Type Theory
Solutions to Exercises 1

Rupa’s solutions

June 24, 2026

Exercise 1
To derive
Ax:f = a. Ay (f— a) 5> ayAzf.xz) : (B—a) = ((B—a) = a)—a.

Write T'g = 2:8 — «, y:(8 — a) = a and T'; =T, z:0.

.8 —>acely zp el

'Fx:08—« I'tz:p
y:(B —a) »aely 'MFzz:«
IoFy:(B—a) =« IoFAz:fxzz: 08—«

Lo Fy(Az:p.z2)
xf—=abk (8= a) = ayAzp.rz): (B—=a)—a) >«
FAz:B — a. \y: (8 = a) > a.yAzB.xz): (B—=a) = (F—a) > a) >«

Exercise 2

To dress up Az.A\y.y(Az.z z) to have type (8 —v) = (8 =) = a) = a:

‘ Az:f = v Ay (B — v) = a.y(Az:f.x 2) ‘

Exercise 3

(a)
For \e:C' — E. \y:(C — E) = E.y(Az.yz): (C —» E) —» ((C = E) — E) — E. taking z:C,
giving Az:C.yx : C — E.

Tree form.

[y:(C — E) — E)? [2:C — E)!
yo: b (abs z)
A:Cyx:C—FE [y:(C — E) — E)?
y(Az:C.yx): E
Ay:(C — FE) —» E.y(Az:C.yz): ((C—-E) - FE)— FE
A:C — E.\y:(C - E) - E.yAz:C.yx): (C - E)— ((C—FE)—FE)—FE

(2)

(1)



Fitch style.

llz:C—=FE
2 y:(C—-E)—EFE
3 z2:C
4 ya:FE (app, 2, 1)
5 M:Cyx:C—FE (abs, 3, 4)
6 yA\z:C.yx): E (app, 2, 5)
7 \:(C—FE)— EyA zCuyzx): ((C—FE)—>E)—FE (abs, 2, 6)
8| \:C — E.\y:(C - E)— E.yA\z:C.yx): (C—>FE)— (C—FE)—FE)— E| (abs, 1, 7)
(b)
Another term of type (C = E) — ((C - E) — E) — E:
‘ Ax:C — E.\y:(C — FE)— E.yx ‘
Tree form.
[y:(C — E) — E)? [:C — E]*
yr: K @
Ay:(C—FE)—»Eyzr:((C—-FE)—E)—E @
Me:C — E\y:(C—FE)— E.yz:(C—FE)—(C—FE)—E)—E
Fitch style.
llz:C—FE
2 y:(C—-E)—EFE
3 yx: kB (app, 2, 1)
4 \y:(C—FE)—Eyx:(C—E)—FE)—E (abs, 2, 3)
5/ e:C - ENy:(C—FE)—>Eyzr:(C—FE)—(C—FE)—FE)—E|((abs,1,4)

Exercise 4
The term M should be of the type

(B=7) =)= (@=p)=7) 2 a

llz:(B—=7) —a [Hag]
2 y:(a—p) =] [fag
70« (goal)

Refining the holes:

T0:a usex:(f—y) >aviaapp = T9=x7, T1:8—=7y
71 : 8 —y abstract z:0 =7 =Az:p.79, T9:7v
79:7 usey:(a— ) yviaapp = T9=y?3, T3:a—f

73:a— B abstract v:a = 73 = via. 7y, 74:

74: 8 z:[isin scope =7 =2z (v)




Full Fitch derivation (bottom-up holes filled in).

1 |z: (=) =«

2 y:(a—=p) =~

3 z:p0

4 v:a
5 z:8 (in scope
6 \a.z:a—f (abs, 4, !
7 y(Ava.z) (app, 2,
8 Azf.y(Ava.z): B —y (abs, 3,
9 z(A\zp.y(Avia.z)) (app, 1,
10 Ay:(a—= B) =2 v.z(Az:B.y(Avia. 2)) : ((a = B) =2 v) = « (abs, 2, ¢
11| Az:(B =) = a dy:(a — B) = v.x(Az:B.y(Avia. 2)) : (B—=7) = a) = (o= B) =) = «| (abs, 1,

Resulting term.

M :=2xz:(B = ) = a. dy:(a = B) = 7.z (Az:B. y(Avia. 2))

Tree form:

z:pel
y:(a—p)—>y€el 'z:p
'ty:(a—pB)—~y I'FXva.z:a—f
z:(B—=7) —acl F'Fy(Ava.z) :y
F'Fz:(B—=7) —a I''E Az y(Avia.z) : B —

I''Eaz(Az:B.y(Avia 2)) - «
(=) = ak (o= 8) = v.z(Az:f.y(Avia. 2)) : ((a = B) = v) = «
M (B o) ) (@ B) ) v a

where IV = 2:(8 — v) = «, y:(a = B) — 7.

Exercise 5
Let Ag:=«a and A,y1 := A, — . So

Al=a—a A=@—a)—a A3=(a—a)—a)—a
(a)

To get a closed term of type Az = ((@ = a) - a) = «
Replace Az:a.. z : @ — « in the argument f:(a — a) —

‘ Py = \f:(a = a) = a. f(Az:a. z) ‘

Exercise 6

(a) Term-constructors for A+ B

Two injections and one case-elimination:

inl: A— A+ B, infr: B— A+ B,



case: (A+B)—- (A—=C)—= (B—C)—C.
Corresponding logical rules (V):

'-P: A '-Q:B
I'FinlP: A+ B I'FinrQ: A+ B

I'-M:A+B T'FF:A—=C I'G:B—C
I'Fcase M FG:C

(b) Detour-elimination

A detour is an introduction immediately followed by elimination (case):

’case(inIP)FG—> FP‘ ‘case(inrQ)FG—> GQ‘




