what was said above, we need not be surprised that a large 
part of its results becomes untenable in the light of a more precise critique. As an 
example, we shall refute one of the best-known classical theorems in this domain, 
namely, the theorem that a monotonic continuous function defined everywhere is 
"almost everywhere" differentiable, by constructing a monotonic continuous func­
tion that is defined everywhere in the closed unit interval but is nowhere differentiable. 

Let 0 � x1 < x2 � 1. By the elementary function corresponding to the interval 
(x1, x2) we shall understand the continuous function, defined everywhere in the closed 
unit interval, that, for x1 � x � x2, is equal to 

and, for 0 � x � x1 and x2 � x � 1, is equal to 0; by ,\', ,\", ,\'", ... we shall under­
stand the intervals (a/2n, (a + 2)/2n) (where a and n denote positive integers) belong­
ing to the closed unit interval and enumerated in the customary way; and by fn(x) 
we shall understand the elementary function corresponding to ,\<n>. Furthermore we 

7 [For the definition of "point core" see below, p. 458.] 
8 ["The species of the points that coincide with points of the point species Q is called the 

completing [erganzende] point species or, for short, the completion [Erganzung] ofQ. A point species 
that is identical with its completion is called an entire [ganze] Punktspecies." (Brouwer 1919, p. 6.) 
For the definition of "coincide" see below, p. 458. and for that of" identical with", p. 454.] 

9 Nor does the theorem hold for a closed bounded entire point species A. Counterexample: take 
for A a species of abscissas ( - 2)-v such that an abscissa ( - 2)-v belongs to A if and only if a 
natural number k1 satisfying the characterization above is known and v is a natural number 
� k1 ; then with each abscissa that may belong to A associate the same interval as in the text. 
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