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Recap of Lecture |

» Proof theory: structure of proofs and proof systems.

» Proof formalisms:
» Hilbert systems
» Natural deduction

» Sequent calculi
P Brief introduction to modal logic.

» Relational semantics.
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In this lecture: more modal logics!

» Dive deep into Kripke semantics.
» Proof theory for modal logics.

» Extensions.
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Outline

Axioms and Kripke

Relating syntax with semantics

Beyond classical and intuitionistic logics

Extensions

Sequent systems

Bonus track: intuitionism
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Outline

Axioms and Kripke
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Modal Logics

» Formulas: Au=p|L|ArNA|AVA|A—SA|DOA|CA
» Duality by De Morgan laws and -0A = ¢—-A
> Axioms: classical propositional logic and
k: 0(A— B)— (0A—0OB)
» Rules: modus ponens: % necessitation: AA

» Semantics: Relational Models
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Recap of Kripke models

M=(W,R, V), where W # 0, RC W x W and V : At — p(W).
M= {(W,R,V) v‘

W / Qq

e,
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Recap of Kripke models

M= (W,R, V), where W #D,RC W x W and V : At — p(W).

M = (W,R,V) ‘e,
/O

®

Wiis a non-empty set of possible worlds.
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Recap of Kripke models

M= (W,R, V), where W #D,RC W x W and V : At — p(W).

M = (W,R,V) '®,
S O
W vRv
'P

R is the relative accessibility relation:

from the point of view of w, v is possible.
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Recap of Kripke models

M= (W,R, V), where W #D,RC W x W and V : At — p(W).

M= (W,R,V) 'O

Qq Vig)=1
. wRy VRY

.P
V(p) = 1

V assigns a truth value to a propositional
variable at a world.
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Recap of Kripke models

M=(W,R,V), where W #0,RC W x W and V : At — p(W).

M= (W,R,V)  ®

/C)q Vig)=1
. WRYy VRv

‘P
Vip) =1
For non-atomic propositional formulas:

Just check the truth table
in each world!
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Recap of Kripke models

M= (W,R, V), where W #D,RC W x W and V : At — p(W).

M= (W,R,V) 'S

g Vig=1
m
W VRvy

.P
V(p) = 1

M,w Ep—q M,yvEDP—q

Modal Logic Playground
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https://rkirsling.github.io/modallogic/

Recap of Kripke models

M= (W,R, V), where W #D,RC W x W and V : At — p(W).

M= (W,R,V) o

/C)q Vigp=1
. WRYy VRv

’P
V(p) =1

A is necessary at a world u provided A
is true at every possible world from u.
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Recap of Kripke models

M=(W,R, V), where W # 0, RC W x W and V : At — p(W).

M= (W,R,V) Lo

qg Vig)=1
m
W VRv

.P
V(p) =1

A is possible at a world u provided A
is true at some possible world from u.
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Recap of Kripke models

M= (W,R, V), where W #D,RC W x W and V : At — p(W).

M= (W,R,V) %

/C)q Vig)=1
N wRy VRy

‘p
Vip)=1
A,w FOp A,y EOp
A,wE g M,vE[q
A,wE(p = q) AvEOP = q)

Modal Logic Playground
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https://rkirsling.github.io/modallogic/

Recap of Kripke models

M=(W,R,V), where W #0,RC W x W and V : At — p(W).

Satisfiability relation M, w = A:

M,wE=p iff p € V(w);

M,wk= L never holds;

M,w = -A iff M, w A

M,wlE=AAB iff M,wEAand M,w = B;
M,wE=AVB iff M,wEAor M,w = B;
M,wEA—B iff M,wEAor M,w E B;

M,w = OA iff for all v. wRv implies M, v = A;
M,w = CA iff there exists v. wRv and M, v = A.
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A modal formula A is valid if it is valid in every model (= A).
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Recap of Kripke models

M=(W,R, V), where W # 0, RC W x W and V : At — p(W).

Satisfiability relation M, w = A:

M,wE=p iff
M,wk= L

M,w = —-A iff
M,wEAAB iff
M,wE=AVB iff
MwEA—SB  iff
M,w = DA iff
M, w = OA iff

p € V(w);

never holds;

M, w £ A

M,wEAand M,w = B;
M,wEAor M,w = B;
M,wEAor M,w E B;

for all v. wRv implies M, v |= A;
there exists v. wRv and M, v = A.

A modal formula A is valid if it is valid in every model (= A).

How can | prove that??

w
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The axiom k

k: o(A— B) — (0DA—0OB)
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The axiom k

k: o(A— B) — (0DA—0OB)

If M,w |=0(A— B) and M, w |= OA then M, w = OB for all models M
and all worlds w in it.
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The axiom k

0(A— B),0A=0OB

0@ - B 04
an
‘e '@

A—-B A—-B

B
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The axiom k

0(A— B),0AE= 0B

D(A—>B) |:| B

f\f\

A—>B A->B A A
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The axiom k

0(A— B),0AE= 0B

|:|(A—>B) A OB
A—-B A—>B A A A-BA A-BA

B B
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The axiom k

0(A— B),0AE= 0B

|:|(A—>B) OA OB
A—-B A—>B A A A-BA A-BA
B B

Modal Logic Playground
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https://rkirsling.github.io/modallogic/

The axiom T

T-0A—A
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The axiom T

T-0A—- A

Modal Logic Playground ®

Current formula:

Enter a formula:
©p—p)

[p->p

True:
@

False:
wy

When entering a formula:

use ~A for =A
° use [JA for OA
use <A for QA
> use (A &B) for (AA B)
use (A | B) for (AV B)
use (A -> B) for (A — B)
use (A <-> B) for (4 ¢ B)
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The axiom 4

4: 0A— 0OOA
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The axiom 4

Modal Logic Playground

Enter a formula:
[Ie->[100p

True:

w1, Wy

False:

When entering a formula:

use ~A for =A

© use [JA for A

o use <A for OA

use (A & B) for (AA B)

o use (A | B) for(AV B)

use (A -> 8) for (A — B)
use (A <-> B) for (A ¢+ B)

4: OA— OOA

Link to Current Model
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Outline

Relating syntax with semantics
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Back to classical logic!

