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Simple type theory

Theory of simple types: A\— or simple type theory, STT. Just
arrow types

Typ := TVar | (Typ—Typ)

» Examples: (a—p)—a, (a—=B)—=((8—7)—(a—7))

> Brackets associate to the right and outside brackets are
omitted:
(a—=B)—=(B—7)—ra—y

> Types are denoted by A, B, .. ..



Simple type theory a la Church

Formulation with contexts to declare the free variables:

is a context, usually denoted by I'.

DEFINITION The derivation rules of A— (& la Church) are as
follows. This gives an inductive definition of the derivable

judgments ' = M : A.
x:Ael ITEM:A—-B THN:A NxAFP:B
MNk=x:A r'EMN:B A x:A.P: A—B

I=x_y M : Aif there is a derivation using these rules with
conclusion T M : A



Examples of typable terms

FAx:AMy:Bx : A—->B—A
FAx:A—=BAy:B—=CAz:Ay(xz) : (A—»B)=(B—C)—A—=C
FAx: Ay (B=2A)—Ay(Az:Bx) : A=((B—A)—A)—A

Not for every type there is a closed term of that type:
(a—a)—a is not inhabited
That is: there is no term M such that

FM: (a—a)—a.



Using the typing rules bottom up

If one tries to solve a typing problem or an inhabitation problem,
one reads the rules bottom up.

xAel -M:A-BTHN:A NxAFP:B
NEx: A = MN:B M= x:A.P:A—B

= M: A? Type Checking Problem TCP
= M:7  Type Synthesis Problem TSP
MrM=7:A Type Inhabitation Problem TIP



Typed Terms versus Type Assignment

> With typed terms also called typing a la Church, we have
terms with type information in the A-abstraction

AxAx 1 A=A

» Terms have unique types,
» The type is directly computed from the type info in the
variables.

> With typed assignment also called typing a la Curry, we
assign types to untyped A-terms

AX.x : A=A

» Terms do not have unique types,
» A principal type can be computed using unification.



Simple Type Theory a la Church and a la Curry

A— (a la Church):

xAel -M:A-BTHN:A NxAFP:B
NEx: A = MN:B M= x:A.P: A—B

A— (a la Curry):

x:Ael rN-kM:A-BTHN:A NxAFP:B
N-=x:A = MN:B N Ax.P: A=B




Church vs. Curry typing

» The Curry formulation is especially interesting for (functional)
programming:
» you want to write as little type information as possible;
> let the compiler infer the types for you.

» The Church formulation is especially interesting for proof
checking:
P terms are created interactively;
» if one adds dependent types, the type structure is so intricate
that type inference is undecidable (if you start from an
untyped term).

[This lecture]



Formulas-as-Types (Curry, Howard)

There are two readings of a judgement M : A

1. term as algorithm /program, type as specification:
M is a function of type A

2. type as a proposition, term as its proof:
M is a proof of the proposition A

» There is a one-to-one correspondence (isomorphism!):
typable terms in A— =~ derivations in minimal proposition
logic (only implication)
» x;:Bi,x0:By,...,x,: By M: A can be read as
M is a proof of A from the assumptions By, B, ..., Bj.



Example

[A—-B—C]® A} [A—B]? [A]

B—C B

C
—1
A—=C )
(A—»B)—A—=C

(A»B—C)—(A—=B)—A—=C

Mx:A—-B—C A \y:A—=B.Az:Ax z(y 2)
. (A—-B—C)—(A—-B)—A—=C

12



Example

[x:AsB—=CP [z: A [y:A=B? [z: A}

xz:B—=C yz: B

xz(yz):C

1
Az Axz(yz): A=C

2
Ay:A=BAz:Axz(yz): (A=B)—A—=C

3
Mx:A—=B—CA\y:A-BAz:Axz(yz) : (A-B—C)—(A—B)—A—C

Exercise: Give the derivation that corresponds to

Mx:C—E\y:(C—E)—E.y(Az.y x) :
(C=E)—=((C—E)—E)—E



Fitch style derivations

The Fitch style (also: flag style) presentation of A—.

M:A— B

N:A

G W NN =

MAM:A— B abs, 1,4

~N O o B~ W N

8| MN:B app, 3,6
abs-rule app-rule



Same example in Fitch style

x:A—-B—=C
y:A—B

Az:Axz(yz): A=C
Ay:A=2B Az Axz(y z) : (A=B)—=A—=C
Mx:A—B—CAy:A-BAz:Axz(yz) : (A-B—C)—(A—B)—A—~C

© 00 N O 1 B W N =




Computation = Detour-elimination

» [-reduction: (Ax:A.M)P —3 M[x := P]

Detour-elimination in minimal logic = (-reduction in A—.

[A]*
D Ds
B D, A
-1 _ — Dl
A—B A B
B
[x: Al
Dl DZ
M: B D P:A
1 2 3 Dy
MCAM : A=B P:A Mix = P]

(AMAM)P: B



Example of a detour

Proof of A~A—B,(A—B)— At B with a detour.

A—A—B (A}
ASASB [A]!  A-B AP
 AsB AP B
B (A—=B)—A A—B
A—B A

B
It contains a detour: a —-i directly followed by an —-e.



Example proof with term information

p:A=A=B [x: Al

p:A=A=B [y Al px:A—=B [x: Al
py:A—B [y : A]* pxx:B
pyy:B q:(A—=B)—=A Ax:A.pxx: A—B
Ay:Apyy: A=B g(Ax:Apxx): A

(Ay:Apyy)g(Ax:A.pxx)): B

Term contains a S-redex: (Ax:A.pxx) (g(Ax:A.pxx))



Typical problems one would like to have an algorithm for

= M:A? Type Checking Problem TCP
= M:?7  Type Synthesis Problem TSP
M=7:A Type Inhabitation Problem  TIP

For A—, all these problems are decidable,

both for the Curry style and for the Church style presentation.
For Curry style TSP is usually called the Type Assignment
Problem, TAP.

» TCP and TSP are (as usual) equivalent: To solve M N : A,
one has to solve N :? (and if this gives answer B, solve
M : B—A).

» For Curry systems, TCP and TSP soon become undecidable
beyond \—.

» TIP is undecidable for most extensions of A—, as it
corresponds to provability in some logic. For A—, TIP is
PSPACE complete.



Meta-theory for A\—

» For A— a la Church: Uniqueness of types
frTrEM:Aand T M: B, then A= B.

» Subject Reduction or Closure
fr=M:Aand M =g, N, then T = N : A.

» Strong Normalization
If = M : A, then all gn-reductions from M terminate.



Extension with other connectives

Adding product types x to A—. (Proposition logic with
conjunction A.)

[FM:AxB T+FM:AxB T+FP:ATHQ:B
MM A [+ mM: B [H(P,Q): Ax B

With reduction rules

7F1<P,Q> — P
7TZ<P7Q> — Q

Similar rules can be given for sum-types A + B, corresponding to
disjunction AV B.



Questions?
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