G3cp is the most beautiful system!

rN-AA Ir-BA

TFAAB,A

rFABA

FEFAVB,A Y
rAFB,A
rrAasBa R

1L ——— init

| I AN MAFAA

MNABEFA

rAarBra

MAFA T,BFA

ravera VL

r-AA T,BFA
TA-BFA
MLAFA
T —AA

(=R)
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Back to classical logic!

G3cp is the most beautiful system!

rN-AA Ir-BA

TFAAB,A

rFABA
FEFAVB,A Y

FAFB,A
T-A-B,A

rirat Taraa™

» Structural rules are hidden.

MNABEFA

rAarBra

MAFA T,BFA

ravera VL

r-AA T,BFA
TA-BFA
MLAFA
T —AA

(=R)

» All rules are invertible: you may apply any in any order!

12/41



Back to classical logic!

G3cp is the most beautiful system!

Tr-AA THB,A
TFAAB,A

rFABA
FEFAVB,A Y

rAFB,A

T-A-B,A
1L init

| I AN MAFAA

» Structural rules are hidden.

MNABEFA

rAarBra

MAFA T,BFA

ravera VL
FAA TLBFEA
rasera L
FAFA
FF—AA

(=R)

» All rules are invertible: you may apply any in any order!
» In a derivation, if there is one leaf which is not an instance of the initial
axiom, then the sequent is not provable!
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Back to classical logic!

G3cp is the most beautiful system!

rN-AA Ir-BA

TFAAB,A

rFABA
FEFAVB,A Y

FAFB,A
T-A-B,A
1L = init

| I AN MAFAA

Example:

p—>a,qFp

MNABEFA

rAarBra

MAFA T,BFA

ravera VL

r-AA T,BFA
TA-BFA
MLAFA
T —AA

(=R)

— L
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Back to classical logic!

G3cp is the most beautiful system!

Tr-AA THB,A rABFA

rranBa M T arera Mt
rFABA o [AFA [BEA
FEFAVB,A Y rAvVBra VY
FAFB,A FrFAA T,BFA
rrAasBa R rAsBra Ot
N MLAFA FEAA
rira L T aranaint rkﬁAA(ﬁm ﬂﬁAFA(ﬁU

Example:
qtp,p q,qkp
p—>q,qFp
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Back to classical logic!

G3cp is the most beautiful system!

Tr-AA THB,A rABFA

rranBa M T arera Mt
rFABA o [AFA [BEA
FEFAVB,A Y rAvVBra VY
FAFB,A FrFAA T,BFA
rrAasBa R rAsBra Ot
N MLAFA FEAA
rira L T aranaint rkﬁAA(ﬁm ﬂﬁAFA(ﬁU

Example:
qtp,p q,qkp
p—>q,qFp
Counter-model:
g~ T,p~ F
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Beyond classical logic?

Question: How about intuitionistic logic?
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Beyond classical logic?

Question: How about intuitionistic logic?

G3ip
r-A reB NABEC
rranB " T asrsrc M
r-A r-s rnAFC T,BHC
r-ave 'R Frave VR raverc Vi
rAFB FFA ILBFC
— =

rrAsB R ASBFC

rirc -t T arant
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Beyond classical logic?

Question: How about intuitionistic logic?

G3ip
r-A res . NABEC AL
FEAAB LAANBEC
r-A r-B rLAFC T,BEC
reave R rrave VR raverc vt
rAFB FFA TBFC

rrass K rassrc Ot

rirc L TFaraint

» Structural rules are hidden.
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Beyond classical logic?

Question: How about intuitionistic logic?

G3ip
r-A FFBA EABFCIM
r-AAB IAANBFC
r-A r-B NnNAFC T,BFC
rrave 'R trave VR raverc Vi
rA-B r-A IB-C

rrasg R raserc 't

rirc L TFaraint

» Structural rules are hidden.

» VRi,VR, and — L are not invertible!
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Beyond classical logic?

Question: How about intuitionistic logic?

G3ip
A rr68 rAB-C
TEAAB FAABFC
r-A r-B rnAFC T,BEC
r-ave P Trave VR raverc Vi
rA-B . T[FA TBFC
r-A—B TAsBFC
rirc -t TFaraint

» Structural rules are hidden.
» VRi,VR> and — L are not invertible!

» Counter-models? (w.r.t. what, btw?)
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Beyond classical logic?

Question: How about intuitionistic logic?

mLJ
FFAA THB,A MABEA
r-arBa M T arera M
F-AB,A LAFA TLBFA
r-ave.a 'R ravera Yt
rAFB FFAA TBFA
rrAsBa R rAasBra Ot
1L = init

rLEA MAFAA
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Beyond classical logic?

Question: How about intuitionistic logic?

mLJ
FTEFAA TFBA FABFA
rrAarB A M Farera M
A B,A LAFA T,BFA
rrAvBa VR ravera V't
rAFB rFAA TLBEA
rrA=Ba R LASBEA
rira L T.ArAa Mt

» Structural rules are hidden.
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Beyond classical logic?

Question: How about intuitionistic logic?

mLJ

FFAA THB,A MABKA
rrarBa M T arera M
A B,A AFA TBFA
r-ave.a 'R ravera VL
rA-FB r-AA TBFA
r-rAsBA R TASBFA

rira L T Araant

» Structural rules are hidden.

» — R is not invertible!
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Beyond classical logic?

Question: How about intuitionistic logic?

mLJ
FFAA TFBA MABFA
r-arBa M Fasrera M
A B,A AFA TLBFA
r-ave.a 'R ravera VL
rA-FB F-AA TBFA
rrAsBA R rAasera Ot
L ———— init

I',J_I—AL MNAFAA
» Structural rules are hidden.

» — R is not invertible!

» Counter-models? (w.r.t. what, btw?)
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Relational (Kripke) model for intuitionistic logic

M= (W,< V), where W #£ () and V : At — p(W).
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Relational (Kripke) model for intuitionistic logic

M= (W,<, V), where W £ 0 and V : At — p(W).
Satisfiability relation M, w = A:

M,wl=p iff
M,w k=L

J\/l,W‘:ﬁA iff
M,wE=AANB iff
M,w=AVB iff

MwEASB ff

p € V(w);

never holds;

Vw < v.M,v [£ A

M,w = Aand M,w = B;
M,wEAor M,w E B;

for all v.w < v, M, v |= A implies M, v |= B.
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Relational (Kripke) model for intuitionistic logic

M= (W,<,V), where W # () and V : At — p(W).
Satisfiability relation M, w = A:

M,wEp iff p e V(w);

M,wE L never holds;

M,w = -A iff Vw < v.M,v £ A

M,wE=AANB iff M,w = Aand M,w = B;

M,wEAVB iff M,wEAor M,w E B;

MwEA—B iff for all v.w < v, M, v |= A implies M, v |= B.

A formula A is valid if it is valid in every model (= A).
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Relational (Kripke) model for intuitionistic logic

M= (W,<,V), where W # () and V : At — p(W).
Satisfiability relation M, w = A:

M,wl=p iff
M,w k=L

M,w = -A iff
M,wl=AAB iff
M,wl=AvVB iff
MwEASB  iff

p e V(w);

never holds;

Yw < v.M,v [~ A

M,w = Aand M,w = B;
M,wEAor M,w E B;

for all v.w < v, M, v |= A implies M, v |= B.

A formula A is valid if it is valid in every model (= A).

The argument from a set of formulas I to a set of formulas A is valid if, for
every model M and every world w € W, if M, w |= B for each B €T, then
M,w = Aforsome Ac A (T = A).
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Relational (Kripke) model for intuitionistic logic

M= (W,<,V), where W # () and V : At — p(W).
Satisfiability relation M, w = A:

M,wEp iff p e V(w);

M,wE L never holds;

M,w = -A iff Vw < v.M,v £ A

M,wE=AANB iff M,w = Aand M,w = B;

M,w=AVB iff M,wk=Aor M,w = B;

MwEA—B iff for all v.w < v, M, v |= A implies M, v |= B.
A formula A is if it is valid in every model (= A).

The argument from a set of formulas I to a set of formulas A is valid if, for
every model M and every world w € W, if M, w |= B for each B €T, then
M,w = Aforsome Ac A (T = A).

Moreover, truth is monotone w.r.t. propositional variables, that is, p € V(w)
and w < v then p € V(v).
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Relational (Kripke) model for intuitionistic logic

M= (W,<,V), where W # () and V : At — p(W).
Satisfiability relation M, w = A:

M,wEp iff p e V(w);

M,wE L never holds;

M,w = -A iff Vw < v.M,v £ A

M,wE=AANB iff M,w = Aand M,w = B;

M,w=AVB iff M,wk=Aor M,w = B;

MwEA—B iff for all v.w < v, M, v |= A implies M, v |= B.
A formula A is if it is valid in every model (= A).

The argument from a set of formulas I to a set of formulas A is valid if, for
every model M and every world w € W, if M, w |= B for each B €T, then
M,w = Aforsome Ac A (T = A).

Theorem 1. (Monotonicity) If M, w |= A and w < v then M,v E A.
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A little digression

Theorem 2. If A — B is a tautology then the following rules are admissible in
G3cp/G3ip:
r-AA rBFA

r-B,A rLAFA
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A little digression

Theorem 2. If A — B is a tautology then the following rules are admissible in

G3cp/G3ip:
A A rBFA
r-B,A LAFA
Proof. Consider the derivations
FFAA T,BFB,A '“'tL
FA-B ASBTFBA
B A cut
and .
FAFAA ™ FBrLA ,
FA B A-BTAFA -
cu

TAFA
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Transforming semantics into syntax

M,wEAAB iff M,wEAand M,w =B
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Transforming semantics into syntax

w:AAB > w:AAw:B
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Transforming semantics into syntax

w:AAB — w:AAw:B
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Transforming semantics into syntax
w:AAB — w:AAw:B

Fr’Fw:AAw: B A
rFw:AABA
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Transforming semantics into syntax
w:AAB — w:AAwW:B

FrNEw:AA THw:B A
rFw:AABA
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Transforming semantics into syntax
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Transforming semantics into syntax

FrNFw:AA THw:BA MLw:Aw:BFA
TFw:AAB,A AR Fw-ArBEa M
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Transforming semantics into syntax

FrNFw:AA THw:BA MLw:Aw:BFA
TFw:AAB,A AR Fw-ArBEa M

w:AAwW<v — Vv:A

Mw<v,v:AFA
Mw<v,w:AFA

1lift
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Transforming semantics into syntax

FrNFw:AA THw:BA MLw:Aw:BFA
TFw:AAB,A AR Fw-ArBEa M

Nw<v,v:AFA
MTw<v,w: AFA

1lift

w:A—B > VYVww<vAv:A—v:B
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Transforming semantics into syntax

FrNFw:AA THw:BA MLw:Aw:BFA
TFw:AAB,A AR Fw-ArBEa M

Nw<v,v:AFA
MTw<v,w: AFA

lift
w:A—B > VYVww<vAv:A—v:B

Mw<v,v:AFv:BA r’Ew:AA Tbw:BEA
rrw-AsBA R Tw:A—BFA

— L
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Transforming semantics into syntax

FrNFw:AA THw:BA MLw:Aw:BFA
TFw:AAB,A AR Fw-ArBEa M

Nw<v,v:AFA
MTw<v,w: AFA

1lift

Mw<v,v:A-v:BA R rNCEw:AA Tbw:BEA
TFw:A-BA Tw:A—BFA

w:AVB > w:AVw:B

— L
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Transforming semantics into syntax

FrNFw:AA THw:BA MLw:Aw:BFA
TFw:AAB,A AR Fw-ArBEa M

Nw<v,v:AFA
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Transforming semantics into syntax

FrNFw:AA THw:BA MLw:Aw:BFA
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Transforming semantics into syntax

FrNFw:AA THw:BA MLw:Aw:BFA
TFw:AAB,A AR Fw-ArBEa M
Nw<v,v:AFA
F,WSV,W:AD—A:L:Lft
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VR VL

r’Fw:AvB A Nw:AvBEA
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Transforming semantics into syntax
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1lift
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rrw:-Avea 'R Fw:AVBFA vi

Let's try to prove w : pV —p
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Transforming semantics into syntax

FrNFw:AA THw:BA
r’Fw:AAB A

MLw:Aw:BFA
Mw:AABEFA

AL

Nw<v,v:AFA

1lift

MTw<v,w: AFA

rw<v,v:AFA
MNkEw:-AA

-

Fr’Ew:Aw: B A
r’Fw:AvB A

VR

Let's try to prove w : pV —p

Fw:p,w:-p

FrEw:AA .
Mw:-AFA

Nw:AFA T,bw:BFA

Fw:-AVBFA vt

VR

Fw:pV-p
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Transforming semantics into syntax
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1lift

rw<v,v:AFA R FrEw:AA .
TFw:—AA Mw:-AFA
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rrw:-Avea 'R Fw:AVBFA vi
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Transforming semantics into syntax

FrNFw:AA THw:BA MLw:Aw:BFA
TFw:AAB,A AR Fw:AABFA
Nw<v,v:AFA
F,WSV,W:AD—A:L:Lft
rw<v,v:AFA R FrEw:AA .
TFw:—AA Mw:-AFA
Fr’Ew:Aw: B A Nw:AFA T,bw:BFA
rrw:-Avea 'R Fw:AVBFA
But wait!
v:fhbw<v,v:AFv:Bw:A
lift NAFB

w:hw<v,v:AFv:B,w:A
w:lFw:A->Bw:A

AL

VL

LR  TFASBA

R
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/ ®
w

In any case
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Relational model for modal logic

M= (W,R, V), where W#D RC W x W and V : At — p(W).
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Relational model for modal logic

M=(W,R,V), where W #0,RC W x W and V : At — p(W).
Satisfiability relation M, w = A:

M,wE=p iff p € V(w);

M,wE L never holds;

M,w = -A iff M,w = A

M,wE=AANB iff M,wEAand M,w = B;
M,wEAVB iff M,wEAor M,w = B;
M,wEA—B iff M,w EAor M,w = B;

M,w = OA iff for all v. wRv implies M, v = A;
M,w = OA iff there exists v. wRv and M, v = A.

A modal formula A is valid if it is valid in every model (= A).
The argument from a set of formulas I' to a set of formulas A is valid if, for

every model M and every world w € W, if M, w |= B for each B €T, then
M,w = Aforsome Ac A (I = A).
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Labeled system: classical modal logic

FrNFw:AA THw:BA MLw:Aw:BFA
TFw:AAB,A AR Fw-ArBEa M
Mw:AFw:BA R FrNFw:AA Tbw:BEA .
TFw:A—>BA Tw:A—>BFA -
rFw:Aw:B A Mv:AFA Tv:BFA
VR VL
lrN-w:AvBA Mw:AvBEA
wRvEv:AA LwRv,v:AEF A
——— -~ OR oL

N-w:0A A MwRv,w:OAF A

19/41



Labeled system: classical modal logic

FrNFw:AA THw:BA MLw:Aw:BFA
TFw:AAB,A AR Fw-ArBEa M
Mw:AFw:BA FrNFw:AA Tbw:BEA
rrw-AoBA R Tw:A—>BFA - L
rFw:Aw:B A Mv:AFA Tv:BFA
rrw:Avea VR Tw:AVBFA vt
wRvEv:AA [wRv,v:AF A
r-w:-oaa OF Fwrv.w-oAr A 9b

Let's try to prove w : Op — OOp
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Let's try to prove w : Op — OOp

MLw:Aw:BFA
Mw:AABEFA
FrNFw:AA Tbw:BEA

AL

Tw:A>BFA —+1L

Mv:AFA Tv:BFA

Fw:-AVBFA vL

MwRv,v:AFA
MwRv,w:OAF A

aL

oL

wRv,vRu,w : OptFu:p

oR

w:Opkw:0OOp
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Fw:Op— O0p
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Mw:AFw:BA R FrNFw:AA Tbw:BEA .
TFw:A—>BA Tw:A—>BFA -
rFw:Aw:B A Mv:AFA Tv:BFA
rrw:Avea VR Tw:AVBFA vt
wRvEv:AA [wRv,v:AF A
r-w:-oaa OF Fwrv.w-oAr A 9b
But wait!

v:[bwRvEv:Aw:A _—

; ; oL, _ITFA
W.Dr,va}—v.A,W.ADR DFFDA,Ak
w:al-w:0Aw: A
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Labeled system: classical modal logic

FrNFw:AA THw:BA MLw:Aw:BFA
TFw:AAB,A AR Fw-ArBEa M
Mw:AFw:BA R FrNFw:AA Tbw:BEA .
TFw:A—>BA Tw:A—>BFA -
rFw:Aw:B A Mv:AFA Tv:BFA
VR VL
lrN-w:AvBA Mw:AvBEA
wRvEv:AA LwRv,v:AEF A
rFw.oAa OF L wRv,w OAF A OF
Hence
v:[FA K
w:al - oA A in K
And hence

Counter-model:
, p
w v u
o— '‘o— "o
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ElVis again!

Labelled
Sequent Calculul

for EL

Input Formula

M Epistemic Logic
EL

M Select Modal System(s)

K OT Ob OB 04 05 b

M Expressions in a node

maximum: 15 ~|

M Input EL-formula

#a(p -> q) -> (#ap -> #aq

Random Formula
y J
Examples

—-

ELVis

ToP EL~ PAL~ DEL~
(it ORa1 , 0:(1)sa(p > ) . O1hap ==> ORa1 , Tip, Tiq) (i) ORa1 , Tip, O:1)sa(p > ) . O:1Nap ==> 1p. 1
@) )
ORa1, 0:(1)a(p > ) Oifap => 1, 1p () ORat , 19, 0:(1)ealp > q) . Oap ==> 1
©) ©)
(@) ORa1 , 0:(1)a(p > q) . Oiap == ORa1 , 1q ORa1 15> q. 01 Ma(p > q) . Oitap =1
@) w
ORat , Otalp > q) . Otap =
)
Oiralp > ). Oap ==> Oitaq
®>)
O#alp > q) == Oifap > aq
®>)

==> O:#a(p > q) > (fap > #aq)
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Principles about modalities <,‘:(> Properties on the accessibility relation
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The beautiful correspondence

Principles about modalities

OA—A
OA-Q00A
0A - QA
A—[00A
OA - O0A

Properties on the accessibility relation

Yw.wRw Reflexivity
VYw,v,u.wRv AvRu — wRu  Transitivity
Vw.3v.wRy Seriality
VYw,v.wRy = vRw Symmetry

Vw,v,u.wRv A wRu — vRu Euclideaness
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The beautiful modal cube

5:

Axioms
[JA—-A
OA-[0O0OA
0A - QA
A-[O0A

<>/§ - [ <>fi

K

Modal logics

S5

—

el

u:

DB

k: OJA-B-1dA-1B

KB
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Axiom T

T:JA—-A Yw.wRw Reflexivity
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Axiom T

T:JA—-A Yw.wRw Reflexivity
Theorem 1. Given a model M = (W, R, V), the axiom

T:0DA— A

is valid if and only if R is reflexive.
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Axiom T

T:-JA-A Vw.wRw Reflexivity
Theorem 1. Given a model M = (W, R, V), the axiom

T:0DA— A

is valid if and only if R is reflexive.
Proof. (<) Suppose R reflexive and M, w = OA.

® 04

O
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Axiom T

T:JA—-A Yw.wRw Reflexivity
Theorem 1. Given a model M = (W, R, V), the axiom

T:0DA— A

is valid if and only if R is reflexive.

Proof. (<) Suppose R reflexive and M, w = 0OA. Since wRw, then it must
be the case that M, w = A.

W‘ DA
QA
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Axiom T

T:JA—-A Yw.wRw Reflexivity
Theorem 1. Given a model M = (W, R, V), the axiom

T-OA— A

is valid if and only if R is reflexive.
Proof. (=)
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Axiom T

T:JA—-A Yw.wRw Reflexivity
Theorem 1. Given a model M = (W, R, V), the axiom

T-OA— A

is valid if and only if R is reflexive.
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Axiom T

T:JA—-A Yw.wRw Reflexivity
Theorem 1. Given a model M = (W, R, V), the axiom

T:0DA— A

is valid if and only if R is reflexive.

I, xRx = A

- Ref

24 /41



Axiom T

T:JA—->A Yw.wRw
Theorem 1. Given a model M = (W, R, V), the axiom

T:0DA— A

is valid if and only if R is reflexive.

I, xRx = A

- Ref

wRw,w:AFw:A nit

wRw,w :OAFw:A oL

wRwkFw:OA—= A F\ZFR
Fw:OA— A

ELVis
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Axiom 4

4:0JA-[0A Vw,v,u.wRv AvRu - wRu  Transitivity
Theorem 2. Given a model M = (W, R, V), the axiom

4:0A— OOA

is valid if and only if R is transitive.
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Axiom 4

4:0JA-[0A VYw,v,u.wRv AvRu — wRu  Transitivity
Theorem 2. Given a model M = (W, R, V), the axiom

4:0A— OOA

is valid if and only if R is transitive.
Proof. (<«=) Suppose R transitive and M, w |= OA.

dJA
w % u
@ S @

\_/
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Axiom 4

4:1A->[1A Yw,v,u.wRv A vVRu - wRu
Theorem 2. Given a model M = (W, R, V), the axiom

4:0A— OOA

is valid if and only if R is transitive.
Proof. (<«=) Suppose R transitive and M, w |= OA.
Then, Vv, u.wRv and vRu, A is valid.

oA , A A
) S @

w

Transitivity
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Axiom 4

4:0JA-[0A VYw,v,u.wRv AvRu — wRu  Transitivity
Theorem 2. Given a model M = (W, R, V), the axiom
4:0A— O0A

is valid if and only if R is transitive.
Proof. (<«=) Suppose R transitive and M, w |= OA.

1A A A
w v u
@ 9 @

\/

That is, M,v = DOA
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Axiom 4

4:0JA-[0A VYw,v,u.wRv AvRu — wRu  Transitivity
Theorem 2. Given a model M = (W, R, V), the axiom

4:0A— 0O0A
is valid if and only if R is transitive.

Proof. (<«=) Suppose R transitive and M, w |= OA.

That is, M, v = OA and hence M, w = ODOA
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Axiom 4

4:0JA-[0A VYw,v,u.wRv AvRu — wRu  Transitivity
Theorem 2. Given a model M = (W, R, V), the axiom
4:0A— 0O0A
is valid if and only if R is transitive.

Proof. (=)

w 1% u
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Axiom 4

4:1A->[1A Yw,v,u.wRv A vVRu - wRu

Theorem 2. Given a model M = (W, R, V), the axiom
4:0A— O0A

is valid if and only if R is transitive.
Proof. (=)
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Axiom 4

4:1A->[1A Yw,v,u.wRv A vVRu - wRu
Theorem 2. Given a model M = (W, R, V), the axiom

4:0A— OOA

is valid if and only if R is transitive.

wRuk A

M wRv,vRuF A 2"

Transitivity
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Axiom 4

4:1A->[1A Yw,v,u.wRv A vVRu - wRu
Theorem 2. Given a model M = (W, R, V), the axiom

4:0A— OOA

is valid if and only if R is transitive.

wRuk A

M wRv,vRuF A 2"

wRv, vRu, wRu,u: AFu:A init
wRv,vRu,wRu,w : OAF u: A oL
wRv,vRu,w : DAk u: A Trans

W:DAFW:DDAHER
Fw:0A— ODA

Transitivity
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Axiom 4

4:1A->[1A Yw,v,u.wRv A vVRu - wRu
Theorem 2. Given a model M = (W, R, V), the axiom

4:0A— OOA

is valid if and only if R is transitive.

wRuk A

M wRv,vRuF A 2"

wRv, vRu, wRu,u: AFu:A init
wRv,vRu,wRu,w : OAF u: A oL
wRv,vRu,w : DAk u: A Trans

W:DAFW:DDAHER
Fw:0A— ODA

ELVis

Transitivity
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D:OJA- QA VYw.3v.wRy Seriality
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Axiom D

D:OJA- QA VYw.3v.wRy Seriality

I wRv A

TEA Ser (v fresh)

wRv,v:AFv:A init

wRv,v:Av:-AF. -
wRv,w:OA w:0O-AF -
wRv,w :0OAF w: -0O-A -
wRv Fw:0A— -0-A S:rR

Fw:0OA—-0O-A

L
oL
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Axiom D

D:OJA- QA VYw.3v.wRy Seriality

I wRv A

TEA Ser (v fresh)

wRv,v:AFv:A init

wRv,v:Av:-AF. -
wRv,w:OA w:0O-AF -
wRv,w :0OAF w: -0O-A -
wRv Fw:0A— -0-A Ser

Fw:0OA—-0O-A

L
oL

ELVis
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Sequent systems
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Sequent systems for (normal) modal logics

k:0O(A—B)—0A— OB

r-A

ol -oAA k
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Sequent systems for (normal) modal logics

k:0O(A—B)—0A— OB

r-A

- k
ol -oAA

T-OA— A
MAFA
LOAFA "

4:0A — ODA
__ofrA
r,aor-oAA

D:0A— -0-A
_reL
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The boundary of sequent calculus

Let S5 = K plus

T OA—-A 5 CA— OCA (4 0A — OoA)

29 /41



The boundary of sequent calculus

Let S5 = K plus
TDODA—-A 5 CA— OCA (4 OA — ODA)

Sequent rules (sound and complete):
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The boundary of sequent calculus

Let S5 = K plus
TDODA—-A 5 CA— OCA (4 OA — ODA)

Sequent rules (sound and complete):

MNAFA ol - A DA
MoArA T I, or - OA, oA, A’

Theorem 3.
The sequent p - O<Cp is not cut-free derivable in S5.

Is there a cut-free sequent calculus for S57

Trivial answer: of course! Take the rules {- A | A valid in S5}.

29 /41



The boundary of sequent calculus

Let S5 = K plus
TDODA—-A 5 CA— OCA (4 OA — ODA)

Sequent rules (sound and complete):

MLAEA or-AoA
MoArA T I, or - OA, oA, A’

Theorem 3.
The sequent p - O<Cp is not cut-free derivable in S5.

Is there a cut-free sequent calculus for S57

Trivial answer: of course! Take the rules {- A | A valid in S5}.

Non-trivial answer: it depends on what you call a rule!

29 /41



The boundary of sequent calculus

Let S5 = K plus
TDODA—-A 5 CA— OCA (4 OA — ODA)

Sequent rules (sound and complete):

MLAEA or-AoA
MoArA T I, or - OA, oA, A’

Theorem 3.
The sequent p - O<Cp is not cut-free derivable in S5.

Is there a cut-free sequent calculus for S57

Trivial answer: of course! Take the rules {F A | A valid in S5}.
Non-trivial answer: it depends on what you call a rule!

Nested systems, hypersequents, labeled systems.
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End of Part Il

Thank you!!!

Obrigadalll

Gracias!!!
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Homework 1

Implement your own sequent-based theorem prover for modal logics K, KT and
S4 in Lean or Rocq.

There will be a companion file with a proposed implementation of propositional
classical logic. All you need to do it to extend it to modalities, or just start

your own project.

If you want/can, make the prover modular @
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References and useful links

References:

1.
2.

3.

B. F. Chellas, Modal Logic (Cambridge University Press, 1980)

Patrick Blackburn, Maarten de Rijke and Yde Venema, Modal Logic
(Cambridge University Press, 2001)

Sara Negri and Jan von Plato, Structural Proof Theory (Cambridge
University Press, 2001)

Useful links:

| g

>

vV v.v Vv

L-Framework: https://carlosolarte.github.io/L-framework/
Lean 4 Web: https://live.lean-lang.org/

A Lean intro to Logic:
https://adam.math.hhu.de/#/g/trequetrum/leandgame-logic

SeqCalc: https://seqcalc.dev/
ELVis: https://nomuras.github.io/ELVis/
Modal Logic Playground: https://rkirsling.github.io/modallogic/

Accessible theorem provers:

https://staff.cs.manchester.ac.uk/~schmidt/tools/#provers
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Outline

Bonus track: intuitionism
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You don’t need to go classical every time..

$ & 80 & F File Display T ics Backward Forward Query Debug Help
Reset Initial. X
Require Import ProofWeb.
Variables A B: Prop. hl : ~~ A
Hypothesis P1 : (A —> B).
Hypothesis P2 : (~ B). B
Theorem ex_05a : ~A.
Proof.

PBC h1.

neg_e (B).

exact P2.

imp_e A.

exact P1.

PBC h2. e
neg_e (~ A). 1’ —
exact hil. [71P2 B
exact h2. —_ e
Qed.

1 subgoal

PBC[h1]
-A
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You don’t need to go classical every time..

LU =) g 3 File Display

Forward Query Debug Help

Reset Initial. X
Require Import ProofWeb.
Variables A B: Prop.
Hypothesis P1 : (A —> B).
Hypothesis P2 : (~ B).
Theorem ex_05b : ~A.
Proof.

neg_i H1.

neg_e (B).

exact P2.

imp_e A.

exact P1.

exact H1.

Qed.

2 subgoals

H1 : A

~ B

subgoal 2 is:
B
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. and this may be good for something ®

» Mathematicians often prefer a direct proof over a proof by contradiction.
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. and this may be good for something ®

» Mathematicians often prefer a direct proof over a proof by contradiction.

» Prove p — q directly: assume p, make some intermediary conclusions ry,
r then deduce g. Thus, our proof not only establishes that p implies g,
but also, that p implies 1 and r: etc. So we come to a fuller
understanding of what is going on in the p worlds.

» Prove the contrapositive =q — —p directly: assume —q, make intermediary
conclusions r1, r» then conclude —p. Thus, we have also established not
only that —q implies —p, but also, that it implies ri and r> etc. Thus, the
proof tells us about what else must be true in worlds where g fails.

» Prove p A =g — L: argue r1, r, and so on, before arriving at a
contradiction. The statements r1 and r» are all deduced under the
contradictory hypothesis, which ultimately does not hold in any
mathematical situation. The proof has provided extra knowledge about a
nonexistent, contradictory land.

Source: Joel David Hamkins in mathoverflow.
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https://mathoverflow.net/questions/12342/reductio-ad-absurdum-or-the-contrapositive

. and this may be good for something ®

» Mathematicians prefer a direct proof over a proof by contradiction.

» In analysis, proofs by contraposition tend to be finitary in nature and yield
effective bounds, whereas proofs by (especially when
combined with compactness arguments) tend to be infinitary in nature and
do not easily yield such bounds.
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» Contrapositive: start backwards from B and try to reach A; then at the end
one simply reverses the path.

» Contradiction = meet-in-the-middle strategy: explore both forwards from A
and backwards from B until one gets an intersection. This is a faster
strategy, with a run time which is typically the square root of the run time
of the other two approaches.
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» Mathematicians prefer a direct proof over a proof by contradiction.

» In analysis, proofs by contraposition tend to be finitary in nature and yield
effective bounds, whereas proofs by (especially when
combined with compactness arguments) tend to be infinitary in nature and
do not easily yield such bounds.

» Computational problem of trying to find a path in a maze from A to B.

» Direct approach: start from A and explore all reasonable-looking directions
from A until one reaches B.

» Contrapositive: start backwards from B and try to reach A; then at the end
one simply reverses the path.

» Contradiction = meet-in-the-middle strategy: explore both forwards from A
and backwards from B until one gets an intersection. This is a faster
strategy, with a run time which is typically the square root of the run time
of the other two approaches.

Source: Terry Tao in mathoverflow.
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https://mathoverflow.net/questions/12342/reductio-ad-absurdum-or-the-contrapositive

Brouwer and intuitionism

FROM FREGE TO GODEL

A Source Book in Mathematical Logic, 1879-1931

Jean van Heijenoort

PROFESSOR OF PHILOSOPHY, BRANDEIS UNIVERSITY

HARVARD URI¥ERSITY PRESS
CAMBRIDGE, MASSACHUSETTS - 1967
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Brouwer!

On the significance of the principle of excluded middle

in mathematics, especially in_function theory

LUITZEN EGBERTUS JAN BROUWER

(1923b)

§ 2 shows how several important re-
sults of classical analysis become unjusti-
fied once the principle of excluded
middle is abandoned. Here Brouwer’s
critique is essentially negative, being
based on counterexamples to classical
theorems; but elsewhere he investigates
which fragments of the Bolzano-Weier-
strass theorem can be preserved in intui-
tionistic analysis (1919, sec. 1, and 1952a ;
see also Heyting 1956, arts. 3.4.4 and
8.1.3) and gives an intuitionistic form of
the Heine-Borel theorem (1926a and
19260 ; see also Heyting 1956, art. 5.2.2).
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Brouwer!

The following two fundamental properties, which follow from the principle of
excluded middle, have been of basic significance for this incorrect ““logical” mathe-
matics of infinity (‘‘logical”” because it makes use of the principle of excluded middle),
especially for the theory of real functions (developed mainly by the Paris school):

1. The points of the continuum form an ordered point species ;>

2. Every mathematical species is either finite or infinite.*
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The following example shows that the first fundamental property is incorrect.
Let d, be the vth digit to the right of the decimal point in the decimal expansion of =,
and let m = k, if, as the decimal expansion of = is progressively written, it happens
at d,, for the nth time that the segment d,d, ,,...d, .o of this decimal expansion
forms the sequence 0123456789. Further, let ¢, = (—4%)*% if v 2 k,, otherwise let
¢, = (— %)¥; then the infinite sequence c,, ¢y, cs, . . . defines a real number r for which
none of the conditions » = 0, r > 0, or » < 0 holds.5
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The following example shows that the first fundamental property is incorrect.
Let d, be the vth digit to the right of the decimal point in the decimal expansion of =,
and let m = k, if, as the decimal expansion of = is progressively written, it happens
at d,, for the nth time that the segment d,d, ,,...d, .o of this decimal expansion
forms the sequence 0123456789. Further, let ¢, = (—4%)*% if v 2 k,, otherwise let
¢, = (— %)¥; then the infinite sequence c,, ¢y, cs, . . . defines a real number r for which
none of the conditions » = 0, r > 0, or » < 0 holds.5

When the first fundamental property ceases to hold, the Paris school’s notion of
integral, the notion of L-integral, as it is called, ceases to be useful, because this
notion of integral is bound to the notion ‘““measurable function” and, according to
the above, not even a constant function satisfies the conditions of ‘“measurability .
For in the case of the function f(x) = r, where r represents the real number defined
above, the values of  for which f(z) > 0 do not form a measurable point species.®
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The following two fundamental properties, which follow from the principle of
excluded middle, have been of basic significance for this incorrect ‘‘logical” mathe-
matics of infinity (“‘logical”” because it makes use of the principle of excluded middle),
especially for the theory of real functions (developed mainly by the Paris school):

1. The points of the continuum form an ordered point species ;3

2. Every mathematical species is either finite or infinite.*

That the second fundamental property is incorrect is seen from the example
provided by the species of the positive integers k, defined above.

¢

When the second fundamental property ceases to hold, so does the ““extended
disjunction principle”, according to which, if a fundamental sequence of elements is
contained in the union &(p, q) of two mathematical species p and g, either p or ¢
contains a fundamental sequence of elements; and when the extended disjunction
principle ceases to hold, so does the Bolzano-Weierstrass theorem, which rests upon
it and according to which every bounded infinite point species has a limit point.

40/41



Brouwer!

The following two theorems are less basic and simple than the fundamental pro-
perties mentioned, yet they are equally indispensable for the construction of the
“logical” theory of functions.

1. Every continuous function f(x) defined everywhere in a closed interval i possesses a
maximum, that is, an abscissa value x, having a neighborhood o such that f(x,) = f(x)
for every x that belongs to the intersection of « and 1.
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The following two theorems are less basic and simple than the fundamental pro-
perties mentioned, yet they are equally indispensable for the construction of the
“logical” theory of functions.

1. Every continuous function f(x) defined everywhere in a closed interval i possesses a
maximum, that is, an abscissa value x, having a neighborhood o such that f(x,) = f(x)
for every x that belongs to the intersection of « and 1.

2. (Heine-Borel covering theorem.) If a neighborhood is assigned to every point
core” of the point species A formed by the points and the limit points of a bounded entire®
point species B, then the whole point species A can be covered by a finite number of these
netghborhoods.
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